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Intensity Dependent Effects
• The Space Charge Force
‣ uniform, round beam of infinite extent
‣ Gaussian (cross section) beam of infinite extent
‣ tune spread due to space charge
‣ The Beam-Beam force and tune spread in a collider
- head-on collisions
- long-range “collisions”

‣ longitudinal fluctuations also cause longitudinal fields
- can lead to various instabilities  (e.g, “negative mass”)

• Wake fields and impedance
‣ Beam break-up in a long linac
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Space Charge Effects at Very Low Energy
• Suppose have beam that is uniform in the direction 

of motion and transverse as well, out to a radius 
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Space Charge Effects at Very Low Energy
• Force ~ square of the charge

• increases with longitudinal beam density
• is a defocusing effect
‣ alters the effective optics

• effects decrease at higher energies 
• (i.e., larger values of 𝛾)
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Space Charge Force for Gaussian Beam
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and	so,	…
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Space Charge Force for Gaussian Beam

• For a large portion of the beam, there will be a linear 
defocusing force.  If the local beam intensity is very 
large, the effects can be strong.

• Even if the intensity is modest, there can be an effect 
as the beam particles travel long distances together
‣ lowering of the betatron tune in a ring, for example
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Space Charge Tune Shift
• In a synchrotron, the space charge force is 

constantly defocusing the beam — leads to a 
decrease in the betatron tune in each plane

• Use tune shift formula to estimate the effect…

6

�⌫ =
1

4⇡

I
�(s)K(s)ds

K(s) =
@By

@x

B⇢
) @F/@r

qv · p/q =
@F/@r

pv

⇡ Q2e2N 0

4⇡✏0�2�2 · ��2mc2
=

Q2e2N 0

4⇡✏0mc2�3�2�2(s)

Here,

�! Q2e2N 0

4⇡✏0�2�2
rF



Winter	Session	2018						MJS USPAS	Fundamentals

Space Charge Tune Shift
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Space Charge Tune Shift
• Estimate for a particular synchrotron:
‣ Fermilab Booster Ring at injection
- r0 = 1.53x10-18 m, N’C = (1010/m)2𝜋(75 m)
- 𝜖N = 1𝜋 mm-mr, W=400 MeV (𝛽=0.7, 𝛾=1.4)
- Thus, we get 𝛥𝜈 ≈ 0.4 !

‣ in early 1990s, the injection energy was raised 
from 200 to 400 MeV and intensity increased

• Note, too:  the effect scales with Q2.  Can be more 
detrimental for beams with high charge states 
(though they often have less intensity)
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Space Charge Tune Shift
• We have estimated the shift in the betatron tune of 

the particles near the center of the distribution.  
Those at the far edges of the distribution will have 
little or no change in their tunes.  Thus, the space 
charge force will actually generate a spread in tune 
among the particles.  This spread in tune will need to 
fit in between the various resonance lines in the x-y 
tune space in order to avoid resonances and 
ultimately beam loss
‣ increase injection energy to reduce the tune 

spread, hopefully be able to transport more beam
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Beam-Beam Interactions
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Beam-Beam Tune Shift in a Collider
• Behaves similarly to the space charge tune shift just 

derived previously, except…
‣ only occurs over the interaction length of the two 

bunches passing through each other
- interaction length = 1/2  the bunch length

‣ the forces from the E field and the B field add up, 
rather than subtract
- rather than 1/𝛾2, we get 2!  (for v ≈ c)

• Thus, the beam-beam force will not depend upon 
energy, and it only occurs during the interaction, not all 
along the circumference.
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Beam-Beam Tune Shift in a Collider
• Previous Space Charge Calculation:

• For the Beam-Beam Interaction
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Long-Range Beam-Beam Interactions
• Long-range force:  r >> 𝜎
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Image Charges and Currents
• When intense beams move through a pipe or 

chamber made of grounded conducting 
surfaces, image charges and their subsequent 
currents are induced in the walls which create 
forces that act back onto the beam.

• Imagine a line charge contained between two 
parallel conducting plates:
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the beam-beam tune shift per collision is then 
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In contrast to the somewhat larger space charge tune shift found in the 
previous section for a lower energy synchrotron, the beam-beam tune shift is 
typically rather small. For example, consider the shift for the Tevatron 
collider. Here, the typical numbers are n = 6 X lo'', eN = 37r mm mr. For 
one crossing, Av = 0.0025. Up to this writing, the collider has operated with 
six bunches of protons and six bunches of antiprotons. This generates 12 
interactions per revolution, which implies a possible tune shift of 0.03. The 
shift is positive due to the opposite charges involved. Unlike the case of the 
Booster synchrotron, where the injected beam remains in the presence of the 
space charge force for only a few milliseconds, the particles in the collider 
are stored for many hours. In view of the long-term sensitivity to resonances, 
one would expect that the allowed region in the tune diagram occupied by 
the beam particles would be quite limited. This is indeed the case. 

