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3 TUNE SPREAD AND DECOHERENCE

Suppose the tunes for two di↵erent muons are split by �Q. The sum of the displacements of
the two muons at Q and Q+�Q on turn n is

x(n) = A sin(2⇡Qn) +A sin(2⇡(Q+�Q)n)

where Q̄ is the average of the tunes. Note that if n�Q = 1
2 then the particles are 180� out of phase.

The decoherence time (in units of turns) is T = 1
2�Q . Track two particles with initial amplitudes

of about 4 cm. For one of the particles, turn o↵ all multipoles n > 2 so that the guide field is linear
and tune is independent of amplitude. For the other, restore all quad multipoles. The oscillation
of the two particles is shown superimposed in Figure 2.
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Figure 2: Horizontal displacement vs turn num-
ber. The green line is with purely linear
quadrupole fields, (no multipoles). The red line
is with all quad multipoles included. The am-
plitude of the oscillation is about 3.9 cm.
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Figure 3: Sum of displacements with and with-
out quad multipoles when the oscillation ampli-
tude is 4.4 cm. The beat frequency corresponds
to the tune di↵erence.

The sum of the displacements of the two particles is

x1(n) + x2(n) = A
�
sin(2⇡(Q̄+�Q/2)n) + sin(2⇡(Q̄��Q/2)n)

�

= A
�
sin(2⇡(Q̄+�Q/2)n) + sin(2⇡(Q̄��Q/2)n)

�

= 2A sin(2⇡Q̄n) cos(2⇡�Qn)

and shown in Figure 3. The signal at Q̄ is modulated at the tune di↵erence. From Figure 3, we see
that �Q(44mm) is 1/340 turns.

We use the same strategy to determine the tune shift for amplitudes of 39 mm and 34 mm.
The turn by turn sum of trajectories with and without quad nonlinearities are shown in Figures 4
and 5 respectively. The amplitude dependence of the tune shift as determined by tracking is plotted
in Figure 1 along with the analytic calculation. Analytic and numerical results are in reasonable
agreement.
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4 DECOHERENCE IN A DISTRIBUTION
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Figure 4: Sum of displacements with and with-
out quad multipoles (nonlinearities) when the
oscillation amplitude is 3.9 cm as in Figure 2.
�Q = 1/838 turns.

-0.08

-0.06

-0.04

-0.02

 0

 0.02

 0.04

 0.06

 0.08

 0  2000  4000  6000  8000  10000

Am
pl

itu
de

 [m
]

turn

xlinear-x10 : ∆Q = 1/2470 turns : 3.4cm

Figure 5: Sum of displacements with and with-
out quad multipoles when the oscillation ampli-
tude is 3.4 cm. �Q = 1/2470 turns.

4 Decoherence in a distribution

Consider a distribution of 1000 muons with 95% horizontal and vertical emittance of 40mm-mrad.
Suppose the residual coherent betatron oscillation amplitudes are 10mm horizontally and about
1mm vertically. Due to the beta mismatch the width of the distribution varies from 6 to 13 mm
and the height from 8 to 16mm. As described above, the e↵ect of the quadrupole nonlinearity is
to introduce an amplitude dependent tuneshift. Vertical and horizontal centroid and width over
the first 2000 turns are shown in Figure 6. Here the quad nonlinearity is turned o↵ so there is no
decoherence. The decoherence is evident in the evolution of the distribution with quad nonlinearity
restored as shown in Figure 7. The amplitude of the coherent horizontal betatron oscillation shrinks
by a factor of two in 2000 turns. The variation in the width and height of the distribution also
“damps” on a time scale of 1000 turns. Note that the particles remain bunched, as they all have
the same energy.
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6 FAST ROTATION

Finally, suppose that all of the particles in the initial distribution appear in the ring at the same
point in space and time but with a spread in energy. The particles will execute betatron oscillations
with a frequency that depends on the energy, namely Qx(�) = Q0

x� and Qy(�) = Q0
y�, where � is

the fractional energy o↵set. The particles will circulate with cyclotron frequencies 1
!(�) =

1+�
!0

. The
betatron frequency

!� = Q! becomes

!� ! (Q+Q0�)
!0

1 +�

6 Fast Rotation

Imagine that the initial distribution has zero emittance, zero energy spread and zero bunch length.
The particles share a common revolution period T and the time dependence of the intensity signal
at a fixed point in the ring (a fiber harp for example), is

