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Main Goal for Today....

* Be able to understand, setup, and solve basic problems in electrostatics and
magnetostatics using finite-element methods, e.g. “Finite Element Method
Magnetics” (FEMM), on your local Windows/Linux/Mac computer
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http://www.femm.info/wiki/HomePage

Outline

* Overview LaPlace’s equation and solutions
- Cauchy-Riemann equations; Connection to electromagnetism (EM)
- Conformal mappings
- Shortcomings

* Finite-Element methods and codes (OPERA, COMSOL, FEMM, ...

* Getting FEMM setup on your local machine

* FEMM electric example
- Problem setup: Electric dipole/quadrupole
- How to extract the potential/E-field from FEMM

* FEMM magnetic example (next time)
- Problem setup: H-dipole, quadrupole (more challenging)
- How to extract the potential/B-field from FEMM

* Pro Tips And Tricks (next time)
- Scripting in "lua’ and "python’; Jupyter notebooks; WebPlotDigitizer; etc.

 Conclusions
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But first, A Few Quick Words About Me....

* | am Prof. Syphers’ postdoc. | am stationed at Fermilab, and | work closely
with Accelerator Division (AD) and the Muon g-2 Experiment (E989)
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I’ll Also Try To Talk About The Bigger Picture Along The Way

* [Accelerator] Physics has many applications elsewhere, e.g. medicine

* The ability to perform high-level data analysis is always sought after!

@ python’
Google

2 Zillow
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Outline

* Overview LaPlace’s equation and solutions
- Cauchy-Riemann equations; Connection to electromagnetism (EM)
- Conformal mappings
- Shortcomings
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Laplace’s Equation

* In accelerator physics, most beamline elements (e.g. dipoles and quads) are
static or slowly varying, so time-dependent terms in Maxwell’s equations are

zero or negligible B
V-B=0, V><E+%:O,

V-E=p/e, V XB—\%EZMOJ-
* Additionally, we try not to pass the beam through other material (beam pipe,
pole tip, electrode), so Maxwell’s equations simplify further:

V- B=0, VxE=0,
V-E=0, VxB=0.

2= Fermilab
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Laplace’s Equation

* The curl equations imply the field may be derived from a potential,

Vx{EBl=0 = {EB)=_-V{V,V.}

* The divergence equations then imply Laplace’s equation,

A\ {Ev B} =V (_V{Vea Vm}) :é_vz{vea Vm} — O

VxB=Vx(VxA) %\A VZA=0 = -V?A=0

(Coulomb gauge

* Laplace’s equation is all over the place! We should spend some time trying
to understand how to solve it....

2% Fermilab
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Laplace’s Equation

* EM fields are derivable from potentials. The complex plane really helps with

the analyS|S' t f(z) =u(z) +iv(z), z=x+1y € C.

f(2) = of _ lim Af lim Au +iAv
o 0z - Az—0 Az - Az—0 Ax -+ ZAy
Ay—0
C
Suppose we have a particle here. We need to
know the field (since F = g(E + vx B)), so we
need to calculate a derivative of the potential
y
‘
— X
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Laplace’s Equation

* EM fields are derivable from potentials, and the complex plane really helps

with the analysis: F(2)=u(z) +iv(z), z=z+iyeC.

_9f _

Af Au+ilAv OQu = Ov

/ — — 1 U _ ov;
PO= 00 7 s A " gy Aeroay ~ 0r o
C
Approach1: Let Ay = 0, and approach zo purely
along the x-direction....
y
‘
— X
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Laplace’s Equation

* EM fields are derivable from potentials, and the complex plane really helps

with the analysis: F(2)=u(z) +iv(z), z=z+iyeC.

