4-current density

Consider a system of particles with positions x50t and charges g,.
J(x.t) E Gt (T — T olt) )z, (1),

i}
;’J‘EF t-:| E Q'-i-;,'i'is I:? — ?ﬂ.l:tzl :I
i}

« Let's suppose J“ is the 4-current density, let J*=(cp, J)
« So JUT) =3, ant®(xt —ah,(t))dyy (t)

« Using the propertyf )T - = f(V)

Smooth function
we can rewrite J* as

Z ) dr®(t)
Jﬂ:ll.l-:.ll / qn-ﬂq:ll."rﬂ: R Iﬁll.t.ll.lld'l‘n -
" fi

di

J% 15 a hmetion of 22 — 1t 1= a Lorentz immvariant:
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Charge continuity equation

« Consider the divergence of J

. f.f::: 1)
V.Ji Tt —rfﬁII—.I' (1]
! / Zﬁrﬂ. nl Jf

- QH Ea 1 Il.I T Iﬂll. .II.II
2 dt
— E 38T — T ()]
fntQ | L nit))

—p{ T . t) = —hlep( T . t)].

« So charge continuity can be written as

% g, =1
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4-gradient

* In previous slide we introduce the 4-gradient operator

i ",
d, = e
* This operator transforms as
4" o i L " -
o i ) O (A1 _d (A l”|”ﬁ

N Ly 1Ll i N - H

* Note that 4, (85, V).

+  Can define the covariant form & = ¢"Vd, = (9p. — V)

« The self-contraction yields the d’Alembertian: = J%3,.
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4-potential

 Define

Lorentz Gange then write d, 4% — 0. We also have

47

Aa _Je.

i

or 11 =1 units

A2 — yoJe, (S

« This is precisely the equation we solved to get the field of a moving
charge three lessons ago...

* InSlunit: ¢ > c¢
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Covariance of Maxwell equations

 Define the tensor of dimension 2

Fof = ga AR — 9B Ao — godgs AR — g, Ao
™ 4 potential
* F,is the e.m. field tensor. It is easily found to be

0 -k —-E, —E,
E: 0 -8B, B,
E, B. 0 —B,
FE, —B, B; ()

* In Sl units, F is obtained by E — E/c
* The covariant form is

Fos

() ke FE, FE;
"=| -E, B. 0 -B,
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Inhomogeneous Maxwell’'s egns

» Consider
O F — G, F% 4 9, F'8 4 9, F*8 | 5, F38.
a, koo I F + 9 F10 G F20 8y F™
[ — |
§E =V.E = dnp = —J°.

i
e Similarly
aﬂF&l aDFDl | I-:'JlFll | ﬂEFﬂl | 6J3F31
[ . . . 1. = =
_'HEII_EI:I | ﬂr':“:' | ﬂy':_B::' o a:':By:' __';-"JEIIEIII | |1"‘_ X B|I
i i

- = 1, 4
IV x Blz— =0, = —J*
e e

« The inhomogeneous Maxwell’'s equations can be caster under

the equation 1=
r I:-IIE |
Oa b —J°
i
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Homogeneous Maxwell's egns |

» Consider the Levi-Civita tensor (rank 4)

b, By 4 are even pernmtation of 0.1.2.3
el —1 it 3.6 are odd permntation of 0.1.2.3
(] otherwise

» And consider #1939z Fj..

Enﬁwﬁﬂﬁﬂﬁ Emﬂangg | Emgzﬁ'lFaz |
e 0uFs + " 0y Fay + €7 3 Fia + € 03 Fyy
hFoz — O Fag — OaFi5 + OaFzy + OsFy9 — iy
Op(—Bz) — 0x(By) — 0y(By) + 9y(—By) + 8,(—B,) — 8,(B)
—2V.B(=10)
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Homogeneous Maxwell’'s egns Il

» Consider the Levi-Civita tensor (rank 4)

136 . 1023 . 1032 - 1302 . 1320 .
St dgls € dpFas+ e TdgFae + €7 s Foe + €7 daFy
1203 . 1230 .
e doFiz + € i Fag

—h Fag + g F3a — i Foa + s Fag + daFog — b Fag
2(DgF5q + OaFs + d3Fyg)

1. | |
Q (_E‘:JEBI - I"__.-i:E-y | ;'_—.lyE:')
(i
.'_.'| _"-\. 1:' F W
2 {Ifr X By —r:i'EBT} =)
i

« The homogeneous Maxwell’'s equations can be caster under
the equation ,
O F T =),

With the Dual field tensor defined as F 7 = Efﬂ 3’“"}1
Note: Fag = F,_F_E_,.gj E - §§ — —f)
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Covariant form of Maxwell's equation

e Tointroduce H and D field introduce the rank 2 tensor:

— —

G — peS(E DB — H)

 Then Maxwell's equation writes

 Fis arank 2 tensor that conforms to Lorentz transformation so the
(E,B) field can be computed in an other frame by

g 002 5 . .
7 = o ﬂ_IJFﬂ' or, in matrix notation

F' = AFA = AFA
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Covariant form of Maxwell's equation

« Example consider the Lorentz boost along z- axis

v 00 —fvy
0 1 0 0
0 01 0
—y8 0 0 ~

A=

e Then from )
F ! — ;'I'l F ;'I'!. == ;\H..F ;'ﬂlh

 We get the same matrix as [JDJ 11.148]

0 v(Ez — 8By) ~(Ey+ B8B;) E,
e | (Ex — 3By) 0 B. —v(By — BE;)
—~y(Ey + BB;) —B, 0 v(Bg + BE,)

—F, v(By — BEz) —y(Bz + BEy) 0
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Invariant of the e.m. field tensor

« Consider the following invariant quantities

—

FwF, =2(E%— B%, and F*F,, =4E.B

« Usually one redefine these invariants as

1

- erg — EE:I_. Hll{l Ig = —IF'Lwa.?:,LW — —EB

IlE—_l

T
FF_ P:L.',u —

b | —

| . 1
« Which can be rewritten as 7, = —ITI‘{FEJ and T, = —Itl‘(FF?

where F — _F:: — F'Hﬂgqu E"l]].'[l. ..:'E = ..:'E:: — ..:'E'uﬂ.gﬂ-y.

* Finally note the identities
FF=FF=—-1L,], and F* - F* = —2T,1
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Eigenvalues of the e.m. field tensor

* The eigenvalues are aiven by

T
FU =\ = FFU = \FU = FI — —fqr.

(F2 — F2)U = —2IT, ¥ = [\? — (T,/\)?|7,

« Characteristic polynomial A* + 27;\* — 73 = 0.
* With solutions

N / T2+ 1241
:E—\(.'\(-l‘l‘-g 1

/\1 = —)'-.3 A )'-.3 = —)\_1 e")'\_|_
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Equation of motion

* The equation of motion (EOM) can be written

du™ ( o
- i F?uj

dT me

where u”® = (~c, .
 This is equivalent to deflnlng a 4-force:

flu — FILWU-M-

 We need to solve EOM once we have specified the external e.m.
tensor (assuming no other fields)

~ NORTHERN ILLINOIS P. Piot, PHYS 571 — Fall 2007 BPAGJ

lli UNIVERSITY Beam Physics & ASTOpRySics Gro)




