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» Basics of Particle Transport
« Courant-Snyder Parameters and Beam Emittance

= Part
« Analytical Solution of Betatron Motion
« Weak Focusing Synchrotron/Betatron
« Connections to Matrix Approach

= Part Il
« The Stability Criterion and the Discovery of Strong Focusing
» Periodic Optics and Tune Calculations
 Momentum Dispersion
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Basics of Particle Transport
Courant-Snyder Parameters and Beam Emittance



The Problem @
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= 1927: Lord Rutherford requested a “copious supply” of projectiles
“more energetic than natural alpha and beta particles”

* For given type of particle, create an ideal
system to provide particles to a final location
with desired trajectory, desired kinetic energy

per particle, at the desired time /
and within tolerable requirements:

position (X, Y, Z)

spreads of these | angles (<, y' )

time (1)

quantities kinetic energy (V)
within dX, @Y, at, dW, ...

source % k}
o
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= Beam Transport (from point A to point B) / :

= Acceleration along the way
* single-pass with acceleration P

Single-Pass vs. Repetitive Systems

* multi-pass acceleration

*med motion in such a system to be stable for many (millions or more?) revolutions
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Stability of Motion Near the Ideal i
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Not all particles (any??) begin “on” the design trajectory
with exactly the ideal energy/momentum

We wish to have a system that will keep particles near
the ideal conditions as they are transported (and
possibly accelerated) through the system

Particles emerge from their “source” with a slight
divergence and will need to be guided back toward the
ideal trajectory

Also, particles with different energies/momenta will travel
at different speeds, and hence may not arrive at cavities,
experiments, etc., at the ideal time

o
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* Will treat transverse motion of particles through the accelerator as
independent of the longitudinal motion, and study these two
cases separately. Must show along the way that this is viable
approach.

 Certainly not always be the case...

» electric fields used for focusing at low energies can also
accelerate the particles as well;

» fields in the gaps of cavities will have focusing effects; etc.

 However, much of the “cross talk” can be minimized, and for
much of the particle’s journey, especially at higher energies, the
major transverse focusing can be performed by magnetic fields --
particle’s energy not changed

* Look at “linear” fields, i.e. linear restoring forces

o
L. 3

Reduction of the Problem
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Equations of Motion

= | orentz Force:

F =q(E+7x B)

= Magnetic Rigidity
* particle of unit charge, q = e:

VY
w)

[[]
‘wNhe
o |3

 jon w/ mass A (atomic units, u), charge Q:

B A 1 T -m
P= 0 \ 300 MeV/c/u) P

= Reference Trajectory
* Local Coordinate System

o
L. 3
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Linear Magnetic Fields for Guiding & B
FOCUSing Northern Illinois
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t X’ = dx/ds
X(z) N

/ X(Z)

X4(z) = design d2 Xd

X(z) = actual Y = —ev. B

o
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Transverse Fields (B:=

= Drift Space: Bx=10
* Bending Region: Bx=0
* (dipole magnet)
= Focusing Region:
* (quadrupole magnet) Bx = By

 (electrostatic quadrupole) E,=-E'’y
= Combined Function Region: Bx= B’y

* (uniform magnet + ES quad): Bx=0, E,=-E’y
= Accelerating Device: Bx =0, By = 0;
« (cavity)

o
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By = Bx
Ex= E’x

B, = By + B'x
By BO, Ex E’X

E;= Vg
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Linear Restoring Forces N
N hversity '
e Assume linear guide fields: -- B, = Bp + B’x
Bx = B’y
e Look at radial motion:
der  dxds , o
=22 : ev: B
it dsdt ;2 = s
2 (ds)2 2 (U p)2 d? b
az ~\at) a2 ~\"r) ds? 2 vs\2 _ _eviB
vg(g) x"—(p+az)(—8) =27
T T D
/—% .
g Pt ds ds P eB, (f)
P Us o
p? p \p
ds  p
dat ~ °r /0 linearize...
s _1_% _ Bot+Bua (1 2 "”_2>
p P Bp p = p?
do AR
x 2By T =
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Hill’s Equation

University
e Now, for vertical motion: 5
,  ebBy [T
= ()
By = BO + B,X p
Bx = B’
Y ,  eBy 7\’
Yy — I1+—] =0
p p
e SO we have, linearize...
 to lowest order, B
- \ 7 y 0
(B ). — o J -
X By T 2 r = P
1/ L 2/ L O
Y By)Y T
\_ J
Hill's Equation
General Form: — = " 4 K(s)z =0

o
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Piecewise Method of Solution
e Hill's Equation: x4 K(s)x =0
* Though K(s) changes along the design trajectory, it is typically

constant, in a piecewise fashion, through individual elements
(drift, dipole mag, quad, ...)

« K=0: grit " =0 — x(s) =x9+ 28

e K
e K
" Here, x refers to horizontal or vertical motion, with relevant value of K
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Piecewise Method -- Matrix Formalism

e \Write solution to each piece in matrix form
e for each, assume K = const. from s=0 to s=L

()~ (R 5 ) ()

Lo

( - )_ cosh(+/|K|L) \/T?‘sinll( K|L) («730 )
'’ VK [sinh(y/|K[L)  cosh(\/|K|L) o
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Determining K — Examples

= Quadrupole Magnets K, = %
B/
Ky — —B—IO
= Sector Bend Dipole Magnets K, = %
K, = 0
'+ K, x = 0
= Sector Bends with Electrostatic Focusing y'+Kyy = 0
1 E
K, =— —
p>  v(Bp)
K, = E
= Other Considerations Y w(Bp)
« Combined function magnet \
« Rectangular Bend g-2 arrangement

* Bend with arbitrary Edge Angles

M. Syphers USPAS — Precision Storage Ring  January 2019 15



“Thin Lens” Quadrupole @
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e If quadrupole magnet is short enough, particle’s offset through the
quad does not change by much, but the slope of the trajectory does
-- acts like a “thin lens” in geometrical optics

t X(s)
T ——
\/ F  — 9

e Take limit as L --> 0, while KL remains finite
 (similarly, for defocusing quadrupole)
cos(vVKL) #sin(\/?L) . ( 1 0 ) B ( 1 0 )
—VKsin(vVKL)  cos(vVKL) -KL 1) 1

e Valid approx., if F>> L

o
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Sector Magnets

= Sector Dipole Magnet: “"edge” of magnetic field is perpendicular to
incoming/outgoing design trajectory:

Field points “out of the page”
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Sector Magnets & Sector Focusing

* [ncoming ray displaced from ideal trajectory will experience
more/less bending field, thus is “focused” toward axis in the bend
plane:

Extra path length = As =z 0
so extra bend angle = Az’ = —As/p

Az’ = —(0/p)xr = —(¢/p*)x
or, 2"/ =dx'/ds = —(1/p*)x

Thus, K, = 1/p2, K,, = 0.