S 0r A0 Az gegWatily Oy Oy
C
Approach2: Now let Ax = 0, and approach zg
purely along the y-direction
y
‘
——> X
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Laplace’s Equation

* EM fields are derivable from potentials, and the complex plane really helps
with the analysis:

f(z) =u(z) +iv(z), z=ux+1y € C.
Af

—g— lim — lim

=2 - - i
0z 2Az—0 Az &:fi%M—i— iAy 0y Oy

C If the derivative of f(z) exists, the two approaches
outlined above must give the same result!
Equating the real and the imaginary parts of the
equations on the last two slides, we get the

Z0
. ’T celebrated Cauchy-Riemann equations! @
z

> <

ou Ov ou Ov

5w -t - o

> X
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Laplace’s Equation

* The Cauchy-Riemann equations are deeply connected to Laplace’s equation

f(z) =u(z) +iv(z), z=ux+1y € C.

ou Ov ou ov

P +a—y, 8_y = T Cauchy-Riemann (CR)

* The Cauchy-Riemann (CR) equations imply two separate copies of Laplace’s
equations, one for both the real and the imaginary parts of f(z)!

02u = 0,(0,u) = 0,(Oyv) = 0y (0p0) = —Pu = | —(2+8D)u=0

02v = 0,(0,v) = 0,(0,u) = 0,(yu) = —07v = | —(02 + Gs)v =0}

Yy

* On Thursday, we’ll talk more about multipole expansions, f(z) = 2 ¢y 2zn
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Conformal Transformations

* Conformal transformations of the complex plane are basically functions that
preserve orientation and angles locally (“conformal”)

Example from Mathematica

z C

¥y - o
= VFTT - L log{E) (square edas)
£ J:“’# + -

v

w+iv="Ffix+iy)
Ioy—r——

yilya [043.138 | 0/2.877 | 0/2.354
gap 1.57 1.44 1.16
1.89

2.51

f ( 20
C ~ 1.5F

1.0

M
:

N
N

electr: field

EJ/E ;¢
20

H

15

Example: Electric
Potential / Field

1.0

0.9

f(z) oy

- 0.0
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http://demonstrations.wolfram.com/ElectrostaticFieldsUsingConformalMapping/

Conformal Transformations => Finite-Element Methods

* Mathematical expressions quickly get out of control. Limited to all but this
simplest cases. Nowadays, with computers, we can do much more....

fawms . Cogoing Yrges ani)
w0

Conformal transformations
(i.e. math equations on paper)
were basically superseded by
numerical methods on
computers c. 1960-1970
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Finite-Element Methods (FEM)?

* Essentially, (FEM) “puts differential equations on a grid/mesh” and solves
numerically with computers (fluid flow, heat flow, stress/strain,

| |
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Finite-Element Methods (FEM): Laplace’s equation
* A simple example of solving Laplace’s equation via “grid relaxation”

Problem domain (“mesh”) Laplace’s equation on the grid

U (X, y+o Y)L

(azu ) ~ u(x_A.x,y)_zll(.x,y)-*—u(‘x—i—Ax,);)

2 2 ’
7,%{1'—4::,)0 2 (x,) #,Lu(xnsx, y) 0x (Ax)
AT:/ <’52u)m ulx,y—Ay)-2ul(x,y)+u(x, y+Ay)
- 2
_:L UL, oY) y ‘ay (Ay)
x

(quick derivation on the board)

2% Fermilab
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Finite-Element Methods (FEM): Laplace’s equation

* We can rewrite the last slide using “index notation”

Problem domain (“mesh”) Laplace’s equation on the grid, u(i, j)

N/
o c.‘d'H Aa;
ol - " v ui—l,j'_zui,j+ui+l,j n ui.j—l_zui.j"'ui.jﬂ -0
> RIS CFFI e T ' 2 2 -
t-)’_} /J ;J (AX) (A)”)
- er" ‘-—I
/ Y
3 f___},
.A/‘t:-?l
X

(this is the same equation as on the last slide)
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Finite-Element Methods (FEM): Laplace’s equation

* Let Ax = Ay = 1 for simplicity. Then the solution at u(i, j) is just the average
value of its neighbors!