6.1.5 Image Charge and Image Current Effects 

So far we have ignored the interaction of the beam with its surroundings. 
Typically, a beam travels within a beam pipe made of some conducting 
material. So, in general, the electric field distribution will be influenced by 
the conducting boundary. Also, within a magnet, the magnetic field distribu- 
tion will be shaped in part by the presence of magnetic materials. We take up 
the problem of static effects due to electric fields. 

The method of images is well suited to problems of this type. Take, for 
example, the electric field distribution of a line charge near a perfectly 
conducting plane. The field lines are perpendicular to the plane everywhere, 
and the resulting distribution is the same as if the conducting plane were 
replaced by a second line distribution of opposite charge equidistant from the 
boundary, as shown in Figure 6.1. Therefore, the force on the line charge due 
to the conducting plane is the same as the force calculated due to the image. 

Figure 6.1. A charge near a conducting 
plane and its image. 
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Image Charges and Image Currents
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• Round Cylindrical Pipe:

• Such image charges and currents cause steering 
fields, tune shifts, etc., which vary with the beam 
current/intensity
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Image Charges and Image Currents
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Longitudinal Space Charge
• So far have made approximations that the charge 

density is independent of s (𝜆 = constant)
• Wish to consider what happens when this symmetry 

is broken and we have disturbances such that
‣      𝜆 = (d𝜆/ds)(s-s0) = 𝜆’ (s-s0)

• The local space charge force on one side of the 
disturbance (s - ds/2) will be larger than the space 
charge force at s + ds/2 and the particles within the 
region ds will experience a net longitudinal force

17
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Longitudinal Space Charge
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Longitudinal Space Charge
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Longitudinal Space Charge

20
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𝜆
𝜆’ < 0 𝜆’ > 0 In	a	synchrotron,	Es	>	0	will	increase	the	speed	

of	the	particles.		Below	the	transition	energy,	
this	increases	their	revolution	frequencies	and	
high	density	particles	will	move	toward	the	
“trough”	of	the	local	disturbance.		Above	
transition,	the	revolution	frequency	will	
decrease,	and	perturbations	can	grow;	this	
instability	above	transition	is	called	the	
“negative	mass”	instability.
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Wake Fields
• Wake fields are transient fields generated during the 

beam passage

21
US Particle Accelerator School

Wakes are transient fields
generated during the beam passage

� Duration depends on the geometry & material of the structure

� Case 1: Wake persists for the duration of a bunch passage
� Particles in the  tail can interact with wakes due to particles in the head.
� Single bunch instabilities can be triggered

• (distortion of the longitudinal distribution, bunch lengthening, transverse
instabilities)

� Case 2: The wake field lasts longer than the time between bunches
� Trailing bunches can interact with wakes from leading bunches to generate

multi-bunch bunch instabilitiesmulti-bunch instabilities
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Wake Potentials

24

US Particle Accelerator School

� Wake fields effects can be longitudinal or transverse.
� Longitudinal wakes change the energy of beam particles

• For longitudinal wakes it suffices to consider only its electric field

� Transverse wakes affect beam particles’ transverse momentum

� The wake potential is the energy variation induced by the wake
field of the lead particle on a unit charge trailing particle
(Assume v constant.)

Wake Potentials
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Impedance

25
US Particle Accelerator School

Coupling Impedance

� The wake function describes the interaction of the beam with its
external environment in the time domain

� The frequency domain “alter ego” of W is the coupling impedance (in
Ohms) and defined as the Fourier transform of the wake function

� If I is the Fourier transform of the charge distribution, the Fourier
transform of the total induced voltage is simply given by:

� Then
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Transverse Wake Fields

26

US Particle Accelerator School

Same approach applies to transverse wakes

� Transverse wake function is the transverse momentum kick per unit
leading charge and unit trailing charge due to the wake fields

� Transverse wake fields are excited when the beam passes off center
� For small displacements only the dipole term proportional to the

displacement is important.
� The transverse dipole wake function is the transverse wake function per

unit displacement

� The transverse coupling impedance is defined as the Fourier transform
of the transverse wake function times j

� Longitudinal and transverse wakes represent the same 3D wake field
� Linked by Maxwell’s equations.
� The Panofsky-Wenzel relations allow one to calculate one wake

component when the other is known.

