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The Problem
§ 1927: Lord Rutherford requested a “copious supply” of projectiles 

“more energetic than natural alpha and beta particles” for use in 
scientific studies of nature
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requirements:
position (X,  Y,  Z )
angles   (x’,  y’      )
time (t)
kinetic energy (W)
…

source

• For given type of particle, create an ideal 
system to provide particles to a final location 
with desired trajectory, desired kinetic energy 
per particle, at the desired time



The Problem
§ 1927: Lord Rutherford requested a “copious supply” of projectiles 

“more energetic than natural alpha and beta particles” for use in 
scientific studies of nature

2M. Syphers          Ops Lecture 1            SPRING  2020

requirements:
position (X,  Y,  Z )
angles   (x’,  y’      )
time (t)
kinetic energy (W)
…

source

• For given type of particle, create an ideal 
system to provide particles to a final location 
with desired trajectory, desired kinetic energy 
per particle, at the desired time
and within tolerable 
spreads of these 
quantities



The Problem
§ 1927: Lord Rutherford requested a “copious supply” of projectiles 

“more energetic than natural alpha and beta particles” for use in 
scientific studies of nature

2M. Syphers          Ops Lecture 1            SPRING  2020

requirements:
position (X,  Y,  Z )
angles   (x’,  y’      )
time (t)
kinetic energy (W)
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• For given type of particle, create an ideal 
system to provide particles to a final location 
with desired trajectory, desired kinetic energy 
per particle, at the desired time
and within tolerable 
spreads of these 
quantities

  within dX, dY, dt, dW, …



A Few Words on Particle Sources…

• Electrons — relatively easy
‣ filaments; photocathodes, laser driven plasmas,…

• Protons — not “too” hard 
‣ ionized hydrogen gas, plasma sources,…

• Ions — similar techniques
‣ ovens, plasma sources, ECRs — plus, separation

• Even more exotic particles:  target, separate, collect
‣ heavy ion isotopes
‣ pions, muons, antiprotons, neutrinos,…

• Also polarized sources, …
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Single-Pass vs. Repetitive Systems

§ Beam Transport (from point A to point B) 

§ Acceleration along the way 
• single-pass with acceleration 

• multi-pass acceleration
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may need motion in such a system to be 
stable for many (millions or more?) revolutions



Stability of Motion Near the Ideal

• Not all particles (any??) begin “on” the design trajectory 
with exactly the ideal energy/momentum

• We wish to have a system that will keep particles near 
the ideal conditions as they are transported (and 
possibly accelerated) through the system

• Particles emerge from their “source” with a slight 
divergence and will need to be guided back toward the 
ideal trajectory

• Also, particles with different energies/momenta will travel 
at different speeds, and hence may not arrive at cavities, 
experiments, etc., at the ideal time
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Reduction of the Problem

• Will treat transverse motion of particles through the accelerator as 
independent of the longitudinal motion, and study these two 
cases separately.  Must show along the way that this is viable 
approach.  

• Certainly not always be the case...
‣ electric fields used for focusing at low energies can also 

accelerate the particles as well;
‣ fields in the gaps of cavities will have focusing effects; etc.

• However, much of the “cross talk” can be minimized, and for 
much of the particle’s journey, especially at higher energies, the 
major transverse focusing can be performed by magnetic fields -- 
particle’s energy not changed

• Look at “linear” fields, i.e. linear restoring forces
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Outline
§ Today:  Particle Transport, Beams, and Emittance 

• Investigate transverse motion of single particle in magnetic fields 
• Discuss properties of a “beam” of particles 
• Phase space and the beam “ellipse” 
• Transport of beam phase space properties 

• Courant-Snyder Approach to Linear Transverse Dynamics 

• Acceleration and Longitudinal Dynamics 

• Linear and Nonlinear Imperfections and Adjustments
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Equations of Motion
§ Lorentz Force: 

§ Magnetic Rigidity 
• particle of unit charge, q = e: 

§ Reference Trajectory  
• Local Coordinate System
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~F = q( ~E + ~v ⇥ ~B)

(γm)v2

ρ
= qvB ⟶ γmv/q = B ⋅ ρ

Bρ[T ⋅ m] = (10/2.9979) ⋅ p[GeV/c]



Linear Magnetic Fields for Guiding & 
Focusing

Xd(z) = design
X(z)  = actual

z

X(z)

Xd(z)
ρ
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Linear Magnetic Fields for Guiding & 
Focusing

Xd(z) = design
X(z)  = actual

z

X(z)

Xd(z)

X(z)
s

x

x’ = dx/ds

ρ
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Linear Transverse Fields (Bz = 0)
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Drift Space Bx = 0 By = 0

Bending Region
      (dipole magnet) Bx = 0 By = B0

Focusing Region 
      (quadrupole magnet) Bx = B’ y By = B’ x

      (electrostatic quadrupole) Ey = -E’ y Ex = E’ x

Combined Function Magnet                   Bx = B’y  By = B0 + B’ x

Uniform magnet + ES quad
      (a’ la Muon g-2 ring)

Bx = 0,
Ey = -E’ y  

By = B0,
Ex =  E’ x  

Note:  B’,   E’    are “gradients” — change in field per distance:                
        T/m,  (V/m)/m

Think “simple harmonic oscillator”:           F ∝ − x ⟶ ··x + k ⋅ x = 0 ⟶ x ∼ a sin(ωt) + b cos(ωt)



• Quadrupole magnet: 
• field = 0 on longitudinal axis 
• varies linearly with transverse position

The Quadrupole Magnet
• Dipole magnet: 
• uniform bend field
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Dipole,	FNAL

	

⃗B = ∇Φm ⟶ ∇2Φm = 0

Φm = Crn sin nϕ

Br = nCrn−1 sin nϕ
Bϕ = nCrn−1 cos nϕ

2n-pole magnet
n = 2 (quadrupole):

Bx = 2C y ≡ B′ y
By = 2C x ≡ B′ x

Φm = constant

Field:  unit of Tesla (T)

B’ = Gradient of Field:  unit of T/m



Linear Restoring Forces — Short Version
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(γm)v2

ρ
= evB0

ρ

B0ρ =
(γm)v

e
= p/e
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(γm)v2

ρ
= evB0

ρ

B0ρ =
(γm)v

e
= p/e

Δθ ρ

Δs

Δθ =
Δs
ρ

=
B ⋅ Δs

Bρ

B = B′ ⋅ xsuppose:

Look relative to the ideal trajectory:

s

Δx′ = −
BΔs
Bρ

= −
B′ Δs
Bρ

⋅ x

Δs

(x, x′ )

x′ ≡ dx /ds

x(s)
here, By = B′ ⋅ x



Linear Restoring Forces — Short Version
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s
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Linear Restoring Forces - Details
• Assume general linear guide fields: -- 