e 1
i
423 © e .
n
N i gl ik
| i . i
i=Z @ :PLQ'/{ 2 X ¢ |
L-=-n re~t--—
‘ | 2o, = Ulsx,jay)
= | :«L , : *&7{ + ™
2 & ™ el 75l \
AY
- Fa ) / =)
420 4o & ax = :!‘ .
Lo l . 2 Ask to see Prof.
Syphers’ notebook :)
~b4u,, + Ui,za + Uz, + Yz,3 + Uy, =O
—— —’

known £rem B.C.
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Outline

* Overview LaPlace’s equation and solutions
- Cauchy-Riemann equations; Connection to electromagnetism (EM)
- Conformal mappings
- Shortcomings

* Finite-Element methods and codes (OPERA, COMSOL, FEMM, ...)
* Getting FEMM setup on your local machine

2% Fermilab
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Getting FEMM Setup On Your Local Windows/Linux/Mac

* Instructions at the PHYS 790D course website (here)
* Windows installation is very easy
* Linux/Mac installation requires one additional step: Wine

21

FEMM (a Windows application)
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WINE allows you to run Windows Apps
on your Linux/Mac!

\
What is Wine?

Wine (originally an acrenym for *Wine s Not an Emulator®) is a
compatibility laver capable of running Windows applications 01 severa
POS IX-compliant oparating systems, such &5 L nux, maz0S, & BSD.
Insteac of simu'aing internal Windows logec like a virtual machine cr
amulator, Wine trans ates Windows AP ealls into POSIX cells on-the-ly,
aliminaling the parformanca and memory penaltias of other methods and
allowing you to cleanly integrate Windows applicat ons into your desktop.
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http://nicadd.niu.edu/~syphers/tutorials/FEMMinstall.html
https://www.winehq.org

FEMM Tutorial: Electrostatics

* Electric problems are easier to setup in FEMM, so that’s where we’ll start
* Two simple examples: (1) electric dipole, (2) electric quadrupole

Electric storage ring: EDM measurements Example electric dipole FEMM simulation

- B B
S 3 g:ii =
‘ e
1 ’ o e
4 v SEEE
1 = e
€ - ! B= =
T v L 1==
. 1/ -
______ %
~—gh
R e D We'll look at
, [
) e straight/curved
, - E longitudinal axes
s S
‘!' @ onamn D e
JE s
3¢ Fermilab
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FEMM Tutorial: Electrostatics

* Here we go! Start FEMM and create a new “Electrostatics Problem”

4

2= Fermilab
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FEMM Tutorial: Electrostatics

* Can define global properties of the FEMM simulation here

e rie gt @ Qremtion Mosetes Mesh Aasiss Widow beb WEF
| D|a¥| [+ & 3 &3] « oo SIee) el 1] of
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FEMM Tutorial: Electrostatics

* Always save your work! (I chose filename = “femm-electric-dipole”)

| 2108l &) el « olo] SI86) 6] x| of
¥l
"
+
T o o Save
= € e
d £ Fawontes .._,.‘
[: . ;W(m F:m
z . azwm gfu
il
File samet [for i atactccpoin ITE |Betadian s (* e} ¥)
[[soe | concel |
-
o vetied |
Ready
! H
3¢ Fermilab
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FEMM Tutorial: Electrostatics

 Build a “vacuum chamber” shape. Start by defining corners & edges

ferrun - [ferrun-plecir iC-ipoie fSC )

;ﬂ.ﬂ! Pretion gnd Jperetion Brogeses Mesh Aeiess Wiadow el l2x
| o@@l«l 8] 2| _lela| of olo] S1SlE)e|: 11X of

)

o

= 782 le|= piBD® |

Add 4 corner points at {10, 10}
by pressing <TAB> and entering
(X, y) coordinates

amy
. LN
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FEMM Tutorial: Electrostatics