\
X\ For short magnet with small 1 v
bend angle, will also acts like | > - —
lens in the bend plane f.’L P
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* |n an ideal sector magnet, the magnetic field begins/ends

exactly at s =0, L independent of transverse coordinates x, y
relative to the design trajectory.

- |.e., the face of the magnet is perpendicular to the design
trajectory at entrance/exit

Edge Focusing

M. Syphers USPAS — Precision Storage Ring  January 2019 19



Edge Focusing @
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= However, could (and often do) have the faces at angles
w.r.t. the design trajectory -- provides “edge focusing’

/
/
/
/
/
/
/
/
7
7
p S

= Since our transverse coordinate x is everywhere
perpendicular to s, then a particle entering with an offset
will see more/less bending at the interface...

o
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Rectangular Bending Magnet
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/ In the bending plane, each

\ edge acts as a defocusing

lens with focal length:
1 6/2 0

f p 2p
For Pure Sector Magnet, For Rectangular Magnet,
hor: 1 ~ ¢ hor: L ~ 2.9 9 _,
Sz p fa 20 p  2p
. i ~ O . i ~ ﬁ ﬁ — Q
ver: ver. 2 T2 b

M. Syphers USPAS — Precision Storage Ring  January 2019 21



Transport through a General Bending B
Magnet

University

= Put all the pieces together...

e ’\
(<0) \

4
4
/
/7
/ e
/ 2
4
4
4

(>0)

_ inside, K, = 1/p?,
" Miota = Meo Mbody Me K, =0
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= Very often, especially for highly-relativistic particles, the bend radii with
bending magnets can be large, and hence the sector focusing can be a
small effect. However, in accelerators with dozens, hundreds, or

thousands of elements, it can certainly add up.
= Same can be said for edge effects in many circumstances.

= One must always seek to understand the particular situation and
determine what assumptions can be made for the level of detail one is

studying.

o
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Piecewise Method -- Matrix Formalism @
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e Arbitrary trajectory, relative to the design trajectory, can be computed via
matrix multiplication

( N ) — MyMpy_1 -+ MaMy | 9 )
N Lo

X
SN

S0

o
L. 2
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Example: A Beam Line Calculation

= Will consider two particle trajectories, starting with
e (x,x’)= (0,0.5mrad), and (x,x’)= (5 mm,Q0)

= Adistance 6 m later, the trajectories enter a thin lens quadrupole of focal
length F =3 m. This is followed by a second quadrupole of focal length -
F, a distance 1 m later.

* Find the trajectories (x,x’) for each case at the exit of the second quad
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Example: A Beam Line Calculation

= Will consider two particle trajectories, starting with
e (x,x’)= (0,0.5mrad), and (x,x’)= (5 mm,Q0)

= Adistance 6 m later, the trajectories enter a thin lens quadrupole of focal
length F =3 m. This is followed by a second quadrupole of focal length -
F, a distance 1 m later.

0.33 mr
-0.6 mr

Xo=0mm, x'0=0.5mr —> x=2.5mm, x

Xo=5mm, x0=0.0 mr —> x=3.3mm, X
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M

Northern Illinois
University

Can now make LARGE accelerators!

= Since the lens spacing can be made arbitrarily short, with
corresponding focusing field strengths, then in principal can make
beam transport systems (and linacs and synchrotrons, for instance)
of arbitrary size

= |nstrumental in paving the way for very large accelerators, both
linacs and especially synchrotrons, where the bending and focusing
functions can be separated into distinct magnet types

o
L. 2
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The Notion of an Amplitude Function...

e Can trace single particle
trajectories through a periodic
system

e Can represent either
* multiple passages around a
circular accelerator, or
* multiple particles through a
beam line

Can we describe the maximum amplitude of
particle excursions in analytical form?

of course!  coming up soon ...

o
L. 3
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Particle Beams and Phase Space

Transverse coordinates: X’

Phase Space:

X
source [
20 : X
angle: x’=dx/ds

Shape, orientation of distribution s ]

in “phase space” will change as © downstream  °

particles progress downstream, = o > 7

but effective “area” of distribution < - %

will remain constant (Liouville); § ¥

correlations will naturally develop % t4%+—F—FM——+—+— T
30 -20 10 0 10 20 30 30 20 -10 0 10 20 30

o
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Emittance in Terms of Moments @
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= Considering the general equation of an ellipse, the area enclosed by the

ellipse is related to its coefficients by:
area of ellipse:
ax® + brr' +cx’? =1 P

A —
X V4dac — b2

= Can define quantities scaled by an area, ¢, of our elliptical distribution:

e b= % v = <€£C/7_‘_> € — 7T\/<£I?2><£U/2> _ <$Zl§'/>2

the “‘rms emittance”

a, f, Y collectively are called the Courant-Snyder parameters, or Twiss parameters

/ /
So, equation of the blue curve above: ’}/2132 -+ 20T 4+ 533‘ 2 — 6/7'('
* The ellipse (red curve above) that contains ~95% has area ~6¢
v (for Gaussian distribution)
M. Syphers USPAS — Precision Storage Ring  January 2019 30



Linear Optics @
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* et x be the transverse (horizontal, say) displacement of a particle from
the ideal beam trajectory. Let the angle it makes to the ideal trajectory be
X = dx/ds, where s is the distance along the ideal trajectory. Transport
through a magnetic element is then described by a matrix M, such that

X = MX, ;Z:(;j)

= An arbitrary trajectory, relative to the design trajectory, can be computed
via matrix multiplication for elements all along the beam line...