• Look at radial motion:

By = B0 + B’x
Bx =      B’y

x
ds

ρ

dθ

dt =
⇢+ x

⇢

ds

vs
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<latexit sha1_base64="RZYPlfknIAg9No/0xLWjyqR/4Jg=">AAACCnicbZC7SgNBFIbPxluMt1VLm9EgWIVdG9MIQRvLCOYC2bDMzs4mQ2YvzMwGwrK1ja9iY6GIrQ8gdla+ipNsCk38YeDjP+dw5vxewplUlvVllFZW19Y3ypuVre2d3T1z/6At41QQ2iIxj0XXw5JyFtGWYorTbiIoDj1OO97oelrvjKmQLI7u1CSh/RAPIhYwgpW2XPPYCQQmmS/zzFc5ukRjVxaWI4ZxnoncNatWzZoJLYM9h2qj/v2BAKDpmp+OH5M0pJEiHEvZs61E9TMsFCOc5hUnlTTBZIQHtKcxwiGV/Wx2So5OteOjIBb6RQrN3N8TGQ6lnISe7gyxGsrF2tT8r9ZLVVDvZyxKUkUjUiwKUo5UjKa5IJ8JShSfaMBEMP1XRIZYB6F0ehUdgr148jK0z2u25ludxhUUKsMRnMAZ2HABDbiBJrSAwD08wjO8GA/Gk/FqvBWtJWM+cwh/ZLz/AG3ynZM=</latexit><latexit sha1_base64="AwngOTz7fF2TqXiQI7UPIRVSrZM=">AAACCnicbZA9S8NAGMcv9a3Wt6iDiMtpEZxK4mIXoejiWMG+QBvC5XJpj15y4e5SKCGzi1/FxUERVz+AuOni6sfw2nTQ1j8c/Pg/z8Nzz9+LGZXKsj6MwsLi0vJKcbW0tr6xuWVu7zQlTwQmDcwZF20PScJoRBqKKkbasSAo9BhpeYPLcb01JEJSHt2oUUycEPUiGlCMlLZc87AbCIRTX2aprzJ4DoeuzK2u6PMsFZlrlq2KNRGcB3sK5Vr1623v83u/7prvXZ/jJCSRwgxJ2bGtWDkpEopiRrJSN5EkRniAeqSjMUIhkU46OSWDx9rxYcCFfpGCE/f3RIpCKUehpztDpPpytjY2/6t1EhVUnZRGcaJIhPNFQcKg4nCcC/SpIFixkQaEBdV/hbiPdBBKp1fSIdizJ89D87Ria77WaVyAXEVwAI7ACbDBGaiBK1AHDYDBLbgHj+DJuDMejGfjJW8tGNOZXfBHxusP3UufZQ==</latexit><latexit sha1_base64="4W+8vIsz3Gf03coZSJnmxIlSTAM=">AAACCnicbZC7TsMwFIYdrqXcAowshgqJqUpYYEGqYGEsEr1IbRQ5jtNadZzIPqlURZlZeBUWBhBi5QnYeBvcNgO0/JKlT/85R8fnD1LBNTjOt7Wyura+sVnZqm7v7O7t2weHbZ1kirIWTUSiugHRTHDJWsBBsG6qGIkDwTrB6HZa74yZ0jyRDzBJmReTgeQRpwSM5dsn/UgRmoe6yEMo8DUe+3pu9dUwKXJV+HbNqTsz4WVwS6ihUk3f/uqHCc1iJoEKonXPdVLwcqKAU8GKaj/TLCV0RAasZ1CSmGkvn51S4DPjhDhKlHkS8Mz9PZGTWOtJHJjOmMBQL9am5n+1XgbRlZdzmWbAJJ0vijKBIcHTXHDIFaMgJgYIVdz8FdMhMUGASa9qQnAXT16G9kXdNXzv1Bo3ZRwVdIxO0Tly0SVqoDvURC1E0SN6Rq/ozXqyXqx362PeumKVM0foj6zPH1onm0w=</latexit>
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d2

dt2
=

✓
ds

dt

◆2 d2

ds2
=

⇣
vs

⇢

r

⌘2 d2

ds2
<latexit sha1_base64="uFXkTRWkDm4aMd1FzFtUUa3TNUE="></latexit><latexit sha1_base64="gfgkI1Io6nyIUwIqMXb3zaxdF9g="></latexit><latexit sha1_base64="gfgkI1Io6nyIUwIqMXb3zaxdF9g="></latexit><latexit sha1_base64="30+JmjP6e8bTxDAjxtJ4dafm5/Y=">AAACW3icdVFNT8IwGO6GCiIqajx5aSQmeCEbF72YEL14xEQ+Egak6zpo6D7SviMhy/6kJz34V4wd7ICib9LmyfORtk/dWHAFlvVhmKW9/YNy5bB6VDs+Oa2fnfdVlEjKejQSkRy6RDHBQ9YDDoINY8lI4Ao2cBdPuT5YMql4FL7CKmbjgMxC7nNKQFPTunR8SWjqTdpZ6oHe8QN2BPOhWQgq5zNH8tkcbiftbbvati+naqM5ch5lqfw/Mq03rJa1HrwL7AI0UDHdaf3N8SKaBCwEKohSI9uKYZwSCZwKllWdRLGY0AWZsZGGIQmYGqfrbjJ8oxkP+5HUKwS8ZrcTKQmUWgWudgYE5uq3lpN/aaME/PtxysM4ARbSzUF+IjBEOC8ae1wyCmKlAaGS67tiOie6CtDfUdUl2L+fvAv67Zat8YvV6DwWdVTQFbpGTWSjO9RBz6iLeoiid/RllI2K8WmWzKpZ21hNo8hcoB9jXn4DvQq2hw==</latexit>

Use cylindrical coordinates

        r = ρ + x, θ, y

acceleration:

··y =
ev2

s Bx

p

··r − r ·θ2 = −
ev2

s By

p



Linear Restoring Forces - Details
• Assume general linear guide fields: -- 

• Look at radial motion:

By = B0 + B’x
Bx =      B’y
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r̈ � r✓̇2 = �ev2sBy

p
<latexit sha1_base64="gn/isgKUMnyidEbUhBH9MW2smqo=">AAACGXicbZDLSsNAFIYnXmu9VV26GSyCGyUpgm4EqRuXFWwrNGmYTE/s4OTCzIkQQl7Dja/ixoUiLnXl2zi9LLT6w8DHf86ZmfMHqRQabfvLmptfWFxarqxUV9fWNzZrW9sdnWSKQ5snMlE3AdMgRQxtFCjhJlXAokBCN7i7GNW796C0SOJrzFPwInYbi1Bwhsbya7Y7GCRYqPJQUXdELg4BWdlv0DN66IaK8QLufd1vNP28LNLSr9XtI3ss+hecKdTJVC2/9mHu5VkEMXLJtO45dopewRQKLqGsupmGlPE7dgs9gzGLQHvFeLOS7htnQMNEmRMjHbs/JwoWaZ1HgemMGA71bG1k/lfrZRieeoWI0wwh5pOHwkxSTOgoJjoQCjjK3ADjSpi/Uj5kJg00YVZNCM7syn+h0zhyDF8d18+b0zgqZJfskQPikBNyTi5Ji7QJJw/kibyQV+vRerberPdJ65w1ndkhv2R9fgOnmqCx</latexit><latexit sha1_base64="gn/isgKUMnyidEbUhBH9MW2smqo=">AAACGXicbZDLSsNAFIYnXmu9VV26GSyCGyUpgm4EqRuXFWwrNGmYTE/s4OTCzIkQQl7Dja/ixoUiLnXl2zi9LLT6w8DHf86ZmfMHqRQabfvLmptfWFxarqxUV9fWNzZrW9sdnWSKQ5snMlE3AdMgRQxtFCjhJlXAokBCN7i7GNW796C0SOJrzFPwInYbi1Bwhsbya7Y7GCRYqPJQUXdELg4BWdlv0DN66IaK8QLufd1vNP28LNLSr9XtI3ss+hecKdTJVC2/9mHu5VkEMXLJtO45dopewRQKLqGsupmGlPE7dgs9gzGLQHvFeLOS7htnQMNEmRMjHbs/JwoWaZ1HgemMGA71bG1k/lfrZRieeoWI0wwh5pOHwkxSTOgoJjoQCjjK3ADjSpi/Uj5kJg00YVZNCM7syn+h0zhyDF8d18+b0zgqZJfskQPikBNyTi5Ji7QJJw/kibyQV+vRerberPdJ65w1ndkhv2R9fgOnmqCx</latexit><latexit sha1_base64="gn/isgKUMnyidEbUhBH9MW2smqo=">AAACGXicbZDLSsNAFIYnXmu9VV26GSyCGyUpgm4EqRuXFWwrNGmYTE/s4OTCzIkQQl7Dja/ixoUiLnXl2zi9LLT6w8DHf86ZmfMHqRQabfvLmptfWFxarqxUV9fWNzZrW9sdnWSKQ5snMlE3AdMgRQxtFCjhJlXAokBCN7i7GNW796C0SOJrzFPwInYbi1Bwhsbya7Y7GCRYqPJQUXdELg4BWdlv0DN66IaK8QLufd1vNP28LNLSr9XtI3ss+hecKdTJVC2/9mHu5VkEMXLJtO45dopewRQKLqGsupmGlPE7dgs9gzGLQHvFeLOS7htnQMNEmRMjHbs/JwoWaZ1HgemMGA71bG1k/lfrZRieeoWI0wwh5pOHwkxSTOgoJjoQCjjK3ADjSpi/Uj5kJg00YVZNCM7syn+h0zhyDF8d18+b0zgqZJfskQPikBNyTi5Ji7QJJw/kibyQV+vRerberPdJ65w1ndkhv2R9fgOnmqCx</latexit><latexit sha1_base64="gn/isgKUMnyidEbUhBH9MW2smqo=">AAACGXicbZDLSsNAFIYnXmu9VV26GSyCGyUpgm4EqRuXFWwrNGmYTE/s4OTCzIkQQl7Dja/ixoUiLnXl2zi9LLT6w8DHf86ZmfMHqRQabfvLmptfWFxarqxUV9fWNzZrW9sdnWSKQ5snMlE3AdMgRQxtFCjhJlXAokBCN7i7GNW796C0SOJrzFPwInYbi1Bwhsbya7Y7GCRYqPJQUXdELg4BWdlv0DN66IaK8QLufd1vNP28LNLSr9XtI3ss+hecKdTJVC2/9mHu5VkEMXLJtO45dopewRQKLqGsupmGlPE7dgs9gzGLQHvFeLOS7htnQMNEmRMjHbs/JwoWaZ1HgemMGA71bG1k/lfrZRieeoWI0wwh5pOHwkxSTOgoJjoQCjjK3ADjSpi/Uj5kJg00YVZNCM7syn+h0zhyDF8d18+b0zgqZJfskQPikBNyTi5Ji7QJJw/kibyQV+vRerberPdJ65w1ndkhv2R9fgOnmqCx</latexit>

v2s

⇣⇢
r

⌘2
x00 � (⇢+ x)

⇣vs
r

⌘2
= �ev2sBy

p
<latexit sha1_base64="HsRjQ9rECbcrPd6mORnmpEU+Ob8="></latexit><latexit sha1_base64="JZzp+aWNJUgos4BaT8xkBcyRvR0="></latexit><latexit sha1_base64="JZzp+aWNJUgos4BaT8xkBcyRvR0="></latexit><latexit sha1_base64="9pnSPXf1U95+ppBzZRgm3XD6Ikg="></latexit>

x00 � ⇢+ x

⇢2
= �eBy

p

✓
r

⇢

◆2

<latexit sha1_base64="IJwpHrnp/ThR02O6e+c8lIFFHNw="></latexit><latexit sha1_base64="nAsn/dTSYW0b+kMdleOaUGz5uJE="></latexit><latexit sha1_base64="nAsn/dTSYW0b+kMdleOaUGz5uJE="></latexit><latexit sha1_base64="OO/pB3TjTnTCE8WAyrKfmXGiOaQ="></latexit>

linearize…

x00 � 1

⇢
� x

⇢2
= �B0 +B0x

B⇢

✓
1 +

2x

⇢
+

x2

⇢2

◆

<latexit sha1_base64="eAVXDyT13+RmjJg6Jz+etNxbdJ8="></latexit><latexit sha1_base64="Y/s/gc01fFwp3HKSzK/5SkqYbyk="></latexit><latexit sha1_base64="Y/s/gc01fFwp3HKSzK/5SkqYbyk="></latexit><latexit sha1_base64="kF+Gore5vEOhrfZYSkzZX1SYU9Y="></latexit>

x00 +

✓
1

⇢2
+

B0

B⇢

◆
x = 0

<latexit sha1_base64="wtFmIrOODee4qshQ+mVCcaEMSVU="></latexit><latexit sha1_base64="7Xr+WdYlS/1ena2bUvED2hCe6WY="></latexit><latexit sha1_base64="7Xr+WdYlS/1ena2bUvED2hCe6WY="></latexit><latexit sha1_base64="NMJDOpi0Z5/DEQ78gNik5TVFq7s="></latexit>

r = ρ + x

curved coordinate system local focusing field

Note:  both  and  are 
functions of location s 

ρ B′ 



Hill’s Equation
• Now, for vertical motion: 