Serrun - [fermam-aiects ic-Gipole fE L)
Window el

Sleelel 1% ©f

“!'
&
N,
3
13

t
2

Jd=ix

Selecting these two points
will draw a segment
between them

.....

s Tsle el piBtote [ (212 o

Now add edges by first
selecting “segment” tool,
then double-clicking any

two points

2% Fermilab

27 08 Oct 2019  Nathan S. Froemming | Introduction to Finite-Element Methods in Electromagnetism



FEMM Tutorial: Electrostatics

* The vacuum chamber is at 0V — add a boundary condition

e pie gt mwo—'— = hesh  Aashss Window bl a2l
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cgetcen [
==
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Ready
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FEMM Tutorial: Electrostatics

* The vacuum chamber is at 0V — add a boundary condition

TN @ EOENCCE @ ErErERE
s

% Select line segments, press

. <SPACE BAR>, add

é boundary condition

|
(x=15 B000,y~-12 4300
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FEMM Tutorial: Electrostatics

 Add material, “Vacuum”

e e
:ﬁj
g Choose a name for
: your material, and
. choose &ex/eo = gy/e0 =1
[='
E (vacuum)

= |

Reletim € |3 wniatrm ¢ |2
e :
. o ] cmm ||
o etied |
Ready
$& Fermilab
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FEMM Tutorial: Electrostatics

 Add material, “Vacuum”

o e gt vew Qrevation Propemes M Window Hels al=id
| O|& ;@m o] f =i} SlelElel 1| of
'§F| —
1 - 1. Select block-label tool. Press <TAB> and

% choose coordinates (x, y) = (0, 0)
; 2. Select your newly created block label at
£
i (x,¥) = (0, 0)
= 3. Press <SPACE BAR> and apply your
'; vacuum material definition from earlier
= @ Propectios for selected block

~- @

e |

T |
4 tied |
(x=3,8000,y+-4 330%)
3¢ Fermilab
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FEMM Tutorial: Electrostatics

* Create the “outer electrode” by first drawing a line segment

ferrun - [ferrun-elecir iC-gipoie S L)
Gnd Qpeetion Popeses Mesh Aalyis Window el J2x

| o3 =] olo] SiSDle| %) o

5

| chose electrode vertices
(X, y) = (5, £5) cm

nlx Tgle el EBm® | |2l

2= Fermilab
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FEMM Tutorial: Electrostatics

* Define the potential for the outer electrode, e.g. +1kV

33

+o~mm—mwm-~m ~zlz
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(@ ey | |

R < ceet |

\r e |

el |
Reedy
JE :
3¢ Fermilab
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FEMM Tutorial: Electrostatics

* Apply potential to outer electrode, e.g. +1kV

o e gt Gt Qrention Posemes NEE
Ol |- |8 & ez glg@gl_m_j
121
g Select line segments, press
. <SPACE BAR>, add
- boundary condition
;ﬂmwﬂvm«w :
e [T o [
| Wty | <None> -l
| N
o femmelectncdiceres [
(xe6.6080,y=-6 700%)
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FEMM Tutorial: Electrostatics

* Now create the “inner electrode” by drawing a line, as before

fgrrun - [ferrun-elecr iC-Oipoie fEC )
Qreretion  Mopenes  Mesh Wadow el

&l2| «| olo] @lSEle]: 1%/ ol

—+*
g:
1

l2x

for vertices

|nlx T8t ||~ pBR® | |2l |

o Vauum

Same steps as before. |
chose (X, y) = (-5, £5) cm

fo-11 19
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FEMM Tutorial: Electrostatics

* Define the potential for the inner electrode, e.g. -1kV
nf?:Tf@""w (2] [l:|. 1] o] NET

7
%
;‘i
> §
@ %

i~ Tt |el+ EBD® | |22 o

1CTpe [Food vorse =
YBORM : ) \EE Moed §C pasareters :
= o
r-uao-wo—u l“ul_('
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FEMM Tutorial: Electrostatics

* Apply potential to inner electrode, e.g. -1kV

o e gt Gt Qrention Posemes NEE
Ol |- |8 & ez glg@gl_m_j
121
g Select line segments, press
. <SPACE BAR>, add
- boundary condition

;”MWMWWW :

el

U

[Cor ] camem |
o femmelectncdiceres [
(ee-131000,y+15 2000)
2= Fermilab
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FEMM Tutorial: Electrostatics

* Mesh, analyze, and see the results!