( N ) = MyMy_y -+ MyM, ( 0 )
UN Lo
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TRANSPORT of Beam Moments @
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* Transport of particle state vector downstream from position 0

X:<$/) X:MXO

X

» Create a "covariance matrix” of the resulting vector...

v v x?  xx % v \T c I agT
XX = N = MXo(MXy)" = MXg Xy M

* ... then, by averaging over all the particles in the distribution,
_( (=) (a2) | T
2 = ( (22 <£E’2> we get: P— MZOM

o
L. 3
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TRANSPORT of Beam Moments @
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So, since > ( (%) (z2) ) - ( ef  —ea ) — K
('z)  (2'%) —ea €y
where 5
B —
"= ( —a Y )
then,
K=MKyM"

If know matrices M, then can “transport” beam parameters from one point
to any point downstream, which determines beam distribution along the

way. 2
? Zrms(s) = /€B(s)/m

T

B

o
L. 3
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Conservation of Emittance

» Note that from Y= MXoM?’
S=e- K KE( § _O‘>

= then,

; det X = det M det Yy det M = det X
= an

note: detM =1

detY = e“det K = €*(By — a?) = €

= Thus, the emittance is conserved upon transport through the system

o
L. 3
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Computer Codes

= Complicated arrangements can be fed into now-standard computer codes for analysis
« TRANSPORT, MAD, DIMAD, TRACE, TRACE3D, COSY, SYNCH, CHEF, many more ...

TITCE
FRIB SEPARATOR AT 9.8 MEV
UTRANSPORT, 50
5  ECHO
MSBL: MARKER
MSE2: MARKER 40 —
MSB3: MARKER
18 MSB4: MARKER —
M35 MARKER E
S
30 -
RK?: GKICK, L=8, DXP=0.68@, DYP=0.000 c
15 RKS: GKICK, L=@, DXP=0.80@, DYP=0.000 o
DT295 :DRIFT, L= ©.25008 G
CT295 :MATRIX, R11= ©.99999, R12- -.80002, & c 20 _
R21= ©.81743,R22= ©.99999,R33= 0.99999,R34= -0.00002, &
28 R43= B.61743, R44= ©.99999, & E
REG- 1.00800, R66= 1.00000
RF295 :LINE=(RK?7,DT295,CT295 ,DT295 ,RKS) |
DT296 :DRIFT, L= ©.25000 10 7
25 CT296 :MATRIX, R11= ©.99999, Ri2= -8.80002, &
R21= 8.81743,R22= 0.99999,R33= 0.99999,R34= -0.00002, &
R43= 0.91743, R44= ©.99999, &
RES- 1.00000, R66= 1.06000 |
RF296 :LINE=(RK?,DT296,CT296 ,DT296 ,RKS)
38 I I I I I
DT297 :DRIFT, L= ©.25000
CT297 :MATRIX, R1l= ©.99999, Ri2= -.80002, & || I | N I 1l Nl IL[W
R21= 8.81743,R22= 0.99999,R33= 0.99999,R34= -0.00002, & ——ILJl-1I
R43= 0.01743, R44= 0.99999, & [ ] | U ]
35 RES= 1.00060, RE6= 1.06000
RF297 :LINE=(RK?7,DT297,CT297,DT297,RKE) ! ! ! ! !
CH: BKICK, L=0.80 5 10 15 20 25 30 35 40
CV: GKICK, L-0.0@ ) . .
B oumRisen - Distance from booster exit (m)
e DRIFTS 3 4.
DA-0p _A QA 4 4. Ltaia A.1333 A.AF A.APA A.AAA A.AA8 A.9211 A.A211 AAA
5 4. 4.580 -9.1333 0.000 0.0P@ 0.PP@ 0.900 0.6211 0.8211 @.000 0.600
QUAD3? 6 4.392 1.2152 5.035 -1.7486 0.000 £.900 0.000 ©.000 0.0299 0.6295 ©.250 0.850
D4 7 3.422 ©.9849  6.566 -2.0767 0.000 0.000 0.000 0.000 0.9466 0.0406  ©.400 1.258
QUAD3S 8§  3.296 -B.4625 6.930 0.6662 0.000 0.900 0.000 0.000 ©0.0586 0.0464 ©.250 1.508
D5 9 4.197 -8.7387 6.048 0.5099 0.000 0.000 0.000 ©.000 0.0989 0.0649  ©.750 2.250
CH 18 4.197 -8.7387 6.4 0.5099 0.0P ©0.000 0.000 0.000 0.0989 0.0649  ©.000 2.250
cy 11 4.197 -8.7387 6.048 ©.5099 0.000 ©0.000 0.000 ©.000 ©0.0989 0.0649  ©.000 2.258
PM 12 4.197 -@.7387 6.048 ©.5099 0.090 ©.900 0.000 ©.000 0.0909 0.0649  ©.000 2.250
QUAD39 13 5.650 -2.7980  5.235 2.6309 0.000 ©.0P0 ©0.900 0.060 ©.0997 0.6718 ©.250 2.508
D6 14  6.554 -3.2249  4.014 2.7526 ©.000 ©0.900 0.000 0.000 0.1067 0.0505 ©.250 2.758

M. Syphers USPAS — Precision Storage Ring  January 2019 35




Let’s Think About the Numbers & Units... @
e = m\/(22)(2"?) — (za’)?

University
= |f <x2> ~ mm?2, and <x'2> ~ mrad?, then the emittance can have units of
mm-mrad (also = um)

= Courant-Snyder parameters

2
T
5 — < > mm2/(mm-mrad) ¥~ mm/mrad = m The “t” comes from our
€ definition of emittance
7_‘_<ij/> as an area.ln phas.e
o = (mm-mrad)/(mm-mrad) = dimensionless | Space; emittance Is
€ often expressed in units
7T<x/2> of “r mm-mrad
v = mrad2/(mm-mrad) ~ 1/m
€
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= Given an initial particle distribution in phase space at the input to a
beam transport system, can describe that distribution (sometimes not
all that well, but we try...) using Courant-Snyder parameters:

e = my/@?)a”) = (')

= The C-S parameters can then be computed downstream, using
Y= MXoM"
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Analytical Solution of Betatron Motion
Weak Focusing Synchrotron/Betatron
Courant-Snyder Invariant
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The Notion of an Amplitude Function...

e Can trace single particle
trajectories through a periodic
system

e Can represent either
* multiple passages around a
circular accelerator, or
* multiple particles through a
beam line

Can we describe the maximum amplitude of
particle excursions in analytical form?

