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Maxwell's Equations in MKSA units

— =
V.D = p, Coulomb law (1)
— = .
V.B O, no magnetic charges (2)
— —> —
V x E = —0¢B, Faraday law (3)
— — — —
VxH = J+40D, Ampere- Maxwell law (4)

_> _> % . . . . .
D = eFE + P is the electric displacement, ¢ the medium electric

permittivity, f the electric field 1_3> IS the polarization.
p, IS the charge density.
. . . H % % . . .
B is the induction, H = B/u — M is the magnetic field, u the mag-
_)
netic permeability of the medium and M the magnetization.
_>
J is the current.



Consider a perfectly conducting cavity which is cylindrical, and
which is filled with a homogeneous, isotropic, non-conducting, non-
dissipative medium. Then in the medium,

— — — —
D =¢c¢FE, and B =puH. (5)
The boundary condition at the cavity walls are:
— —
n.B=nxFE =0. (6)

Maxwells’ equations (MKSA units):

— — — —
V.D=0=V.E =0: (7)
= 0; (8)

— — — —
VxH-D =0=VXxB —ueot £ = 0. (9)
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Derivation of JDJ Eqgn (8.26)

e:l:zkz—zwt‘

E

— —
E(r,¢,z,t) | _ | E(r,¢)
— = | =
B(r,¢,2,t) B(r,¢)
Separate transverse and axial components:
- — - —
E | | Ey 4 E,
— | = | =
B | B B
E ] E
=z | = |; and —>t =
B ] By

(10)

(11)

(12)



From Maxwell's equations,
— — . =
[EX (V x E)] X zZ—1wBs =0,
— — —
[2 x (V x B)} X 24 ipewEs = 0.
In general,

— — — = ——r — —
Ex(VxV)=VEV) -GNV =VV, -8,V

l

R
VVix2—00,(V x 32)

[2x(€x‘7)]x2

— —
= —ZX V{Vo4+2x0;Vy.

So,
. = R — R —>
wBy = ZX0,Ey—2zZ X ViE,,
. —> R —> R —
—wpuelEy = Z X 0B+ — 2z X ViB,.

(13)
(14)

(15)

(16)
(17)

(18)
(19)



Apply “zZ x 0, to 18:

iwix9.B;r =3ix (Ex02E)— 2x(Ex Vid:E) (20

— —
= —02F— (=) V40 E. (21)
— —
= +k?E; +ikV,E.,. (22)
= X0, By = —(k2E; +ikVE,). (23)
w

Similarly:

s x 0. By = T (2B, + ikVyB.). (24)
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Insert 24 into 18:

iwB; = —(k2B,+ikVBs) — 2 x VE, (25)
JLEW

i(pew? — k2)§t

q:k?th + pews X VEs (26)

— — =
= B = 5 Q(ikVth + pewz x ViEz). (27)

pew< — k

Insert 23 into 19:
—ipewE, = —(K2E 4 ikViEy) — 2 x VB, (28)
W
— i(pew? — kz)ﬁt = :I:k?th — wz X ?th (29)
— ) — =
= b = (ikVth — wz X Vth). (30)
pew? — k2

Egn 27 and 30 generally pertain as long as the transverse Cross-
section is z-independent as illustrated in JDJ Fig. 8.3.



Wave Equation

from Maxwell's equations:

— — — — — — = — =
Vx(VxE)+VxB = V(V.E)-V E—I—,ue@t (31)

= —V2E +k?FE — uew®E =0 (32)
V7 + (new?® — k?)| E = 0. (33)

— —  — —  — — = — =
VXx(VxB)—puoVxE = V(V.B)—-V B—I—,ueatB (34)
V2B + k2B — uew?B = 0(35)

V7 + (new? — k?)| B =o0. (36)
33 and 36 can be casted as

[v,? + (pew? — kQ)] ! % ] — 0. (37)



Recipe for EM-field calculations

1/ Find E.(r,¢) and B,(r,¢) from [vt? + (pew? — kQ)] !%] = 0.
2/ Find ﬁt(r, ¢) and §t(r, ¢) from

Er¢) | _ i = [E(rne)] .. = Bure)
[ Bi(r,9) ] ~ e =R {Mt B:(r, ) ] R [ —eB= (1, 9) ”
3/ The total field is:
E] [ E; E. .
5)=15]+ 5]

4/ Incorporate the boundary conditions (S: cavity side surface):