• So we have,  
•   to lowest order,

General	Form
Hill’s Equation
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x′′
+

(

B′

Bρ
+

1

ρ2

)

x = 0

y′′
−

(

B′

Bρ

)

y = 0

By = B0 + B’x
Bx =     B’y

y00 � eBx

p

✓
1 +

x

⇢

◆2

= 0
<latexit sha1_base64="zjhVDim0/N22GrOgtUzyNtHqwlU="></latexit><latexit sha1_base64="Sw+rq0cXn+RCd78tJbKzwovGNIc="></latexit><latexit sha1_base64="Sw+rq0cXn+RCd78tJbKzwovGNIc="></latexit><latexit sha1_base64="sFE1nE/IdPA5XCfXaXh1nEeOCcU=">AAACIHicbZDLSgNBEEV7fBtfoy7dNAaJIoaZbOJGkLhxGcGokImhp1OTNOl50F0jhmE+xY2/4saFIrrTr7HzWGj0QsPlVBXVdf1ECo2O82nNzM7NLywuLRdWVtfWN+zNrSsdp4pDg8cyVjc+0yBFBA0UKOEmUcBCX8K13z8b1q/vQGkRR5c4SKAVsm4kAsEZGtS2q3RQKtEjL1CMZ1Br3+dZknsSAtx3D8fUIE/14txTotvDg9sKPaFO2y46ZWck+te4E1MkE9Xb9ofXiXkaQoRcMq2brpNgK2MKBZeQF7xUQ8J4n3WhaWzEQtCtbHRgTvcM6dAgVuZFSEf050TGQq0HoW86Q4Y9PV0bwv9qzRSD41YmoiRFiPh4UZBKijEdpkU7QgFHOTCGcSXMXynvMZMKmkwLJgR3+uS/5qpSdo2/cIqntUkcS2SH7JJ94pIqOSXnpE4ahJMH8kReyKv1aD1bb9b7uHXGmsxsk1+yvr4BFI+iRw==</latexit>

y00 =
eBx

p

✓
r

⇢

◆2

<latexit sha1_base64="Nc4B53nzwNtODD3Dy7GuFlFVfqE=">AAACHHicbZC7SgNBFIZnvRtvUUubwSCJjexGQRshaGOpYFTIxmV2cjY7OHth5qwYln0QG1/FxkIRGwvBt3FyKTTxh4GP/5zDmfP7qRQabfvbmpqemZ2bX1gsLS2vrK6V1zeudJIpDk2eyETd+EyDFDE0UaCEm1QBi3wJ1/7dab9+fQ9KiyS+xF4K7Yh1YxEIztBYXnmf9qpVekzdQDGew4n3UORp4UoIsDb0VJG7KkwKV4luiLu3deqVK/aePRCdBGcEFTLSuVf+dDsJzyKIkUumdcuxU2znTKHgEoqSm2lIGb9jXWgZjFkEup0PjivojnE6NEiUeTHSgft7ImeR1r3IN50Rw1CP1/rmf7VWhsFROxdxmiHEfLgoyCTFhPaToh2hgKPsGWBcCfNXykNmIkGTZ8mE4IyfPAlX9T3H8MVBpXEyimOBbJFtUiMOOSQNckbOSZNw8kieySt5s56sF+vd+hi2TlmjmU3yR9bXDxMHoWQ=</latexit><latexit sha1_base64="Nc4B53nzwNtODD3Dy7GuFlFVfqE=">AAACHHicbZC7SgNBFIZnvRtvUUubwSCJjexGQRshaGOpYFTIxmV2cjY7OHth5qwYln0QG1/FxkIRGwvBt3FyKTTxh4GP/5zDmfP7qRQabfvbmpqemZ2bX1gsLS2vrK6V1zeudJIpDk2eyETd+EyDFDE0UaCEm1QBi3wJ1/7dab9+fQ9KiyS+xF4K7Yh1YxEIztBYXnmf9qpVekzdQDGew4n3UORp4UoIsDb0VJG7KkwKV4luiLu3deqVK/aePRCdBGcEFTLSuVf+dDsJzyKIkUumdcuxU2znTKHgEoqSm2lIGb9jXWgZjFkEup0PjivojnE6NEiUeTHSgft7ImeR1r3IN50Rw1CP1/rmf7VWhsFROxdxmiHEfLgoyCTFhPaToh2hgKPsGWBcCfNXykNmIkGTZ8mE4IyfPAlX9T3H8MVBpXEyimOBbJFtUiMOOSQNckbOSZNw8kieySt5s56sF+vd+hi2TlmjmU3yR9bXDxMHoWQ=</latexit><latexit sha1_base64="Nc4B53nzwNtODD3Dy7GuFlFVfqE=">AAACHHicbZC7SgNBFIZnvRtvUUubwSCJjexGQRshaGOpYFTIxmV2cjY7OHth5qwYln0QG1/FxkIRGwvBt3FyKTTxh4GP/5zDmfP7qRQabfvbmpqemZ2bX1gsLS2vrK6V1zeudJIpDk2eyETd+EyDFDE0UaCEm1QBi3wJ1/7dab9+fQ9KiyS+xF4K7Yh1YxEIztBYXnmf9qpVekzdQDGew4n3UORp4UoIsDb0VJG7KkwKV4luiLu3deqVK/aePRCdBGcEFTLSuVf+dDsJzyKIkUumdcuxU2znTKHgEoqSm2lIGb9jXWgZjFkEup0PjivojnE6NEiUeTHSgft7ImeR1r3IN50Rw1CP1/rmf7VWhsFROxdxmiHEfLgoyCTFhPaToh2hgKPsGWBcCfNXykNmIkGTZ8mE4IyfPAlX9T3H8MVBpXEyimOBbJFtUiMOOSQNckbOSZNw8kieySt5s56sF+vd+hi2TlmjmU3yR9bXDxMHoWQ=</latexit><latexit sha1_base64="Nc4B53nzwNtODD3Dy7GuFlFVfqE=">AAACHHicbZC7SgNBFIZnvRtvUUubwSCJjexGQRshaGOpYFTIxmV2cjY7OHth5qwYln0QG1/FxkIRGwvBt3FyKTTxh4GP/5zDmfP7qRQabfvbmpqemZ2bX1gsLS2vrK6V1zeudJIpDk2eyETd+EyDFDE0UaCEm1QBi3wJ1/7dab9+fQ9KiyS+xF4K7Yh1YxEIztBYXnmf9qpVekzdQDGew4n3UORp4UoIsDb0VJG7KkwKV4luiLu3deqVK/aePRCdBGcEFTLSuVf+dDsJzyKIkUumdcuxU2znTKHgEoqSm2lIGb9jXWgZjFkEup0PjivojnE6NEiUeTHSgft7ImeR1r3IN50Rw1CP1/rmf7VWhsFROxdxmiHEfLgoyCTFhPaToh2hgKPsGWBcCfNXykNmIkGTZ8mE4IyfPAlX9T3H8MVBpXEyimOBbJFtUiMOOSQNckbOSZNw8kieySt5s56sF+vd+hi2TlmjmU3yR9bXDxMHoWQ=</latexit>