of course!  coming up next ...

o
L. 3

M. Syphers USPAS — Precision Storage Ring  January 2019 39



Pushing the “Envelope” @
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e Wish to look for a functional form of the outer envelope of particle motion, and the rate at
which the phase of the oscillatory motion develops within that envelope

e This will enable us to decouple the motion of individual particle from intrinsic properties of the
accelerator design

Envelope described by an
“amplitude function”
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Hill’'s Equation — Analytical Solution

e \We saw that the equation of transverse motion is Hill’s
Equation: y
'+ K(s)x =0

e Note: “similar” to simple harmonic oscillator equation, but
“spring constant” is not constant -- depends upon longitudinal
position, s.

e S0, assume solution is sinusoidal, with a phase which
advances as a function of location s; also assume amplitude
IS modulated by a function which also depends upon s:

e Then, plug into Hill's Equation ...

r(s) = Ay/B(s)sinfih(s) + 9
P
L. 3
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Analytical Solution (cont’d)

x(s) = A+\/B(s)sin|y(s) +
v = %Aﬁ_%ﬁ'sin[w( )+5 | + A/ B cosip(s) + 6|y

T p—

Plugging into Hill's Equation, and collecting terms...

4K = AVE |0 +5w]cosw<s>+6]
-I-A\f[ 15 —|—§%’—(¢’)2—I—K sin[y(s) + 6] =0

A and ¢ are constants of integration, defined by the initial
conditions (xg, x;) of the particle. For arbitrary A, 6, must
have contents of each [ ] = 0 simultaneously for sum = 0.
L,
L. 3
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Analytical Solution (cont’d) sy

= Thus, we must have ...

thus, we need

w// _I_

/

&

' =0

and
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z(s) = Ay/B(s) sin[i(s) + 9]

M. Syphers
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Some Comments

z(s) = Ay/B(s) sin[y(s) + 9]

* We chose the amplitude function to be a positive definite function in its
definition, since we want to describe real solutions.

= The square root of the amplitude function determines the shape of the
envelope of a particle’s motion. But the amplitude function is also a local
wavelength of the motion.

= This seems strange at first, but ...

* Imagine a particle oscillating within our focusing lens system; if the lenses are
suddenly spaced further apart, the particle’s motion will grow larger between
lenses, and additionally it will travel further before a complete oscillation takes
place. If the lenses are spaced closer together, the oscillation will not be
allowed to grow as large, and more oscillations will occur per unit distance
travelled.

* Thus, the spacing and/or strengths (i.e., K(s)) determine both the rate of
change of the oscillation phase as well as the maximum oscillation amplitude.
These attributes must be tied together.

o
L. 3
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Equation of Motion of Amplitude B
Function ot hern ol
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From
268" — ()% + 4K 52 = 4

we get
26/6//+266W_26/6//+4K/52+8K66/:O

A" +4KB +2K'8 = 0.
Typically, K'(s) = 0, and so

(6// ‘|‘4K6), —0

or
3" + 4K 3 = const.

is the general equation of motion for the amplitude function, 5.

(in regions where K is either zero or constant)
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1 \
» K=0: (" = const — [(s) = By + Bys + 5&6’32 Parabo\a

« since B > 0, then from original diff. eq. ...

/1 / L //_4‘|'(B/)2
286" — (8')° =4 Y %__;gm

* Therefore, parabola is always concave up

= K>0, K<0: sinusoidal + constant

/

= | & SIn S) - B — COS S
B(s) = Fo+ 5 e sin(2VEs) + (1~ cos(2V/Ks)

o
L. 3
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" + K(s)x =0 Hill's Equation

trial solution: = A+\/[(B(s)sin|y(s) + 6]

requires: )

S

— 1/6 * Y(s) = 50s)

and
266// — (5/)2 -+ 4K62 — 4 e 3" 4+ 4K = const.
(for K’=0)
for K=0: /6//200n3t%/6() ﬁO"‘ﬁOS—I— 6//2

sin(2v' K 's) + Ve [1 — cos(2V K s)]

Y B0
'| for K>0: B(s) = 5O+2\/E
e
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Courant-Snyder Parameters, & B

Connection to Matrix Approach

University

Suppose, for the moment, that we know the value of the amplitude
function and its slope at two points along our particle transport system.

Previously have seen how to write the motion of a single particle in one
degree of freedom between two points in terms of a matrix. We can
now recast the elements of this matrix in terms of the local values of
the amplitude function.

1+ o?

. . 1
Define two new variables, o= —55’, 1=

Collectively, 3, a7y are called the Courant-Snyder Parameters
(sometimes called “Twiss parameters” or “lattice parameters”)

268" — (5/)2 + 4Kﬁ2 =4 becomes KB =n~+ o'

o
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Courant-Snyder Parameters, & 5

Connection to Matrix Approach

University

Suppose, for the moment, that we know the value of the amplitude
function and its slope at two points along our particle transport system.

Previously have seen how to write the motion of a single particle in one
degree of freedom between two points in terms ¢ atrix. We can

al values of

Collectively, (3, the Courant-Snyder Parameters
(sometimes called parameters” or “lattice parameters”)

268" — (5/)2 + 4K52 =4 becomes KB =~+ o

o
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Solutions using Courant-Snyder B
Pa ra m ete rs Northern Illinois

University

= Our previous results become

1
- drift space: B(s) = By + Bys + 56{)’52

—  B(s) = Bo — 208 + Y058

 gradient field:

— | & sin S) - 0 — COS S
Bs) = o+ 5 = (2VEKs) + 721 — cos(2V K s)

874

VK

—  [(s) = %[1 + cos(2V K s)]
P
L. 3

sin(2vV' K s) 4 ;[0([1 — cos(2V K s)]
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The Transport Matrix @

Northern Illinois
University

= We can always write:  z(s) = a\/8sin Ay + by/B cos Ay

= Solve for a and b in terms of initial conditions and write in matrix form
* we get:

1/2

. (%) (cos Ay + ag sin A)) v Bo 5 sin Ay o
( / ) B l+apa a—ag Bo 1/2 . ( )
BV sin A — NG cos A (7) (cos A — arsin Av))

So, can write any of our transport matrices in
terms of values of C-S parameters at the two end
points, and the phase advance between them.

o
L. 3

A1) is the phase advance from
point sp to point s in the beam line
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Tracking B, a, v ... @

Northern Illinois
University

= Saw earlier that if given values of the Courant-Snyder parameters at one
location in the beam line, and if know the matrix of the linear motion
between that location and another location downstream, then can compute
the values at the second location via:

K:MKOMT where KE(B _&)

= Have not explicitly proven that the ellipse coefficients found earlier are the
SAME as the parameters above, but they are — and, we will.

o
L. 3

M. Syphers USPAS — Precision Storage Ring  January 2019 52



!