—

n X
= P —

¢ = O and, E)t = 0 at end plates

g = O from Eqg.19



Boundary conditions at the cavity side S for B, (FE, straightforward)
— . —> . — . —> —
—tpew b =2 x0,Bt —z2x VB, =2x (0B — VB;) ( from EQq.19)38)
take “nx":
R — R R — —
—juewn X By =n X [z X (0, B¢ — Vth)} (39)

|.h.s= 0 since n X ﬁ — 0 and E,=0 at the cavity walls.

use @ x (b x)=(a. )b —(a.b)7<:

> — —
[ﬁ.(@th - vth)} 2 (7.2)(0; B — VB;) =0 (40)
n.z = 0 because n L z on the cavity side
= 8z(ﬁ§t) — ﬁ.?th =0 (41)
— —
n.Bi=n.B —(n.z)B, =0
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Mode categories

The boundary conditions E, 5= O and 8nBz|S = 0 cannot generally

be satisfied simultaneously. Consequently the fields divide them-
selves into two distinct categories:

S:O'
S:O'

Transverse Magnetic (TM): B, = 0 everywhere; E,

Transverse Electric (TE): E, = 0 everywhere; 0,B.

Consider the case of a resonant cavity with end plates located at
z = 0, L in cylindrical coordinate (r, ¢, z).

— — . . T

E;=0 at end plates = E; x sin(kz) with k =5 (p € N).

>
Let 72 = pew? — (%) , then the longitudinal field are found from:

(VZ+~y9)V(r,¢) =0 (43)

where W = FE, (TM) or B, (TE)
11
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example of TM-mode cavities used in particle accelerators.
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The transverse field are then given by:

[ Eine) ] _ i [ £kV,

RS CBu(r,¢) | A2 | pewz x YV ] o) (44)
[ Eire) ] _ i [ —wix Vy

L Bee | TR ]W(T’ 2 o)

Cyvlindrically symmetric solution of wave equation

%ar(ra» + rizaq% + 72| W(r,¢) = 0; W(r,¢) = W(r)et™?; (m € N).

(r2d? + rd, + r°~? — m?)W(r) = 0 Bessels' Eq. (46)
T

solution of the form W (r) = AJm(vymnr) + BN (Ymnr).
B = 0 because lim,_,g Nm = —oo which is unphysical.
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So finally:

W (r, ) = Adm(Ymnr)e= ™ i = x—g“ (47)

where zmn is the nt" root of J,(xz) = 0, and R cavity radius. ~ymn is
defined to insure W — 0 as r — R.

Resonant frequencies:

o= ()

resonant frequency of the “mnp"” mode.
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TM-mode fields

E.(r,p,z,t) = EoJm(fymnr)eii(kz+m¢)_Wm”t - B, = 0. (50)
1kE 1 . :
Bure) = +75° (007 + —0,8) Jun ()=,
kE : ' ~
= ii—zoeﬂmfb (fyan,,gf + @ngb) . (51)
Y T
Insert J, = eI = I
— +ikE .
E(r,¢,2,t) = 72 > {[%Jm(’ymn"“> - ’Yanm—I—l(WmnT)} r

ZliiTme(’YmnT)Qg} etime Fikz —iwmnt (52)

15



Note that:
— : ,
e £;,=0at 2=0,L = +ieT*2 — _sin(kz)
e “time” is arbitrary: e ! — cos(wt)
e ¢ is also arbitrary = eT'™? —, cos(m¢) and +ieT™® — —sin(mg).

H . .
E; can be re-written in a real form:

— kEq Sin(kz) -
Ep=——" { B Im(ymnr) = ymndyp 41 (ymnr) | cOS(me)7

Tmn
— 2 I (Ymnr) Sin(mqﬁ)gg} cos(wmnt).  (53)

where Ejp € R.
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likewise,

E.(r,¢,z,t) = Egdm(ymnr) COS(me) cos(kz) cos(wmnt) (54)

ﬁt(’rv Qb)

“; 7E (&ﬂ“ + 8¢¢> vir¢)
ZF;GQW <_—8¢F + c‘ME) w(r, )
we;«;Eo o Eime F Jm7” + < —Vm+ 1) ¢]

o je Wt sin(wt) § and ﬁ are 90° out of phase:
o et _, cos(me), FieT™? — sin(mae), and e*% — cos(kz).

pewmn g cos(kz)