I(t) = �(t� nT )

where n is any non negative integer. A particle with energy o↵set � will have revolution period
T (1 +�), so that

I(t,�) = �(t� nT (1 +�))

The signal in the fiber harps is given by

S(t) =
1X

n=0

Z
⇢(�)�(t� nT (1 +�))d�

where ⇢(�) is the distribution of momenta o↵sets. If the energy distribution is Gaussian with width
�0, then

S(t) =
1X

n=0

Z
e��2/(2�2

0)

p
2⇡�0

�(t� nT (1 +�))d�

=
1X

n=0

Z
e��2/(2�2

0)

p
2⇡�0

�(�� ( t
nT � 1)

nT
d�

=
1X

n=0

e�( t
nT �1)2/(2�2

0)

p
2⇡�0nT

(6)

For energy spread �0 = 0.0012, which is just about the acceptance of the g-2 ring, S(t) from
Equation 6 is shown in Figures 8, 9, and 10. Figures 9, and 10 are the same data as 8 on expanded
horizontal scale. The intensity asymptotically approaches that of the average stored current hIi =
eNµ/T . (Note that there is no muon decay in Equation 6 or the accompanying plots).
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Fast	rotation	signal	on	an	imaginary	detector	plane	for	a	single	muon	

And	for	an	off	momentum	muon	

For	a	distribution	of	momenta	
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n=0

�(t� nT (1 +�))
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Gaussian	distribution	of	momenta	



6 FAST ROTATION
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Figure 8: Fast rotation signal 0-20µs. (See script for plotting with gnuplot in Appendix.)

Figure 9: Fast rotation signale from 5µs to 10µs Figure 10: Fast rotation signal from 15µs to
20µs.
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Figure 10: Fast rotation signal from 15µs to
20µs.
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Our	‘perfect’	signal	extends	over	all	time	and	is	periodic	
The	real	measured	signal		
•  Starts	a	few	turns	beyond	t0		
•  Muons	decay	
•  Our	only	signal	is	when	the	muon	decays	(rather	than	on	every	turn)	



To	extract	momentum	distribution	from	the	fast	rotation	signal	
Consider	Fourier	transform	

6.1 Momentum distribution from fast rotation signal 7 BUNCH LENGTH

6.1 Momentum distribution from fast rotation signal

An established method for extracting the energy (or equivalently frequency) distribution is to take
the real part of the fourier transform of the fast rotation signal[2]. Let’s try that out.

F (!, t0) =

Z 1

0
S(t,�0) cos!(t� t0)dt

=
1X

n=0

Z 1

0

e�( t
nT �1)2/(2�2

0)

p
2⇡�0nT

cos!(t� t0)dt

=
1X

n=0

Z 1

0

e�t2/(2(nT )2�2
0)+t/(nT�2

0)±i!te⌥i!t0e�1/(2�2
0)

p
2⇡�0nT

=
1

2

1X

n=0

e(1/(nT�2
0)±i!t)2)((nT )2�2

0)/2e⌥i!t0e�1/(2�2
0)

=
1X

n=0

e(1/(nT�2
0)

2�(!t)2))((nT )2�2
0)/2e�1/(2�2

0) cos!(nT � t0)

=
1X

n=0

e(1/(2�
2
0)�!2(nT )2�2

0/2)e�1/(2�2
0) cos!(nT � t0)

F (!, t0) =
1X

n=0

e�!2(nT )2�2
0/2 cos!(nT � t0) (7)

The fourier transform of the fast rotation signal for a distribution with �E/E = 0.0012, zero
emittance and zero bunch length is shown in Figures 11– 12. The rotation harmonics out to 200
MHz are shown in Figure 11. The part of the frequency distribution in the band corresponding to
particles inside the vacuum chamber is Figure 12 along with a Gaussian of width �f/f = 0.0012.
Sure enough the Fourier transform of the fast rotation signal reproduces the energy spread of the
distribution.