linearize…
y00 � eB0y

p
= 0

<latexit sha1_base64="yzV8L+PFfM7oOuQag1bvzSy5zvM=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRerGkoigG6HUjcsK9gJtKZPppB06mYSZiRBCNr6KGxeKuPUx3Pk2TtsstPWHgY//nMOZ83sRZ0o7zrdVWFldW98obpa2tnd29+z9g5YKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vcnttN5+pFKxUDzoJKL9AI8E8xnB2lgD+wgllQo67/kSk5TWK0mWRhm6cQZ22ak6M6FlcHMoQ67GwP7qDUMSB1RowrFSXdeJdD/FUjPCaVbqxYpGmEzwiHYNChxQ1U9nB2To1DhD5IfSPKHRzP09keJAqSTwTGeA9Vgt1qbmf7VurP3rfspEFGsqyHyRH3OkQzRNAw2ZpETzxAAmkpm/IjLGJgttMiuZENzFk5ehdVF1Dd9flmv1PI4iHMMJnIELV1CDO2hAEwhk8Ayv8GY9WS/Wu/Uxby1Y+cwh/JH1+QNRTpTx</latexit><latexit sha1_base64="yzV8L+PFfM7oOuQag1bvzSy5zvM=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRerGkoigG6HUjcsK9gJtKZPppB06mYSZiRBCNr6KGxeKuPUx3Pk2TtsstPWHgY//nMOZ83sRZ0o7zrdVWFldW98obpa2tnd29+z9g5YKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vcnttN5+pFKxUDzoJKL9AI8E8xnB2lgD+wgllQo67/kSk5TWK0mWRhm6cQZ22ak6M6FlcHMoQ67GwP7qDUMSB1RowrFSXdeJdD/FUjPCaVbqxYpGmEzwiHYNChxQ1U9nB2To1DhD5IfSPKHRzP09keJAqSTwTGeA9Vgt1qbmf7VurP3rfspEFGsqyHyRH3OkQzRNAw2ZpETzxAAmkpm/IjLGJgttMiuZENzFk5ehdVF1Dd9flmv1PI4iHMMJnIELV1CDO2hAEwhk8Ayv8GY9WS/Wu/Uxby1Y+cwh/JH1+QNRTpTx</latexit><latexit sha1_base64="yzV8L+PFfM7oOuQag1bvzSy5zvM=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRerGkoigG6HUjcsK9gJtKZPppB06mYSZiRBCNr6KGxeKuPUx3Pk2TtsstPWHgY//nMOZ83sRZ0o7zrdVWFldW98obpa2tnd29+z9g5YKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vcnttN5+pFKxUDzoJKL9AI8E8xnB2lgD+wgllQo67/kSk5TWK0mWRhm6cQZ22ak6M6FlcHMoQ67GwP7qDUMSB1RowrFSXdeJdD/FUjPCaVbqxYpGmEzwiHYNChxQ1U9nB2To1DhD5IfSPKHRzP09keJAqSTwTGeA9Vgt1qbmf7VurP3rfspEFGsqyHyRH3OkQzRNAw2ZpETzxAAmkpm/IjLGJgttMiuZENzFk5ehdVF1Dd9flmv1PI4iHMMJnIELV1CDO2hAEwhk8Ayv8GY9WS/Wu/Uxby1Y+cwh/JH1+QNRTpTx</latexit><latexit sha1_base64="yzV8L+PFfM7oOuQag1bvzSy5zvM=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRerGkoigG6HUjcsK9gJtKZPppB06mYSZiRBCNr6KGxeKuPUx3Pk2TtsstPWHgY//nMOZ83sRZ0o7zrdVWFldW98obpa2tnd29+z9g5YKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vcnttN5+pFKxUDzoJKL9AI8E8xnB2lgD+wgllQo67/kSk5TWK0mWRhm6cQZ22ak6M6FlcHMoQ67GwP7qDUMSB1RowrFSXdeJdD/FUjPCaVbqxYpGmEzwiHYNChxQ1U9nB2To1DhD5IfSPKHRzP09keJAqSTwTGeA9Vgt1qbmf7VurP3rfspEFGsqyHyRH3OkQzRNAw2ZpETzxAAmkpm/IjLGJgttMiuZENzFk5ehdVF1Dd9flmv1PI4iHMMJnIELV1CDO2hAEwhk8Ayv8GY9WS/Wu/Uxby1Y+cwh/JH1+QNRTpTx</latexit>

x′ ′ + Kx(s) x = 0

··y =
ev2

s Bx

p

and      y′ ′ + Ky(s) y = 0



Determining K — Examples
§ Quadrupole Magnets 

§ Sector Bend Dipole Magnets 

§ Combined Function Magnet: 

§ Sector Bends with Electrostatic Focusing 

§ Other Considerations 
• Rectangular Bend 
• Bend with arbitrary Edge Angles
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Kx =
1