Bz = 0; E)t(r, b, z,t) = > { Im(Ymnr) SIN(MP)T

Ymn

+ %Jm(%nnr) — Wanm—Fl(’anT)] COS(m¢)$} sin(wmnt)(55)
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Shorthand notations:
kp = L s Imn (1) = I (ymnt), Jmn (1) = Jm(’YmnT) - ’Yanm—l—l(’Ymn"“),

[spgzg ] _ sin(kpz) ] [sm(qﬁ) ] _ [ sin(ma) ] [smnp(t) ] _ [ Sin(wmnypt) ]
cp(z

cos(kpz) cm (@) cos(mao) cmnp(t) cos(wmnpt)
The TM-fields are:

ETM (r, ¢, 2,t) = —Eo%Jmn<r>cm<¢>Sp<z>cmnp<t>, (56)
EfM(no20) = Eo " dnn(sm(@sp(emmp (D), (57)
EIM(r,¢,2,t) = EoJmn(r)em(é)ep(2)cmnp(t), (58)
BIM (0.2, = ot 5™ nn(r)sm(@)ep(Dsman(®), (59)
BIM(r,¢,2,t) = Eﬁiﬁ”Jmn<r>cm<¢>cp<z>8mnp<t> (60)

BIM(r ¢,2,t) = O (61)

18



The TE-fields now follow at once by inspection:

EF(r,¢,2,t)
Ej P (r, ¢,2,1)
ETE(r ¢, 2,1)
B/ P (r, ¢,2,t)
BiM(r, ¢, 2,t)

BZE(T7 ¢7 Z? t)

—Bo 2 Jn () sm(#) sp(2) emnp(t),

Tmn

—Bo Frn (P em () sp(2) cmnp (1))

Ymn

0,
B T () em (@) ep(2) smnp(E),
Bo 2" Lo (1) s (@) ep(2) smmp(L),

TYmn

—BoJmn(r)em (@) sp(2) smnp(t),

(62)
(63)
(64)
(65)
(66)

(67)
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Summary of T'M,.,, mode for a cylinder of length L and radius R:

5 > ( m=0,1,2,.. Ton = 2.405,5.520, 8.564, ...
wIM = % (xg) + (p%) -d n=1,2,3,... —<{ z1,=3.832,7.016,10.714, ...
: p=0,1,2,. Ton = 5.136,8.417,11.620, ...
) (s ) 2 () = I () ostmosim (o )
E.(r,¢,z,t = -—FE — —)InlZmn— ) — In mn— | | COS Sin — | COS(w;,,),
(r,,%1) o (Z20) (557 i (200 ) = Tt (wngs )| cosma) sin (v ) cos(ul e
. pm R m R T\ . , z ™
Ey(r,¢,2,t) = Eo (xmnz) (wmn?) Im (xmnﬁ) sin(ma) sin (pwz) COS(Wpmpt)
E.(r,¢,z,t) = EoJn (mmn%> cos(mg) cos <p7r%> cos(wmnp )
R
By (r,¢,z,t) = FEp\/ue ( pew ) ( m —) Im (xmni) sin(me) cos (pwi) sin(wlM¢)
P LTmn T R L p

) [(22) () - () srrcos (o sty

Imn T

B(ﬁ(/’n? ¢7Z7t) — EVO\/,IE (
BZ(Ta ¢7Z7t) = 0
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Summary of TE,,,, mode for a cylinder of length L and radius R):

7y, = 1.841,5.331,8.536, ...

2, { zl = 3.832,7.016,10.714,...
_>
2, = 3.054,6.706,9.970, ...

( m g) T (x;m%) sin(m) sin (pw%) COS(Wynyt)

[(Jn %) Im (m;nn%) — JIm+1 (:Iz'mn%ﬂ cos(mag) sin (pw%) cos(wﬁgpt)

R
E?”(ra b, 2, t) = ko ( / Mewﬁgp)

R
E¢(T7 ¢7 2, t) - EO (x/ V /‘Lewrz;Lgp)
Ez(’l", ¢7z7t) — O

. pm R m R r r z\ . TE
B.(r,¢,z,t) = Eo/ue ( fmnf) [(x;nn?> Im (xﬁnnﬁ) — Jmt1 (xﬁmﬁ)] cos(me) cos (pﬁz) sin(wypt)
. prt R m R r . z . TE
By(r,¢,2z,t) = —Eo./pe (Cﬁirmf> [(x;nn?) JIm (mi,mﬁ) sin(ma) cos (pﬂ'z> Sin(wymnpt)
r T ; z ; TE
B.(r,¢,2z,t) = FEoy/pen Tn g cos(mg) sin P, Sin(wWynpt)

21



Comment on choice of modes and R/L:

1 1 ;N2 2 2
ﬁﬁwwmn) + (pm)2(R/L)2.