= o ferrun - [ferrun-elecir iC-gipoie S L)
e fle ft Vew Potlen gnd Mesh A Window bel Jsx
|8 : olo] SIeBl el 1 of

1. Run mesh generator (mesh icon, yellow)
2. Run analysis (gear icon)
3. View results (glasses icon)

nlx st el EBD®S | |2

o Vaum

2= Fermilab
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FEMM Tutorial: Electrostatics

* This is what you should see. If not, | can help!

o
§ ..

-] |s]e o] pBo®D | |2
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FEMM Tutorial: Electrostatics

* Suppose we want the E-field in the horizontal midplane....

‘... Sgrruer ~

Same steps as before:
Define a line via 2 points
(press <TAB>). Can hover
mouse to see coordinates
listed at lower left.

A someitrcdaerss P leresecncdcleres |
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FEMM Tutorial: Electrostatics

* Now make a plot by clicking the “plot” icon. Can export to text file....

. B N fernm - [femm-slectric-dipdie res)
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FEMM Tutorial: Electrostatics

* Ouir first results! (Does the plot make sense?)

formm - [Umked)

= =
1 fle Bt Vew wWilow pel =X

Dl

=]z

W
1000

Potential, Volts

500 -

-500 -

Length, inches
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FEMM Tutorial: Electrostatics

* Now we’ll modify the dipole to make a quadrupole. Always save your work!

Yew Pueblon gnd Qretion Dosetes Mk Aasss Wiadow bels =i
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FEMM Tutorial: Electrostatics

* Add another couple of electrodes to make quadrupole
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FEMM Tutorial: Electrostatics
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FEMM Tutorial: Electrostatics

* Set electrode voltages for vertical focusing of positively-charged particles
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FEMM Tutorial: Electrostatics

* This is what your solution should look like. If not, | can help!
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FEMM Tutorial: Electrostatics

* Plot the potential in the horizontal midplane. (Does it make sense?)
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Same steps as before:
Define a line via 2 points
(press <TAB>). Can hover
mouse to see coordinates
listed at lower left.
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FEMM Tutorial: Electrostatics

* Plot the potential in the horizontal midplane. (Does it make sense?)
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FEMM Tutorial: Electrostatics

* What about a curved longitudinal axis, i.e. cylindrical symmetry?
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FEMM Tutorial: Electrostatics

* What about a curved longitudinal axis, i.e. cylindrical symmetry?
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FEMM Tutorial: Electrostatics

* Does the new solution (with cylindrical symmetry) look any different?
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FEMM Tutorial: Electrostatics

* Plot the potential in the horizontal midplane

I
|

HHHH

§ EEEEIRES
§ * A

il

l 000w+ WE - Q000w+ 00
~L000e+ 07 © 100004002

Same steps as before:
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FEMM Tutorial: Electrostatics

* Plot the potential in the horizontal midplane
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FEMM Tutorial: Electrostatics

* Compare the two cases, i.e. Cartesian vs. Cylindrical coordinates
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That’s All For Today — See You On Thursday!

* FEMM magnetic example (next time)
- Problem setup: H-dipole, quadrupole (more challenging)
- How to extract the potential/B-field from FEMM

* Pro Tips And Tricks (next time)
- Scripting in "lua’ and "python’; Jupyter notebooks; WebPlotDigitizer; etc.
* Conclusions

2= Fermilab

56 08 Oct 2019  Nathan S. Froemming | Introduction to Finite-Element Methods in Electromagnetism