7 Bunch Length

Next introduce finite bunch length. Referring back to Equation 6 it is straightforward to include a
temporal o↵set t0 into the fast rotation signal as follows

S(t, t0) =
1X

n=0

e�( t�t0
nT �1)2/(2�2

0)

p
2⇡�0nT

Suppose the intial temporal (longitudinal) distribution of the muons is Gaussian

⇠(t0) =
1p
2⇡�t

e�t02/(2�2
t )

Then

S(t) =
1X

n=0

Z 1

�1
dt0

e�( t�t0
nT �1)2/(2�2

0)

p
2⇡�0nT

1p
2⇡�t

e�t02/(2�2
t )
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We	use	cos	assuming	symmetry	about	t=0	
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Figure 11: Real part of fourier transform of fast
rotation signal shown in Figure 8.
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Figure 12: Real part of fourier transform of fast
rotation signal in Figure 8 within the accep-
tance of the vacuum chamber. A Gaussian with
�f/f = 0.0012 is superimposed.
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The	fourier	transform	reproduces	
the	Gaussian	momentum	distribution	



The	measured	fast	rotation	signal	starts	and	ends	

Soutenance de thèseAntoine Chapelain 20 juin 2014               4Fourier Analysis: 60h data-setAntoine Chapelain September 5, 2018        4

What is the Fast Rotation signal?

Fast Rotation signal ↔ bunching feature of the beam

The beam is injected with a longitudinal length shorter than the cyclotron 

revolution period → periodic signal seen by the detectors (here: calorimeters). 

The de-bunching time scale is set by the momentum spread of the beam: the 

more spread, the faster it de-bunches → Analyzing the de-bunching allows to 

extract the momentum distribution.

fast rotation signal

The	fourier	transform	is	not	entirely	characterized	by	harmonics	of	the	rotation	frequency	
			but	includes	all	frequencies		



Including	frequencies	that	are	unphysical,	and	outside	the	aperture	

Ŝ(!) =

r
2

⇡

Z 1

t0

S(t) cos!(t� t0)dt (9)

is the Fourier transform of S. In turn, if we’re given Ŝ(!), we may express S as
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r
2

⇡

Z 1

0
Ŝ(!) cos!(t� t0)d! =

1p
2⇡

Z 1

�1
Ŝ(!) cos!(t� t0)d! (10)

Figure 3 features a comparison of the first harmonic of Ŝ(!) to the revolution frequency distribution of
the beam that results in the FRS of Figure 1. We see that the first harmonic of Ŝ(!) and the frequency
distribution match. If the ESQ voltage is zero, the revolution frequency distribution relates to ⇢(�) in the
following way. Given a fractional energy o↵set �, the revolution frequency of a muon with that o↵set will
be f = f0

1+� where f0 is the magic frequency. Inverting the expression yields � = f0�f
f . Therefore the

frequency distribution is given by ⇢

⇣
f0�f

f

⌘
. If ⇢(�) is given by (7), then the frequency distribution is

⇢

✓
f0 � f

f
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=

e
�(f0�f)2/2f2�2

0

p
2⇡�0

⇡ e
�(f�f0)

2/2�2
0/T

2
0

p
2⇡�0

up to a normalization constant. The reason the approximation is made is because the frequency distribution
is expected to be narrow, (f � f0)/f ⇠ 10�3.
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Figure 3: Comparison of the first harmonic of the Fourier transform (solid red curve) of the FRS from
Figure 1 to the revolution frequency distribution (dashed blue curve)

3.3 The Case of an Initially Symmetric Bunch Length Distribution

Assuming that there is no initial correlation between muon revolution frequencies and longitudinal phases,
there will exist a longitudinal o↵set distribution ⇠(t0) which can be taken into account in a straightforward
manner when performing the Fourier analysis. Suppose the beam has a momentum distribution of ⇢(�) and
initial longitudinal distribution of ⇠(t). Let S(t) be the resulting FRS. By S0(t) we denote the FRS with the
same momentum distribution but with ⇠(t) = �(t). Looking back at Equation (5), we may express S(t) as a
convolution of ⇠(t) and S0(t):

S(t) =

Z
⇠(t0)S0(t� t

0)dt0 =
p
2⇡(⇠ ⇤ S0)(t)

Ideally, the application of the convolution theorem would yield

Ŝ(!) =
p
2⇡⇠̂(!)Ŝ0(!) (11)
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Figure 8: Comparison of the Fourier transform of an FRS with Gaussian momentum spread of 0.05% to the
frequency spectra resulting from taking tm = 100µs or 350µs as the upper bound of the Fourier integral.
The upper bound of 350µs yields the better approximation.