Want to choose a frequency such that it is well separated from other
resonant frequencies, and such that it is sensitive to both R and L

to enable easy tuning. Thus,

Wmnp —

e not interested in large p or R liMp_ oo oo Wmnp = ——=F =

e
R-independent.

e not interested in large m or n (and/or large L): wmnp — \/L_ex%
for large m or n and R/L ~ 1 L-independent.

= T he most interesting modes in practical applications should be
low order modes with R/L ~ 1.
22



Q-factor:

(68)
(69)

23



Note: having cast things into " consistent units’, we have in effect
inserted into the wave equation:

TM: EZ(ra Qb) — EOw(Ta Qb), BZ(T7 Qb) — O;
TE: BZ(T7 Qb) — _EO\/Ew(Ta Qb), EZ(Ta ¢) — Or
(note: W = Epvy) so that for both TM and TE-modes:

E2(r,6) + ~B2(r, ¢) = E3y>. (70)
e
And from Eq. 44 and 45:
. [ Eur¢)] _iBo[ +kV, |
TM — —_— —F= — , ,
Buro) | T 2 [uewz w7 ] pir)
. _ ﬁt(?“, ¢) | _ i/meEg [ —wz X gt ] .
TE: N — —s y D),
Biure) | A2 v, |Y0?)

24



So that, for both TM and TE-modes:

1 E?
Ef + ;BE = ,y—fg(k? + pew?) (Vrp)?. (71)
Stored energy in cavity:
B2
/ dZ3(ED + BH) = / A7 <E2 4 —) (72)
LLE

we have [dzsin?(kz) = L/2 and [dzcos?(kz) = L/2(1+ dgp). Time
averaging of sin?(wt) and cos?(wt) gives a factor 1/2. We also note:

k2 + pew? 2k + (x/R)? _ (R>2 [1+2<kR> ]

v (z/R)* z
2
— (5) 1+ 2¢2] where ¢ =P (73)

T xL

I T

Nota: z denotes either zy, or ...

25



the energy stored in the cavity is thus

T

o =210 21 [ aa { ()" 14262 (vn? + ¢2} ,

for TE mode p #= 0 = 0g, = 0.

> _ S =N >
[, dAVw)? = [ aAV.(Vw) - [ $VFy
_ ~ O . 2
— fcdzwn.vtw /A dAYY 2.
but,

p!M(r=R) =0
oyl E(r=R)=0

Also V71p = —(k? — pew?)yp = (x/R)?y (wave eq.)

j{c Al N b = 0 {

(74)

(75)

(76)
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So

2 _ (% 2 2
[ aawn? = ()" [ aav?, (77)
and the stored energy is
L
U—%Eo(l—l—éop) 14 &2 /d/hb (78)

this is JDJ eq, (8.92). Considering the azimuthal dependence
2 o cos2(me); one has [T dpyp2 — w(1 + dg,,)J2 SO that

U = %eLE%(l + 6om) (1 + dop) [1 + €2 /OR drrJ2, (az%) . (79)

Case of TM-modes *

R 1
2 (T 2 2

*the identity fol doxJ?(ax) = 2J2,, if J,(a) =0 was used

27



Let V = 7R2L; the stored energy associated to TM-mode is

1
Uninp = gV eEG(L + Som) (1 + 00p) |1+ €2] J7 11 (wmn).  (81)

Case of TE-modes:
use the identity:

1§ dppJ2,(p) = 322 [J2(x) + J2_1 (2)| — madm(x) Jp—1 ()

R r R2 1

1 m
= ERQ []%(xfmn) + Jrzn—l(xgnn)] Y, RQJM(xflmn)Jm—l(xflmn) (82)
mmn

User recursion relation to get Jm(2") = Jp41(2") = Jp—1(2”) *

*Arfken pg. 631 J,-1(z) = 2Jn(x) + Jp(z) and Jpq1 = 2Jn(x) — J), ().