194 = INTENSITY DEPENDENT EFFECTS 

-15 -10 -5 0 

zl(2r)'"b 

Figure 6.7. Wake fields generated by a relativistic charge traveling down the axis of a beam 
pipe with finite conductivity. (a) f, and 8, as functions of z / ( 2 ~ ) ' / ~ 6 ,  where ,y = coc / cr6. 
(b) Wake electric field lines. The field line density to the left of the dashed line has been 
magnified by a factor of 40. (Courtesy K. Bane and A. Chao.) 
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Wake Fields in Real Accelerators

27

US Particle Accelerator School

Wakefields in real accelerators

� Accelerator vacuum chambers have complex shapes that
include many components that can potentially host wake
fields

� Not all wakes excited by the beam can be trapped in the
chamber

� Given a chamber geometry, � a cutoff frequency, fcutoff

� Modes with frequency > fcutoff  propagate along the chamber

fCutoff �
c

b
where b � transverse chamber size
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Beam Break-Up
• Transverse wake fields generated by head of the bunch, or 

by the beginning of a bunch train, will act on the particles at 
the tail of the bunch, or on the bunches at the tail-end of 
the train

28
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macroparticle which is undergoing betatron oscillations; the resulting force 
will drive the trailing particle's transverse oscillations. 

To see this, consider the form of the transverse force due to a wake field 
of order m = 1 as presented earlier: 

Here, motion has been restricted to one degree of freedom, and 
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where x1 is the transverse coordinate for the leading macroparticle. If the 
leading macroparticle is executing betatron oscillations according to 

x1 = i cos up', (6.130) 

then the equation of motion of the second macroparticle becomes 
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This is the equation of a driven oscillator, where the tail of the beam is 
driven exactly on resonance by the head of the beam. The solution to the 
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where x1 is the transverse coordinate for the leading macroparticle. If the 
leading macroparticle is executing betatron oscillations according to 

x1 = i cos up', (6.130) 

then the equation of motion of the second macroparticle becomes 

Ne2W, 
R, + o ; x 2  = - X1 

2mY 

Nez W, 
=- .f cos opt. 

2mY 
(6.131) 

This is the equation of a driven oscillator, where the tail of the beam is 
driven exactly on resonance by the head of the beam. The solution to the 

driven	harmonic	oscillator

MACROPARTICLE MODELS OF COHERENT INSTABILITIES - - 201 

above differential equation is 

Ne2W,  
X 2 ( f )  =E,cosw,r +El---- t sin wpt . (6.132) 
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We see that on top of the free betatron oscillation, the amplitude of the 
motion grows linearly with time. If the two macroparticles had similar 
amplitudes initially, then at the end of the linac of length L ,  the amplitude of 
the oscillation in the tail will be a factor of 

N e 2 W l L  

4 w a m y c  
(6.133) 

larger than its initial value; thus intense beams can become quite distorted by 
the time they exit the linac. 

6.4.2 The Strong Head-Tail Instability 

The strong head-tail instability is basically the same as the beam breakup 
experienced by linac beams, but in this case the particles are undergoing 
synchrotron oscillations within a circular accelerator. If the synchrotron 
oscillations have a high enough frequency, the effect is to stabilize the beam 
against breakup. Above a certain intensity threshold, however, the beam can 
become unstable. 

We begin by again considering a bunch to be composed of two macroparti- 
cles. During the first half synchrotron period, particle 1 leads particle 2 and 
thus particle 2 feels the effect of the wake generated by particle 1. During the 
second half of the synchrotron period, the roles are reversed. The equations 
of motion are thus 

I f, + @ ; X I  = 0 

x.’, + O p X 2  2 = ~ N e 2 W l x , /  0 < t < T , / 2 ,  
(6.134) 

2mY 

f, + @ ; X I  = - Ne2w1x2\  2 W  T,/2 < t < T,. 
J x , + o ; x 2 =  0 

(6.135) 

It is assumed here that the wake function is a constant within the beam, but 
zero outside the beam. 

Since we have learned how to analyze the stability of a system using 2 X 2 
matrices, it is desirable to apply that method to the present problem. To do 

- 200 - 

N - 

INTENSITY DEPENDENT EFFECTS 

N 
2 
- 

< 8 > 
Figun 6.9. Two macroparticles, separated by a distance s, eoch contoining half the particles 
of the bunch. 

macroparticle which is undergoing betatron oscillations; the resulting force 
will drive the trailing particle's transverse oscillations. 

To see this, consider the form of the transverse force due to a wake field 
of order m = 1 as presented earlier: 

Here, motion has been restricted to one degree of freedom, and 

Q ,  - l p r  cos erdrde dz 

Ne 
= / -p( x - x , ) S (  y ) S (  z - c t )xdrdydz  

Ne 
= -xl, 

2 

(6.128) 

(6.129) 

where x1 is the transverse coordinate for the leading macroparticle. If the 
leading macroparticle is executing betatron oscillations according to 

x1 = i cos up', (6.130) 

then the equation of motion of the second macroparticle becomes 

Ne2W, 
R, + o ; x 2  = - X1 

2mY 

Nez W, 
=- .f cos opt. 