Northern Illinois
University

Evolution of the Phase Advance

= Also, if kKnow parameters at one point, and the matrix from there to
another point, then

a b b
My = — tan Ay,
12 (c d>:>a61—boz1 A Ay

= So, from knowledge of matrices, can “transport” phase and the Courant-
Snyder parameters along a beam line from one point to another

o
L. 3
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Northern Illinois
University

Simple Examples

= Propagation through a Drift: Mo - ( (1) f )
_ —1 L
— Ay = tan (61—La1>
8= o —2a0L + L’
= Propagation through a Thin Lens: o = ap — YL
. . =70
M= ( ~1/F 1 >
— Ay =0 T
8 = B, K=MKyM
a=ap+ o/ F

v =70+ 2a0/F + B/ F”
= Given a, 8 at one point, can calculate a, B at all downstream points
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Another Summary @

Northern Illinois
University

= S0, with knowledge of the layout of (linear) magnetic (and electrostatic)
fields from which matrices describing the horizontal and vertical motion
can be derived, and with an initial set of Courant-Snyder parameters
describing the beam distribution, can transport the Courant-Snyder
parameters along the beam line
* Hence, can design a first-order focusing system without having to track

particles. Within such a system the beam size will be determined by the
value of the emittance used.

= These same C-S parameters describing the beam ellipse in phase space
are found to be the same parameters found in the analytical solution to

Hill's Equation if we identify . 4 a2 52 d
— / — 5

= A+\/B(s)sin[i(s) + 9]
o
e
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The Weak Focusing Synchrotron/Betatron

= Early accelerators (betatrons

M

Northern Illinois
University

in particular, and early synchrotrons) employed

what is now called “weak focusing”

Ry

°)

n is determined by

B:BO(

|
a | adjusting the opening
-« > angle between the poles
< E ””””” B }‘ ) I $
) T L i n = “field index”
£
i Ro \'N\
Ry
n~ —
d

Let’s look at the stability

of transvers

o
L. 2

e motion in this system...
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Equation of Motion

* |n rotating coordinate system,

M

Northern Illinois
University

r=Ry+=x
2

d’x Ro+=x eB, . x

— - > _ Y

ds Rg

} VAL = 1A8

p

D Ry
= Hence,

/

Reference

Particle
orbit

trajectory
Figure 3.9. Comparison of reference orbit path length ds and particle path length v, dft.

Since v, < v, and v, < v,, to a very good approximation the total momen
tum p of the particle is ymv,. So

. evlB
F-rg?=-—=>. 3.38
. (3.38)
— O) — B 0 _— Now, change to s as the independent variable. Then
r d dsd 339
dt  dt ds’ (3-39)
and from Figure 3.9 we see that
P
ds=pdd=v, dt:. (3.40)
n
1 n
B:BO %Bg(l——ili)
14+« / Ry

Hence, assuming d’s/dt? = 0,

d? ds \* d? p\?d? 341
d,z‘(d,)af-("sr)a:f- (341)
Replacing » with p + x, the equation of motion becomes

p+x B

& " B [1 ¥ %)2 (342
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g=3

Stability within a Weak Focusing System

Northern Illinois
University

= Thus: B, — B, — "0 _ _nbo 5 _
y=Ho— ot By R Y (V x B=0)
nBO/R() 1
. /! Kx — /! L T O
So we get, T + XL XL —|—< BORO R%) X
1 /N LI
Yy +Kyy=y +??J—
0
= Ol
4 )
v l—n
T 5L = 0 must have
R
0 > 0<n<l
for stability
T
y”+ﬁy20
\_ 0 /
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Aperture of Weak Focusing System B

Northern Illinois
University

= The solutions of the equations of motion are:

x”+1_nx:0 T = 20 cos( 1_n5)+x’ o sin ( 1_n3)
Rg Ro O\/l—n RO
D>
n R
y' + R2 y =0 Y = Yo Cos(\/—ﬁ s) + yé—O Sln(@ s)

SO, maxima in x, y grow with the RADIUS of the accelerator,
for a given set of initial beam conditions

Higher energies required larger radii (for ~ constant B), and
hence the apertures had to grow as well

sitting inside the beam chamber of the Bevatron (LBNL)

o
L. 2
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Betatron Oscillation Amplitude @

Northern Illinois
University

= Transverse oscillations in a synchrotron (or beam line) are called Betatron Oscillations
(first observed/analyzed in a “betatron” accelerator)

= Write x,x’ in terms of initial conditions xo, X% :

z(s) = ar/f cos Ay + by/ S sin Ay

r = %([b — aa) cos AY — |a + ba] sin A))
l
. - T - apZo + Pog
VBo v Bo
B(s)

[0 cos AY + (apxo + Boxg) sin Ay

2 /
amplitude: A = \/mo+(0éoag)o+ﬁog;0)2
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Free Betatron Oscillation @

Northern Illinois
University

= Suppose a particle traveling along the design path is given a sudden
(impulse) deflection through angle

= Then, downstream, we have
Ax' = x5 = Af

= A~/ BoB(s) sinfy(s) — 1]

Example:
Suppose Af = 0.4 mrad, By = 4.0 m, B(s) = 6.4 m,
and Ay =n x 27+ 30°. Then x(s) = 1 mm.
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Courant-Snyder Invariant

= |n general,
r = Ay/Bsiny
A %[cosw — asin 1]
Bx' = Av/Blcosy — asiny]
= A\/Ecosw —ax

B’ +ax = A\/Bcost

EE
EE

g=3

Northern Illinois
University

v’ + (B2’ +ax)? = A%
2 r? + (Bx’ + ax)?
b
2 4+ o’x? + 2abxz’ + B%z'?

p

A® = ~yx? + 2axx’ + Ba’?