28



so finally,

/OR d?“?“J% (az%) %RQ _1 + (g) 2] J%(a:/) _R2 <§)2 J%(w/)

- 32 ()] A -

Thus, with V = 7R2L and g, = 0 (p # 0) for TE-modes,

Ug;gp = éVGE%(l + dom,) []_ _ (Tl) 2] [1 -+ €/2} J?%L(wgnn) (84)

T

with ¢ = 24

Ty L
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Power dissipated in a cavity:

A = S fsH[ =5 58] (85)

with Rs = surface resistance and | means component | to cavity
walls. The dissipated power is

R U

dAB? + 2 / dAB ] 86
2,LL2 side + (86)
Case of TM-modes:

_ . L 27 5
side: /SidedABH _/O dz/o dpRB3(r, $, 2)

P =

L 2
S (14 00)7(L + dom)ueER [14 €2 B | Jn(@) = Jpnpa (@)
but Jm(x) =0 so

/Side dABH EMEEO (mLR)(1 + 50]?)(1 + dom) [1 + £ } _|_1(£C) (87)

30



21 R 5
end: dAB? _/ dqs/O drr B

end
E2 2€2w2 2 2€2w2
_ (:/3)4 /AdA(Vw)Q ?M/R)Q /dAw
= peEg [1+g} ~(1+ Som)R?J2 1 (2) (88)
end: [ dAB} = _peBR(rR?)(1 + do) [1 + €] I3 41 (omn). (89)
TR

where (again) £ =

an
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So the total power loss is:

Rs
Py = QHQMEEO “R(1+ dom) [1 4 €] [L(1 + b0p) + 2R] J2 1 (zmn).

or, with As =27 RL,
T™M _ 1t R] -
s T J A5+ 80m) [14€7] [1+ dop + 27| I 11 (2 X90)

The quality factor is Q = %5 that is:

1l «x
Q = ViR 14 ¢ x

AVeEZ(1+ S0,) (1 + 50) (1 +62)J2 4
L 131 As(1 + 0m) (1 + b0, + 21 +€2)J2

(91)
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after simplification and using V/As = R/2,

2
QRs = \f<1+ 50,) Ll VIHE (92)

R21 + g, + 28

Re-arranging

o + ()’

1
M i
Rs==,B(1+5 | 93
Qinnplis 2\/:( + d0p) 1+ g, + 2% (93)
TE-mode:
L 27

side: / dAB? _/ dz | doR[B3(R,4,2) + B2(R,$,2)]

side = Jo 0 PRI S

m 2
- ueE(%gw(lHom)R{(;) J%(w’)£’2+J%(w’>} (94)
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Rmpm
2L

2
dABﬁ = ,ueESgLR(l + 50.m) [1 + ( ) ] J2 (z") (95)

side

5 27 R 5
end: / dAB; =/ d¢/ drrB?(r, $,0)
end 0 0

— peERe? (g)z /A dA (V)°
= peE2€2 /A dAY. (96)

R
dAy? = w(1+doy) [ drri3, (:p’%)

7 m &
= TR2(1+b0n) [1— (%) ]J%,cc’) (97)
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m

2
= [ dAv? = peB3ZR?(1+ dom)" {1+< , ) ]Jﬁz(%n)@%)

xmn

T hus,

R T m\ 2
PIE = L ueB§-R(1+ dom)Jo(@mn){L |1+ (— ) €7
212 2 x!

+2R [1 _ (Tl) 2] 5/2} | (99)

X
or,

R 1 m\ 2
pil, = 2M52u6E82A5(1+6om){1+(9) &2+

+2§ [1 _ (g) 2] g’Q} J2 (). (100)
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and finally,

R 1 R
R, (m\?2| 2| 2,
+(1 o 22) (;) ] § } Jm(xmn) (101)

The quality factor is then

0= Il ives

R /e
SVeB2(1 + do,)[1 — (m/2)2)(1 4 £2) 32,
e ue B33 As(1+ dom) {1+ [2R/L+ (1 — 2R/L)(m/a/)2]2} I3
_ 1 El @l (m/a)( &%) (102)
~ 2VeRs 14 [2R/L+2(1 — 2R/L)(m/2)2]€"2
7
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_ 2/[1 — (m/2')?](1 4 €'2)3/2
1+ [2R/L 4 2(1 — 2R/L)(m/x)?]¢"?
2'[1 — (m/2)?)(1 + ¢2)3/2
1+ 2[1 — (m/a')2](R/L)E"? + (m/a')2¢"?
2/[..](1 4 €2)3/2
2[..JR/LE—1 4 (..)2¢—1 4¢3
2'[.](1 + €72)3/2