⇢2

Ky = 0

Kx =
1

⇢2
� E0

v(B⇢)
<latexit sha1_base64="f+MPrdidDxDkM+4ogf+SPrw96i0="></latexit><latexit sha1_base64="J1HnZbU7QHLjqk/WTbqOt7Wi54M="></latexit><latexit sha1_base64="J1HnZbU7QHLjqk/WTbqOt7Wi54M="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="f8wz0IWr2tsS/BYD2am3frI8h8Q=">AAACCnicbZDLSgMxGIX/qbdaq45u3QSLWEHLTDe6EUQRBDcV7AU6tWTSTBuauZBkimWYl3Djq7hxoYgP4M63MdN2oa0HAh/nJPz5jxtxJpVlfRu5peWV1bX8emGjuLm1be4UGzKMBaF1EvJQtFwsKWcBrSumOG1FgmLf5bTpDq+yvDmiQrIwuFfjiHZ83A+YxwhW2uqax7fdR3SOHE9gkthp4ohB+FBN0cnMuj5Mk1H5MrOP0q5ZsirWRGgR7BmUYKZa1/xyeiGJfRoowrGUbduKVCfBQjHCaVpwYkkjTIa4T9saA+xT2UkmW6XoQDs95IVCn0Chifv7RYJ9Kce+q2/6WA3kfJaZ/2XtWHlnnYQFUaxoQKaDvJgjFaKsItRjghLFxxowEUz/FZEB1m0oXWRBl2DPr7wIjWrF1nxnQR72YB/KYMMpXMAN1KAOBJ7gBd7g3Xg2Xo2PaV05Y9bbLvyR8fkDrmucPw==</latexit><latexit sha1_base64="f8wz0IWr2tsS/BYD2am3frI8h8Q=">AAACCnicbZDLSgMxGIX/qbdaq45u3QSLWEHLTDe6EUQRBDcV7AU6tWTSTBuauZBkimWYl3Djq7hxoYgP4M63MdN2oa0HAh/nJPz5jxtxJpVlfRu5peWV1bX8emGjuLm1be4UGzKMBaF1EvJQtFwsKWcBrSumOG1FgmLf5bTpDq+yvDmiQrIwuFfjiHZ83A+YxwhW2uqax7fdR3SOHE9gkthp4ohB+FBN0cnMuj5Mk1H5MrOP0q5ZsirWRGgR7BmUYKZa1/xyeiGJfRoowrGUbduKVCfBQjHCaVpwYkkjTIa4T9saA+xT2UkmW6XoQDs95IVCn0Chifv7RYJ9Kce+q2/6WA3kfJaZ/2XtWHlnnYQFUaxoQKaDvJgjFaKsItRjghLFxxowEUz/FZEB1m0oXWRBl2DPr7wIjWrF1nxnQR72YB/KYMMpXMAN1KAOBJ7gBd7g3Xg2Xo2PaV05Y9bbLvyR8fkDrmucPw==</latexit><latexit sha1_base64="emLbOn9JogVN9Z6Zl6AlqHdYT40=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARK6gk3ehGKBVBcFPBXqCJYTKdtEMnF2YmxRLyEm58FTcuFHEruPNtnLRZaOsPAz/fOYcz53cjRoU0jG+tsLC4tLxSXC2trW9sbunbOy0RxhyTJg5ZyDsuEoTRgDQllYx0Ik6Q7zLSdoeXWb09IlzQMLiT44jYPuoH1KMYSYUc/fjGeYAX0PI4womZJhYfhPfVFJ7k6OowTUaVeoaPUkcvG6fGRHDemLkpg1wNR/+yeiGOfRJIzJAQXdOIpJ0gLilmJC1ZsSARwkPUJ11lA+QTYSeTq1J4oEgPeiFXL5BwQn9PJMgXYuy7qtNHciBmaxn8r9aNpXduJzSIYkkCPF3kxQzKEGYRwR7lBEs2VgZhTtVfIR4glYZUQZZUCObsyfOmVT01lb81yrV6HkcR7IF9UAEmOAM1cA0aoAkweATP4BW8aU/ai/aufUxbC1o+swv+SPv8AXIrnbs=</latexit><latexit sha1_base64="emLbOn9JogVN9Z6Zl6AlqHdYT40=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARK6gk3ehGKBVBcFPBXqCJYTKdtEMnF2YmxRLyEm58FTcuFHEruPNtnLRZaOsPAz/fOYcz53cjRoU0jG+tsLC4tLxSXC2trW9sbunbOy0RxhyTJg5ZyDsuEoTRgDQllYx0Ik6Q7zLSdoeXWb09IlzQMLiT44jYPuoH1KMYSYUc/fjGeYAX0PI4womZJhYfhPfVFJ7k6OowTUaVeoaPUkcvG6fGRHDemLkpg1wNR/+yeiGOfRJIzJAQXdOIpJ0gLilmJC1ZsSARwkPUJ11lA+QTYSeTq1J4oEgPeiFXL5BwQn9PJMgXYuy7qtNHciBmaxn8r9aNpXduJzSIYkkCPF3kxQzKEGYRwR7lBEs2VgZhTtVfIR4glYZUQZZUCObsyfOmVT01lb81yrV6HkcR7IF9UAEmOAM1cA0aoAkweATP4BW8aU/ai/aufUxbC1o+swv+SPv8AXIrnbs=</latexit><latexit sha1_base64="J1HnZbU7QHLjqk/WTbqOt7Wi54M="></latexit><latexit sha1_base64="J1HnZbU7QHLjqk/WTbqOt7Wi54M="></latexit><latexit sha1_base64="J1HnZbU7QHLjqk/WTbqOt7Wi54M="></latexit><latexit sha1_base64="J1HnZbU7QHLjqk/WTbqOt7Wi54M="></latexit><latexit sha1_base64="emLbOn9JogVN9Z6Zl6AlqHdYT40=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARK6gk3ehGKBVBcFPBXqCJYTKdtEMnF2YmxRLyEm58FTcuFHEruPNtnLRZaOsPAz/fOYcz53cjRoU0jG+tsLC4tLxSXC2trW9sbunbOy0RxhyTJg5ZyDsuEoTRgDQllYx0Ik6Q7zLSdoeXWb09IlzQMLiT44jYPuoH1KMYSYUc/fjGeYAX0PI4womZJhYfhPfVFJ7k6OowTUaVeoaPUkcvG6fGRHDemLkpg1wNR/+yeiGOfRJIzJAQXdOIpJ0gLilmJC1ZsSARwkPUJ11lA+QTYSeTq1J4oEgPeiFXL5BwQn9PJMgXYuy7qtNHciBmaxn8r9aNpXduJzSIYkkCPF3kxQzKEGYRwR7lBEs2VgZhTtVfIR4glYZUQZZUCObsyfOmVT01lb81yrV6HkcR7IF9UAEmOAM1cA0aoAkweATP4BW8aU/ai/aufUxbC1o+swv+SPv8AXIrnbs=</latexit>