While C-S parameters evolve along the beam line, the

combination above remains constant.

o
L. 3
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Properties of the Phase Space Ellipse i

Northern Illinois
University

= The initial conditions of a freely-oscillating particle in the beam optics system determine
its C-S invariant and hence the particle’s phase space ellipse

area = wA?

while the ellipse changes /
shape along the beam line,
its area remains constant

Emittance = area within a phase
space trajectory

vt + 2oz’ + Br’? = A? / ' L
area = TA* =€ r(x' =0) = e/my

o
L. 3
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Part lli

The Stability Criterion
Discovery of Strong Focusing
Periodic Optics and Tune Calculations
Momentum Dispersion



Arbitrary Focusing System @

Northern Illinois
University

= What if the focusing is not continuous but rather varies with location s?

*= Generate a single-turn matrix of the linear motion, made from matrices of
individual elements (Note: each with unit determinant)

* ook at matrix describing motion for one passage through a repetitive
period:

M=MxMpy_1 -+ MaM,

X
SN

S

= Now suppose repeat this operation k times. We want:

a:/ — Mk w/ finite as k — oo for arbitrary a:,
N ' ), ' ), L /o
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The Stability Criterion @

Northern Illinois
University

= From the discipline of “linear algebra”, we know that any vector within a
vector space (i.e., that is operated on, say, by a matrix M) can be written
in terms of the eigenvectors of the matrix M

* Eigenvector: V MV = AV

»
» where A is an eigenvalue of M (real or imaginary)

= A 2x2 matrix M will have two eigenvalues, 11 and A2 and two

corresponding eigenvectors, V1 and V2; so any vector that M operates on
can be written as

X = Clvl -+ CQVQ
Lt
e
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The Stability Criterion @

Northern Illinois
University

» S0, If the matrix M is applied to vector Xo a number of times, the resulting
vector X after the k-th iteration will be

X = MkXO = Mk(cﬂ/l -+ CQVQ) — Cl)\lfvl -+ CQ)\SVQ

V = eigenvector
A = eigenvalue

= Now, also from linear algebra, the determinant of the matrix M will be the
product of the eigenvalues. So,

detM:]‘:)\l)\Z_)AZZ]-/)\l_>)\:€::i“
P
L. 2
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The Stability Criterion @

Northern Illinois
University

= Since for our case the eigenvalues are reciprocals of each other, and
since we can write \ = e*** | then

X = MkXO — cl)\lfvl + CQ)\SVQ — cleik“Vl + CQB_ik'uVQ

If 1 is imaginary, then repeated application of M gives exponential growth; if u is real, gives oscillatory solutions...

= To find the eigenvalues, we solve the “characteristic equation™:
from MV =1V,

characteristic equation: det(M — AI) =0

if M = (Z 2>,then (@a—A)(d—A)—bc=0

o
L. 2
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The Stability Criterion @

Northern Illinois
University

: a b 1 0
oo (0 0

then det(M — I)\) = (“;A de = (a—A)(d—)\) —bc=0

= Solving for the eigenvalues,

M —(a+d)A+ (ad—bc) =0 ad — be = det M = 1
AN —trMA+1=0
A1/ A=trM

e fe ™ =2cospu =trM

a+d=trM = “trace” of M

So, u real (stability)
— ‘tTM | < 2
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Check: The Weak Focusing Synchrotron @

Northern Illinois
University

n
= We had, for example: y" + 22 Y= 0
0
| vn , Ry . /n
f hich foll : — — — —
» from which follows Y = Yo cos(RO 3)—|—y0\/ﬁsm( R s)
Vo A/n Vn
Y = ~Yo g Sm(R—Os) + Y5 COS(R—OS)
» or, in matrix form: ( Y ) _ COS(%S) e sin( ) ( Y )
y’ —\é—? sin (<L s) cos( %) v/

= For 1 revolution, s = 2wy and the trace of Miis ...

‘tr M| = |2 cos(2my/n)| < 2 (12 cos(2mv/T — )| < 2, for horizontal)

* 0<n<l1
L. 3

for stability
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Discovery of Strong Focusing @

Northern Illinois
University

= The Cosmotron (BNL)
* (weak focusing)

= Through looking at
upgrade options, strong
focusing was discovered
and the decision was
made to go for a new,
much larger synchrotron

* The Alternating Gradient
Synchrotron (AGS)

o
L. 2
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Discovery of Strong Focusing* @

Northern Illinois
University

= Consider the "weak-focusing” magnet system just discussed. Suppose
the ring is made up of 2N identical magnets, each with field index n

= Take every other magnet and have the magnet open to the inside,
instead of the outside: n — -n

« All have the same central field value, Bo, but the field “gradients” will
alternate n, -n, n, -n, ...

= Analyze the resulting system by using a matrix approach and applying
the stability criterion

*Courant, Livingston, and Snyder, 1952.
Christofolis, c. 1950

o
L. 3
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Discovery of Strong Focusing [2]

University
Consider one degree of freedom, say the vertical
 for one of the N cells, the matrix would be...
(B’>0) (B’<0) K =|B'|/Bp

M. — cos(vVKL) ﬁ sin(vKL) cosh(vKL) # sinh(vKL)
© —VKsin(vVKL)  cos(vVKL) VK sinh(VKL)  cosh(vKL)

( cos(v/KL)cosh(v/KL) +sin(vKL) sinh(vVKL) - )
o cos(v K L) cosh(vKL) — sin(v/KL)sinh(vKL)

from which
trM = 2cos(VKL) cosh(VKL)

« So, for stability, we would need:

*Courant, Livingston, and Snyder, 1952. ‘ COS(\/ KL) . Cosh(\/ KL)‘ < ]_

Christofolis, c. 1950

o
L. 2
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Discovery of Strong Focusing [3]

* We see arange ~ -
in which the
system would be
stable

cos(z)cosh(z)

Choose Z = \/K L 0.4 0.6 0.8 1.0
K= (z/L)? z/2n

Also, L =2nRo /2N K =(zN/ 1tRo)?