— JL N2 1—2 (103)
2 LO[J(R/L) + (m/a')2 + ¢'=2}

Finally one has:

o [1 _ (af%)Q] [1 + (xm%)z

Q?n%pRS — 5 22 [1 B ($Zn>2] N (%)2}%4' (@TRY (%)3 (104)
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Comment on JDJ's geometry factor for T Emnp mode — Eq. (8.96)

For the power dissipated on the wall we use:

dP 1
=R}, (105)

where the factor 1/2 comes from time-averaging, and Rs, the sur-
face impedance is defined for normal and super-conductor. JDJ
uSes:

dP d
4 Hew ; (106)
dA 4
the factor “CT“”S iIs valid for normal conductor only. Compare to infer:
)
Rs < “C;" (107)
JDJ also introduced the geometrical factor G so that:
V
Q=" (108)

eSO
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This means

u‘/Gmwézﬁwf
eSo 2 2S5
Let ' = QRs (I" has units of 2). One has:

QRs =

25T
G=——.
puVw
Substitute the earlier results for TE-mode:
o - 227 RL + 2w R? r
H mR2L 1 x;nn 2—|— pT 2
e\ () + ()
41+ 8y e L r

(111)

39



| 4 (/)2 (L) R+ (hn /pm) (L) R)3
2|1 (m/ahn)?]




Example: Consider T'E111

2 / 2 / 2
— - xlll — : (1/x74) _ _ (z%,/7) .
0.244.

(113)

L 1 4+ 0.343(L/R)?

E) 1+ 0.209(L/R) + 0.244(L/R)3
This is JDJ's Eq. (8.97).

The advantage of using G instead of I is that G = O(1) so that for
the right circular cylinder:

pV L 7R2L
R~ Pl =F >
Qfs ~ 5w = oo RL + onr2 o™

f (unit is Q) (114)

:>G:<1—|—

— T~
M+ LR

41



24 T T T T T T T T T

221 .

1 | | | | | | | | |

10 12 14 16 18 20
L/R
G vs. L/R for the TEq11-mode.
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Perturbation of cavity wall:

Consider a single resonant mode in a cavity. We perturb the cav-
ity wall and estimate the associated change in resonant frequency.
This relates to the cavity tuning and also to removing degeneracies
between modes.

Consider a volume VY bounded by a surface S, then the the force
associated to e.m. field in the volume is related to the Maxwell
stress tensor (see JDJ Chapter 6) via:

— —
F :/ST.dA (115)
.
with dA = dAn and

— —— 1l -— € [ —>— 1l —-—\ __
Tze(EE—I——BB)——(EE—I——BB)nn. (116)

LLE 2 LLE
Introducing the displacement d ¢ = d¢i, = dV = dAd(:

oU, the work done by the e.m. field against displacement is
_>

SU = /dAme.ﬁ =/ dVA. T A (117)
AV
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Note that ﬁfﬁ represents the e.m. pressure on the wall.

1
A.T.7 = eE2 — S(E2 + —B2) (118)
2 e
— —
because n.B = n x E = 0 at the surface of a perfect conductor.
1
SU= [  S(E2- =B?). (119)
AV 2 LLE
or, written in terms of time-averaged fields,
1
SU = 5/ 4V (E? — = B?). (120)
4 JAV JLE

In the cavity the “photon number” is conserved, which means U/w
is an invariant. So éU/U = dw/w, from which

) 1
Y- [ av(E?2- =B2. (121)
W AU JAV L€

(E2 and B? are time-averaged).
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Example of application: measurement of field profile with a bead

pull.
Consider T'Mp11, = 0. The only non zero field component is:

E. = Ej cos(vr )cos(wou ). (122)

Imagine pulling a conducting bead along the z-axis. The volume of
the bead is AV. Then

)
® ~ S AVE? (time-averaged)
w 4U 5 5
EEAV cos L
~ BB (nz/L) (123)
EEOVQ 1 2 J2
+ (me) i (z01)
dw AV cos?(mz/1) (124)

w V L\2] 2
1+ (2:5)°] 200
= can map cosQ—dependence. Same principle for any other mode

or superimposition of modes.
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Example of bead-pull measurement
http://prst-ab.aps.org/pdf/PRSTAB/v4/i8/e083501.

46