Ky =
E0

v(B⇢)
<latexit sha1_base64="lku1TQloRunp4ufMdFD4viIVEVg=">AAACAnicbZC7SgNBFIbPxluMt1UrsRkMYmzCro02QogIgk0Ec4FsCLOT2WTI7IWZ2cCyBBtfxcZCEVsLn8HON7DzFZxcCk38YeDjP+dw5vxuxJlUlvVpZBYWl5ZXsqu5tfWNzS1ze6cmw1gQWiUhD0XDxZJyFtCqYorTRiQo9l1O627/YlSvD6iQLAxuVRLRlo+7AfMYwUpbbXPvup2gc+R4ApP08miYDgplR/TC42HbzFtFayw0D/YU8qXS99c7AFTa5ofTCUns00ARjqVs2lakWikWihFOhzknljTCpI+7tKkxwD6VrXR8whAdaqeDvFDoFyg0dn9PpNiXMvFd3elj1ZOztZH5X60ZK++slbIgihUNyGSRF3OkQjTKA3WYoETxRAMmgum/ItLDOg2lU8vpEOzZk+ehdlK0Nd/oNMowURb24QAKYMMplOAKKlAFAnfwAE/wbNwbj8aL8TppzRjTmV34I+PtB8V1mVo=</latexit><latexit sha1_base64="0ubWj5tzsyOo0wAVzm7ulpe7zRg=">AAACAnicbZDLSsNAFIYnXmu9RQVB3AxWsW5K4kY3QqkIgpsK9gJNCJPppB06uTAzKYQQ3PgYbt24UMRtn8Kdb+DOV3B6WWjrDwMf/zmHM+d3I0aFNIxPbW5+YXFpObeSX11b39jUt7brIow5JjUcspA3XSQIowGpSSoZaUacIN9lpOH2Lof1Rp9wQcPgTiYRsX3UCahHMZLKcvS9GyeBF9DyOMLp1XGW9osVi3fDk8zRC0bJGAnOgjmBQrn8/TXYfTysOvqH1Q5x7JNAYoaEaJlGJO0UcUkxI1neigWJEO6hDmkpDJBPhJ2OTsjgkXLa0Au5eoGEI/f3RIp8IRLfVZ0+kl0xXRua/9VasfTO7ZQGUSxJgMeLvJhBGcJhHrBNOcGSJQoQ5lT9FeIuUmlIlVpehWBOnzwL9dOSqfhWpVEBY+XAPjgARWCCM1AG16AKagCDe/AEXsCr9qA9a2/a+7h1TpvM7IA/0gY/3fqaLA==</latexit><latexit sha1_base64="0ubWj5tzsyOo0wAVzm7ulpe7zRg=">AAACAnicbZDLSsNAFIYnXmu9RQVB3AxWsW5K4kY3QqkIgpsK9gJNCJPppB06uTAzKYQQ3PgYbt24UMRtn8Kdb+DOV3B6WWjrDwMf/zmHM+d3I0aFNIxPbW5+YXFpObeSX11b39jUt7brIow5JjUcspA3XSQIowGpSSoZaUacIN9lpOH2Lof1Rp9wQcPgTiYRsX3UCahHMZLKcvS9GyeBF9DyOMLp1XGW9osVi3fDk8zRC0bJGAnOgjmBQrn8/TXYfTysOvqH1Q5x7JNAYoaEaJlGJO0UcUkxI1neigWJEO6hDmkpDJBPhJ2OTsjgkXLa0Au5eoGEI/f3RIp8IRLfVZ0+kl0xXRua/9VasfTO7ZQGUSxJgMeLvJhBGcJhHrBNOcGSJQoQ5lT9FeIuUmlIlVpehWBOnzwL9dOSqfhWpVEBY+XAPjgARWCCM1AG16AKagCDe/AEXsCr9qA9a2/a+7h1TpvM7IA/0gY/3fqaLA==</latexit><latexit sha1_base64="UGlmyQfmBIrY7YBRNrlIuYgT1QU=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8Ei1k1J3OhGKBVBcFPBXqAJYTKdtEMnmTAzKYQQ3Pgqblwo4tancOfbOG2z0NYfBj7+cw5nzu/HjEplWd/G0vLK6tp6aaO8ubW9s2vu7bclTwQmLcwZF10fScJoRFqKKka6sSAo9Bnp+KPrSb0zJkJSHj2oNCZuiAYRDShGSlueeXjnpfAKOoFAOLs5zbNxteGIIT/LPbNi1ayp4CLYBVRAoaZnfjl9jpOQRAozJGXPtmLlZkgoihnJy04iSYzwCA1IT2OEQiLdbHpCDk+004cBF/pFCk7d3xMZCqVMQ193hkgN5XxtYv5X6yUquHQzGsWJIhGeLQoSBhWHkzxgnwqCFUs1ICyo/ivEQ6TTUDq1sg7Bnj95EdrnNVvzvVWpN4o4SuAIHIMqsMEFqINb0AQtgMEjeAav4M14Ml6Md+Nj1rpkFDMH4I+Mzx+Zy5ZD</latexit>

x00 +Kx x = 0

y00 +Ky y = 0
<latexit sha1_base64="NDPi869kT6TdFAvpTAZjSnC70oY="></latexit><latexit sha1_base64="NDPi869kT6TdFAvpTAZjSnC70oY="></latexit><latexit sha1_base64="NDPi869kT6TdFAvpTAZjSnC70oY="></latexit><latexit sha1_base64="NDPi869kT6TdFAvpTAZjSnC70oY="></latexit>

(g-2 arrangement)

ex: in Main Injector, 400 m;

      so,   
 / m2 ρ ≈

Kx ≈ few × 10−6 ≈ 0

Kx =
1
ρ2

+
B′ 

Bρ

Ky = −
B′ 

Bρ

Kx =
B′ 

Bρ

Ky = −
B′ 

Bρ

ex: in Main Injector,

     
 / m2

Kx ≈ 0.04



Piecewise Method of Solution
• Hill’s Equation: 

• Though K(s) changes along the design trajectory, it is typically 
constant, in a piecewise fashion, through individual elements 
(drift, dipole mag, quad, ...) 

• K = 0:  

• K > 0: 

• K < 0:
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Piecewise Method of Solution
• Hill’s Equation: 

• Though K(s) changes along the design trajectory, it is typically 
constant, in a piecewise fashion, through individual elements 
(drift, dipole mag, quad, ...) 

• K = 0:  

• K > 0: 

• K < 0:

drift, o
r dipole
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Piecewise Method of Solution
• Hill’s Equation: 

• Though K(s) changes along the design trajectory, it is typically 
constant, in a piecewise fashion, through individual elements 
(drift, dipole mag, quad, ...) 

• K = 0:  

• K > 0: 

• K < 0:

drift, o
r dipole

Quad, 

Gradient 

 Magnet, 

     ...

17M. Syphers          Ops Lecture 1            SPRING  2020

x00 +K(s)x = 0
(Here, x could be x or y, and K could be +/- )



Piecewise Method -- Matrix Formalism
•Write solution to each piece in matrix form 

• for each, assume K = const. from s=0 to s=L 

• K = 0:

• K > 0:

• K < 0:
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“Thin Lens” Quadrupole
• If quadrupole magnet is short enough, particle’s offset through the 

quad does not change by much, but the slope of the trajectory does 
-- acts like a “thin lens” in geometrical optics 

• Take limit as L --> 0, while KL remains finite 

• (similarly, for defocusing quadrupole) 

• Valid approx., if F >> L

x(s)

sF
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Piecewise Method -- Matrix Formalism
• Arbitrary trajectory, relative to the design trajectory, can be computed via 

matrix multiplication

s0
sN

x

20M. Syphers          Ops Lecture 1            SPRING  2020



Example:  A Beam Line Calculation
§ Will consider two particle trajectories, starting with  

•   (x,x’ ) =  (0, 0.5 mrad),    and    (x,x’ ) = (5 mm, 0) 

§ A distance 6 m later, the trajectories enter a thin lens quadrupole of focal 
length F = 3 m.  This is followed by a second quadrupole of focal length 
-F, a distance 1 m later. 