: . K z\2 N?
In the weak focusing case, Ko = n/Re?2. So,... K ( ) —
Let's pick z/im = 0.4, n= 0.5, and N = 25:

r 3 K/ Ky = 200!
L. 2
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Another Example: FODO system

(e 1) (o 1) (e 1) (0 1)

(e 1=r ) (ur 1sr)

1+L/F 2L+ L2/F
( ~L/F? 1-L/F—L?/F? )

<
|

M

\

So, trM = 2 — L?/F? and thus, for stability,

—2<2—-L%/F? <2

—

L A L

—4< —-L?*/F* <0
! F>1L/2

and fepeat. ..

|
\4
Je
e
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Particle Trajectories in a Periodic Lattice

Northern Illinois
University

1 unit “cell”
AN — [ 1
1 1
1 1
1 1
X O
(\II —
| | 1 ' | | |
] 1
0 5 10 15 20
S
de'  d?x eB'(s //
ds - ds? - o T K L =

Hill's Equation)

5) = ¢9By = A4/ sin +9
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The Periodic Amplitude Function

= Previously, ...

« Transport matrix, in terms of amplitude function at end points, and phase
advance between:

T

1/2
( . ) (%) (cos Ay + ag sin Ag)) V 0o sin Ay ( 2 >

—H—%‘ sin A1) — ‘\)‘/_ﬁi‘; cos Ay (@) i (cos Ay — arsin Av)

p

A1) is the phase advance from
point So to point s in the beam line

Mperiodic —

cos A + asin Ay [ sin A
— sin Ay cos AY — asin A

Mperiodic phase advance

\ Natural choice in a circular accelerator,

when values of B, a above correspond

* to one particular point in the ring
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Northern Illinois
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= Have seen how S can be propagated from one point to
another. Still, have the choice of initial conditions...

= |[f periodic system, like a “ring,” then natural to choose the
periodic solutions for 3, a

= |[f beam line connects one ring to another ring, or a ring to a
target, then we take the periodic solution of the upstream ring
as the initial condition for the beam line

" |n a system that takes a distribution from a source or off of a
target, wish to "match” to desired initial conditions at the input
to the downstream beam line system by using an arrangement
of tunable focusing elements

Choice of Initial Conditions

o
L. 3
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Computation of Courant-Snyder 3
Pa ra m ete rs Northern Illinois

University

= As an example, consider again the FODO system

= (e 1) Lo )G 1) (0 1)

B ( —11/F 1—3/1? ) ( 1/1F 1+IL/F )

B 1+ L/F 2L + L?/F
- ( —L/F? 1—L/F—L2/F2>

= |et’s, use above matrix of the periodic section to compute functions
at exit of the F quad..

o
L. 3
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FODO Cell Courant-Snyder Parameters i

Northern Illinois

University
* From the matrix: M. . _ [ cosptasnpy B sin
periodic —y sin COS [t — (v Sin [
1+ L/F 2L + L?/F a b
— — pers
M ( ~L/F? 1-LJ/F—L*F? ) ( c d) 4 num
- 9 _[2/F? = koL
traceM =a+d=2—L"/F* = 2cos u l:(> Sin g = o5
b 1+ L/2F a—d 1+ L/2F
b= snn \/1L/2F T 9sinp \/1—L/2F
= |f go from D quad to D quad, simply replace F --> -F in matrix M above
« S0, at exit of the D quad:
8 =2F 1—L/2F o= — 1 - L/2F for completeness,
1+ L/2F 1+ L/2F 14 o2

Je T
e
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Periodic FODO Cell Functions

!

Northern Illinois
University

= Numerical Example: Standard FODO Cell of the old Fermilab Tevatron
(~100 of these made up the ring)

sin(pu/2) = L/2F = 0.6 — p ~ 1.2(69°)
Bmaz = 2(25 m)4/1.6/0.4 = 100 m

Binin = 2(25 m)1/0.4/1.6 = 25 m
v~ 100 x 1.2/27 ~ 20

Note: this thin lens
example is actually
accurate to a few
percent!

(F/0=25/2 >> 1)

o
L. 3

120 | | | | |

100

80

40

20 ]

60
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Propagation of Periodic [
NIy
Courant-Snyder Parameters

University

= We can write the matrix of a periodic section as:

M — cos Ay + asin Ay [ sin Ay
0= —~ sin A cos A1) — asin Ay

(10 Yowaws (% 4 anas

= Tcos Ay + Jsin Ay — /AY
" where
Q b 2
J = ( ) detJ =1, trace(J)=0; J*=-1I

a, B are values at the beginning/end of
the periodic section described by matrix M
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Tracking B, a, v ... @

Northern Illinois
University

= Let M7y and M2 be the “periodic” matrices as calculated at two points, and M propagates
the motion between them. Then,

M- > M; = 1Tcosu—+ J;sinpu J:( “ 5)

_I\>:/I _I\>/I | MQZMM]_M_l

= QOr, equivalently,
 if know C-S parameters (i.e., J ) at one point, can find them at another point
downstream if given the matrix for motion in between: .
Jo=M Jy M~

= Doesn’t have to be part of a periodic section; valid between any two points of an
arbitrary arrangement of elements

For comparison, remember K = ( B o ), and K = M K, M" ; these are equivalent

=
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= Again, if know parameters at one point, and the matrix from
there to another point, then

Evolution of the Phase Advance

a b b
Mi_o = = tan A _.
1—=2 < C d ) — aﬁl — bCkl au ¢1 2

= S0, from knowledge of matrices, can “transport” phase and the
Courant-Snyder parameters along a beam line from one point to
another

o
L. 3
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The Betatron Tune @

Northern Illinois
University

* |n a cyclic accelerator (synchrotron), the particles will oscillate (betatron
oscillations) with a certain oscillation frequency — the betatron frequency.