2mY 
(6.131) 

This is the equation of a driven oscillator, where the tail of the beam is 
driven exactly on resonance by the head of the beam. The solution to the 

Solution:

Wake	Force:

See	Movie…
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Beam Break-Up
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Damping of Coherent Instabilities
• Instabilities of these sort generally caused by the 

source frequency (head of the bunch, say) having 
natural frequencies (betatron frequencies, say) 
similar to those of the trailing particles — thus, 
generate resonance conditions 

• By creating a frequency spread across the 
distribution of particles, these resonant conditions 
often can be mitigated by
‣ increasing momentum spread within a bunch,   

and/or adjusting chromaticity
‣ generating a momentum spread across bunch train
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Damping of Coherent Instabilities
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212 INTENSITY DEPENDENT EFFECTS 

Finally, it is interesting to note that the integral ID(uo> can be written in 
closed form as’ 

where the plus sign is used for Im uo < 0, the negative sign for Im uo > 0. 
The function D- , (x )  is a parabolic cylinder function and is described in 
Abramowitz and Stegun.’ 

4.6 LANDAU DAMPING 

In the last section, we saw that there was a threshold for instability of a 
nondissipative system-nondissipative because in the example of space charge 
forces only, the impedance is reactive. For sufficiently small values of the 
impedance the system is stable. Buried within the mathematics of the 
dispersion relation is a stabilizing mechanism, which is called Landau damp- 
ing. In this section we describe ,its origin. 

Let’s go back to the driven harmonic oscillator: 

x + w i x  = Csinwr.  (6.195) 

Consider first the situation on resonance, where w = wo. For a particle 
starting from rest, the solution to the above differential equation is 

C C 
x z -  sinwor - - t cos wot. (6.196) 

2 0 ;  2w0 

Clearly, the envelope of the oscillation grows without bound. Off resonance, 

1 w 
x =  (sin wr - 00 sin w0r 

w; - w2 

61. S. Gradshteyn, and 1. M. Ryzhik, Table of Integrals, Series, and Products, Academic Press, 
New York, 1980, p. 337, formula 3.462. 
’M. Abramowitz and 1. A. Stcgun, Handbook of Mathematical Functions, Dover, New York, 
1970, p. 710. In this reference, the function D - J x )  is denoted by U(1.5, x ) .  

LANDAU DAMPING 

x 

21 3 

' au Figuro 6.1 1. Solution to the driven oscillator 
equation for various relative frequency diffir- 
ences (o - w o )  / oo. 

(00 

where Sw = w - w,. If Sw is small compared with w,, the two solutions are 
identical for t small. That is, the particle does not know initially whether or 
not it is on resonance. But at t = 1/80 the solutions become distinct. The 
behavior is illustrated in Figure 6.11. 

The circumstance that the fraction of the particles participating in secular 
growth diminishes with time suggests that the constant amplitude force does 
not produce an instability in the sense that we are looking for here. In 
contrast, let us consider a force that increases exponentially with time. Since 
we are looking for exponentially growing solutions it is reasonable to consider 
forces which grow exponentially as well. Suppose the equation of motion is of 
the form 

For w = w,, the particular solution may be written as 

(6.199) 

for large 7. The off-resonance case ( w  # w,) has the particular solution 

A 

w z  - w i  + 2iw0/7 
X = =  eiwOt e .  I / T  (6.200) 

The amplitude of this solution, for w = wO, is 

A 
2w0Sw + 2iw0/7 

(6.201) 

ẍ+ !2x = chxi

ex:		transverse	wake	fields	driven	by	average	offsets	of	the	particles

if	increase	frequency	spread	of	particles,	then	will	not	
grow	coherently,	and	thus	reduce	<x>	in	the	driving	term
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Summary
• Particles interact electromagnetically with other nearby particles — space 

charge force
• Effects decrease as energy increases, typically as 1/𝛾2

• Manifestations:
‣ defocusing effects; tune shifts and tune spreads
- tune space (resonances) can be limited; limits intensity

‣ beam-beam collisions — acts like an extra “lens”
‣ does not vary with energy — only phase space density

‣ possible instabilities
• Particles interact electromagnetically with their environment
• images/fields in beam pipes can be strong — similar effects

• Intense beams create wake fields, interact back with particles
• Instabilities often mitigated by creating higher tune spread within the the 

beam distribution (momentum spread, chromaticity

33