• Find the trajectories (x,x’ ) for each case at the exit of the second quad
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Example:  A Beam Line Calculation
§ Will consider two particle trajectories, starting with  

•   (x,x’ ) =  (0, 0.5 mrad),    and    (x,x’ ) = (5 mm, 0) 

§ A distance 6 m later, the trajectories enter a thin lens quadrupole of focal 
length F = 3 m.  This is followed by a second quadrupole of focal length 
-F, a distance 1 m later.
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◆✓
1 0
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3 m 1

◆✓
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◆✓
x0

x0
0

◆

x0	=	0	mm,	x’0	=	0.5	mr			—>						x	=	2.5	mm,			x’	=		0.33	mr

x0	=	5	mm,	x’0	=	0.0		mr			—>					x	=	3.3	mm,			x’	=	-0.56	mr



Can now make LARGE accelerators!
§ Since the lens spacing can be made arbitrarily short, with 

corresponding focusing field strengths, then in principal can make 
beam transport systems (and linacs and synchrotrons, for instance) 
of arbitrary size 

§ Instrumental in paving the way for very large accelerators, both 
linacs and especially synchrotrons, where the bending and focusing 
functions can be separated into distinct magnet types

23M. Syphers          Ops Lecture 1            SPRING  2020



The Notion of an Amplitude Function…

• Can trace single particle 
trajectories through a periodic 
system 

• Can represent either 
• multiple passages around a 

circular accelerator, or 
• multiple particles through a 

beam line
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The Notion of an Amplitude Function…

• Can trace single particle 
trajectories through a periodic 
system 

• Can represent either 
• multiple passages around a 

circular accelerator, or 
• multiple particles through a 

beam line
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Particle Beams and Phase Space
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x’

source

2a

2𝜃

Phase	Space:

a-a

𝜃

-𝜃
x

x

s
angle:				x’=dx/ds

Shape,	orientation	of	distribution	
in	“phase	space”	will	change	as	
particles	progress	downstream,	
but	effective	“area”	of	distribution	
will	remain	constant	(Liouville);		
correlations	will	naturally	develop

downstream

Transverse coordinates:



Emittance in Terms of Moments

the “rms emittance”

§ Considering the general equation of an ellipse, the area enclosed by the 
ellipse is related to its coefficients by: 

§ Can define quantities scaled by an area, 𝜖, of our elliptical distribution:
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x

x’ ax2 + bxx0 + cx02 = 1

A =
2⇡p

4ac� b2

↵ ⌘ �hxx0i
✏/⇡

� ⌘ hx2i
✏/⇡

� ⌘ hx02i
✏/⇡

�x2 + 2↵xx0 + �x02 = ✏/⇡

✏ = ⇡
p

hx2ihx02i � hxx0i2

The ellipse (red curve above) that contains ~95% has area ~6𝜖 

So, equation of the blue curve above:

𝛼, 𝛽, γcollectively are called the Courant-Snyder parameters, or Twiss parameters

(for Gaussian distribution)

area of ellipse:

see:  http://nicadd.niu.edu/~syphers/tutorials/ellipseNotes.html  

http://nicadd.niu.edu/~syphers/tutorials/ellipseNotes.html


Linear Optics
§ Let x be the transverse (horizontal, say) displacement of a particle from 

the ideal beam trajectory.  Let the angle it makes to the ideal trajectory be 
x’ = dx/ds, where s is the distance along the ideal trajectory.  Transport 
through a magnetic element is then described by a matrix M, such that 

§ An arbitrary trajectory, relative to the design trajectory, can be computed 
via matrix multiplication for elements all along the beam line…
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~X = M ~X0 ~X =

✓
x
x0

◆

s0
sN

x



TRANSPORT of Beam Moments
• Transport of particle state vector downstream from position 0 

• Create a “covariance matrix” of the resulting vector… 

•  … then, by averaging over all the particles in the distribution,
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~X = M ~X0
~X =

✓
x
x0

◆

~X ~XT =

✓
x2 xx0

x0x x02

◆
= M ~X0(M ~X0)

T = M ~X0
~XT
0 M

T

⌃ =

✓
hx2i hxx0i
hx0xi hx02i

◆
⌃ = M⌃0M

Twe	get:



TRANSPORT of Beam Moments
• So, since 

• where 

• then, 

• If know matrices M, then can “transport” beam parameters from one point 
to any point downstream, which determines beam distribution along the 
way.
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K ⌘
✓

� �↵
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◆
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✏� �✏↵
�✏↵ ✏�

◆
= ✏ ·K

K = M K0 MT

� ⌘ hx2i
✏/⇡

xrms(s) =
p

✏�(s)/⇡



Conservation of Emittance
§ Note that from 

§ then, 

§ and 

§ Thus, the emittance is conserved upon transport through the system
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⌃ = M⌃0M
T

K ⌘
✓

� �↵
�↵ �

◆
⌃ = ✏ ·K

det⌃ = detM det⌃0 detMT = det⌃0

det⌃ = ✏2 detK = ✏2(�� � ↵2) = ✏2
note:		detM	=	1



Computer Codes
§ Complicated arrangements can be fed into now-standard computer codes for analysis 

• TRANSPORT, MAD, DIMAD, TRACE, TRACE3D, COSY, SYNCH, CHEF, many more ...
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Let’s Think About the Numbers & Units…

§ If <x2> ~ mm2, and <x’2> ~ mrad2, 
•      then the emittance can have units of  mm-mrad   (also = 𝜇m) 

§ Courant-Snyder parameters
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� =
⇡hx2i
✏

↵ = �⇡hxx0i
✏

� =
⇡hx02i

✏

mm2/(mm-mrad)	~	mm/mrad	=	m

(mm-mrad)/(mm-mrad)	=	dimensionless

mrad2/(mm-mrad)	~	mrad/mm	=	1/m

The	“𝜋”	comes	from	our	
definition	of	emittance	
as	an	area	in	phase	
space;	emittance	is	
often	expressed	in	units	
of	“𝜋	mm-mrad”

✏ = ⇡
p

hx2ihx02i � hxx0i2



Summary
§ Given an initial particle distribution in phase space at the input to a 

beam transport system, can describe that distribution (sometimes not 
all that well, but we try…) using Courant-Snyder parameters: 

§ The C-S parameters can then be computed downstream, using

33M. Syphers          Ops Lecture 1            SPRING  2020

✏ = ⇡
p

hx2ihx02i � hxx0i2

� =
⇡hx2i
✏

↵ = �⇡hxx0i
✏

� =
⇡hx02i

✏

⌃ = M⌃0M
T