= The betatron frequency is determined by the total phase advance once
around the ring:

ds

Awtotal — (S)

V = A77b15c)tcbl/27"-

Betatron Tune: # of oscillations per revolution

trM = 2 cos(27v)

fbeta,tron — Vf’r'ev

o
L. 3
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Ex: Tune of a FODO synchrotron

= Suppose a ring is made up of N FODO cells

= Fach cell has phase advance given by the lens spacing and

lens focal length: LI
SIn — = ——

2 2F
= S0, the tune of this simple synchrotron would be:

L 2LN C 1 R
2T F 4 F 21 2F 2F

= Ex: Main Injector at Fermilab: R~500m; F~13 m
* so, v~ 20
 thus, if initiate a betatron oscillation in this synchrotron it will
oscillate ~20 times per revolution around the ring

o
L. 3
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Arbitrary Distribution of Quadrupoles

o
o —
Al
— betax
- betay
o _ period i period
N
C
S
5
S 8 -
L 2
()
8
©
-
o _
O
_ ] ] ] ] ] ]
. | — | —
| | | |
0 50 100 150 200
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The Storage Ring

M

Northern Illinois
University

= Matrix description of discrete focusing regions

N \ \;\/:
v INFLECTO
CARRIAGE

cii TRACEBACK
PP L ~WIRE ™
73 GHBMBERS
l Ty
FBM
o)/ - - TROLLEY
|

INFLE

CTOR

/
R

FBM-BEAM MONITOR . -~ =3 |\
C-COLLIMATOR e =
PP-NMR PLNG PROBET™ \
CP-CALIBRAT, PROBE - = _

KICKER =57

~
~ ~ ~
.A.) ~
A
ey
I
o, / o/ Yy - T
S - VAP ! "/'P\! s i
Q3 \ ‘ AN V7 L
7’ . 3 / ! H Iy 1 i
c \\\ Y. ’/F,)ICKUFI)" i i VL
N ., { oy i
{ELECTRMADE | /i T
VR PPE L
\ R ~ L FBM_.'.‘_ : AL
/8 " \[;@ .
C - =
7
M. Syphers

where /
1 E'(s)
Ko(s) = — — =5
(5) R2 ~ vBoR,
E'(s)
u(s) = T BoRs

M,y = MsM MM, M,

M,,, =M 1/4)4
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Bending through Dipole Field
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The bend angle (and/or
focusing strength) depends
upon momentum

Similar to index of
refraction depending upon
frequency

dipole steering “error” due
to a different momentum
—> “dispersion”

focusing “error” due to a
different momentum
—> “chromatic aberration"

o
L. 3

Dispersion

!

Northern Illinois
University

dipole magnet: s Ap & _ %
‘ . 0o p

Ap [i.e., in “opposite”

at exit, to lowest order, Az’ = f,— direction of bend]

and,

Ap /p dispersion function
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Dispersion [2] Sy
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University

(see £&S text for detalls...)

Equation of Motion:

"+ ( B + ! Jx =0 becomes "+ {(
2L Sy = .
Bp = p?

1 ) B’ Lo Ap 1 } 1 Ap
. x f—
1+ Ap/p) Bp  po+Ap po(s)? po Po + Ap

let x =D Ap/p, particular solution

(must add the homogeneous solution, which we have found previously)

betatron oscillation

\
then, A 1 B’ A 1 Ap 1 A
D,,_p+{( ) L Po—Ap Q}Dp: p
a driven betatron oscillation, Po 1+ Ap/p) Bp  po+Ap po(s) Po  po Po+ Ap
with a constant driving term. keep only terms linear in the relative momentum deviation,
The “driver” is the dipole field Ap B’ 1 Ap 1 Ap
within a bending magnet D"—+ | 5+ = — = — —
: Po Bp  pg Po  Po Do
1
\ . D// —|— K D _
Lo
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* so, solutions are sinVK{¢ & cosV K/l plus const.
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Dispersion [3]

/7 1 Northern Illinois
D + K D= — University
Lo
In terms of matrices... K=0: D — 1 D — s + D
p’ p
D = Dy + D{s+ 15
in the limit of short, or “thin” T e

elgmer?ts, a bending magnet D 1 s 1s2/p Do
primarily changes the slope of the D’ 0 1 s/p Dy
1 0 O 1

dispersion function by an amount
equal to the bend angle of the

magnet 1/p=0: /Eve 2x2 as before

D 0 Dy
p =M ( 0 ) D}
otherwise, the D transports roughly 1 0 1 1
like a betatron oscillation
So, can use matrix methods (3x3 now; and 2x2 in “vertical” plane)
t lve for:
o solve for By, 0y, Uy
Bya Xy s %
DD (& Dy, D, , if also have

* vertical bending)
L3
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= System of quadrupoles with alternating-sign gradients (F, D, F, ...)
separated by distance L, and with bending magnets present...

Generating Dispersion

+ D(s)

D=0L/2(1+L/2F)

Ex: D=3m, dp/p =0.3%, then Ax =9 mm
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Beam Size Including Dispersion

 Total excursion due to “off momentum” plus betatron oscillation:
r=x5+D9J 0 = Ap/p
S x% + 2x3D0 + D?§2

* Assuming no correlation between xz and particle’s momentum:

(z%) = (z) + D*(67)
(x%) = eB/m + D*(5%)
P
L. 3
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Momentum Compaction Factor

= How does path length along the beam line depend upon momentum?
* In straight sections, no difference; in bending regions, can be different

Look closely at an infinitesimal section along the ideal trajectory...

¥
/\ Aa::D% d0:§: dSl
ds § p 0 0+ A
A
P\ dsl—d3:<'0+ * )ds
A D
_ At Dar
if L = path length along ideal trajectory P P D

between 2 points, then The relative change in path length, per

AL (f D(s) d A relative change in momentum, is called
£(s) P the momentum compaction factor,

* L . f ds ) D ap, =< D/p > along the ideal path
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Periodic Dispersion Function

uniform bend field: add gradients...

po + dpo
. o .

the trajectory “closed” orbit

«  for momentum p+Ap
Az(s, p)

Ap/p

D(S,p) —

the orbit of an off-momentum particle which closes on itself is described
by the periodic dispersion function
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Ex: FODO Cells with Bending Magnets 12

Northern Illinois

e Il
po + dpo
\ /\ /\ A A /\ po S
F 9 A-F 0 F A-F 0 \(r
c in = 57

L 1
Dmag,min = . 9 ! (1 - 3 Slﬂ(ﬂ/Q))
’ 2sin”(1/2) 2

Values of dispersion function are typically ~ few meters

* Note: in a weak-focusing synchrotron, would have D = Rg |
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= Periodic Orbit of an Off-Momentum Particle

Dispersion

Schematic only,
highly exaggerated

o
L. 2

R = Ry(1 + Ap/p)

M. Syphers

!

Northern Illinois
University

N
o

D, beta_x,y (m)
>

N
N

7
|

0 1.57 3.14 4.71 6.2
theta (rad)

D(s) will depend upon
the quad voltage, hence
upon the field index, n

Ro= 7112 m
D = 8 m
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