3.7 Corrections to the Fourier Transform

If the detector detects the muons at a time ts > t0, a FRS which vanishes on (t0, ts) and equals the full
fast rotation signal S(t) on [ts,1) is observed. Taking the Fourier transform of this signal results in the
frequency spectrum
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This is not the complete frequency spectrum as the following component is missing:
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S(t) cos!(t� t0)dt (16)

The problem is to obtain an approximation for �(!) using S(t) given only on [ts,1).
Suppose the entirety of S(t) is observed. We first obtain an expression for �(!) using Ŝ(!):
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where we substituted equation (10) for S(t) on the left hand side of the equation above. Switching the order
of integration to integrate with respect to t first, yields
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n ) is the interval on which the n-th harmonic of Ŝ(!) exists. Since the harmonic frequencies

are large in comparison to values of sin(! � !
0)(ts � t0), we may neglect the second term in the parentheses

of the integrand above to get
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To extract a suitable approximation of �(!), two considerations need to be taken into account. The first
is the presence of frequencies outside of the aperture region in Ŝ1(!). These frequencies do not correspond
to actual muon revolution frequencies and so they may be dropped. The second consideration is the fact
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frequency spectra resulting from taking tm = 100µs or 350µs as the upper bound of the Fourier integral.
The upper bound of 350µs yields the better approximation.
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To extract a suitable approximation of �(!), two considerations need to be taken into account. The first
is the presence of frequencies outside of the aperture region in Ŝ1(!). These frequencies do not correspond
to actual muon revolution frequencies and so they may be dropped. The second consideration is the fact
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Figure 3 features a comparison of the first harmonic of Ŝ(!) to the revolution frequency distribution of
the beam that results in the FRS of Figure 1. We see that the first harmonic of Ŝ(!) and the frequency
distribution match. If the ESQ voltage is zero, the revolution frequency distribution relates to ⇢(�) in the
following way. Given a fractional energy o↵set �, the revolution frequency of a muon with that o↵set will
be f = f0
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up to a normalization constant. The reason the approximation is made is because the frequency distribution
is expected to be narrow, (f � f0)/f ⇠ 10�3.
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Figure 1 to the revolution frequency distribution (dashed blue curve)

3.3 The Case of an Initially Symmetric Bunch Length Distribution

Assuming that there is no initial correlation between muon revolution frequencies and longitudinal phases,
there will exist a longitudinal o↵set distribution ⇠(t0) which can be taken into account in a straightforward
manner when performing the Fourier analysis. Suppose the beam has a momentum distribution of ⇢(�) and
initial longitudinal distribution of ⇠(t). Let S(t) be the resulting FRS. By S0(t) we denote the FRS with the
same momentum distribution but with ⇠(t) = �(t). Looking back at Equation (5), we may express S(t) as a
convolution of ⇠(t) and S0(t):

S(t) =

Z
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0)dt0 =
p
2⇡(⇠ ⇤ S0)(t)

Ideally, the application of the convolution theorem would yield
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To extract a suitable approximation of �(!), two considerations need to be taken into account. The first
is the presence of frequencies outside of the aperture region in Ŝ1(!). These frequencies do not correspond
to actual muon revolution frequencies and so they may be dropped. The second consideration is the fact
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Preparing the data for the FRA

Fourier Analysis
1) Fit 9-parameter wiggle

2) Divide out background signals → !", $% and 
CBO

For both analyses, apply > 1.5 GeV energy cut and time-align all calorimeters
CERN III

Note: previously fit 5-parameter wiggle à no 
treatment of slow effects.

1) Now, take decay positron spectrum

2) Divide out background signals → !", $% and 
CBO using “Ratio”-method
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The Fourier transform (FT) approach
Produce FR spectrum

Produce frequency distribution
w/ !" optimization

Produce radial distribution
and estimate #$

Partial-time Fourier analysis approach possible because in a weak focusing ring: 
Frequency ↔ Radius

From Antoine:

Parabola correction term to account 
for missing time between !" → !&
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