e.m. field of charge in rectilinear motion |

« Start with Maxwell's equations

V.D=p, V.H =0,

?xﬁ+€i,ﬂ=[l. Elllllf}iﬁ—f'hﬁ= g

» Let's work out our way to an equation for A and F

B = VxA=Vx(E+8A)=0=FE=-Vbd-5A
1 —s - o S
—~NxB—-ehl = J=NxB—puihli =pl

L
= V x {? * ]’J + ,u.f{ff}ﬂli* + f}f]’j — ;a.?
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e.m. field of charge in rectilinear motion |l
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e Using Vx(VxA)=V(V.A)—V2A
we get:

— V24 + f[?? + pechd) + ,Hf.{'jfﬁl — ,H,T

* Inthe Lorenz’ Gauge: V.A + peihy =0

« Thus | V¥4 — ;a.ff'}f A=—pl [JDJ 6.16]
.+ Using V.D —p= V20 -4v.A=L gives Inhomogeneous
£ wave equatlons

vip — ,H.EHF‘D = —? [JDJ 6.15]
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e.m. field of charge in rectilinear motion IlI

So the problem is to solve the equation for A and F given the form
ofr and J

. T U U6 0
TR gzue uT e Su
& AN & mlg

p=p(Tr —Ut)
— .
J =Up(r —Ut)
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e.m. field of charge in rectilinear motion IV

For both A and F we have to solve an inhomogeneous d’Alembert
equation of the form

Consider U = vz = f(x —0t) = (z,y.z — vt) 5 f(z,y.()

[ I—1

. itl > — vt
Then . f — %agf:@gf with ¢ t
¢ _
aff ¥ _L}t agf = —1 L‘:"L:f

So [If— (ﬂi - ﬂ; + i?g — ;561:283) f=(02+ 3: 4 ,.;r_.—-z@t-?) r

1

with 7 = e
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e.m. field of charge in rectilinear motion V

Let 2 = ¢ = 8, = 20, = D,

It
Then our d’Alembert equation has the form
(62 + 02 + 62 f(.9.77'2) = gl 9, 77'2)

Consider a point charge

—F

p(T—0t) — 0(x)d(y)d(y'2") = vd(x)8(y)o(2") = v

H.
Vector potentialisalongz A — Az (A, = A, = 0);

And we have to solve
%

: ".r_.l'}' ( = f
Vii = —~yuqud(r'), Vi,fl‘* — —*';a‘im x').
‘

e
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e.m. field of charge in rectilinear motion VI

. , S q ..
 The equation "Fi—l — —r';,-ﬁq-p[}fr ] Vi{I‘J — —f-:r-'iﬁL X

—

e

=
IS solve by inspection from

1 7
Vi (ﬁ) — —Awd(x )
7

The results are

oS %% where R = /2% + y? + 72 (z — vt)?
¢~ 4. S VT Ty Az = vt)
mE :
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e.m. field of charge in rectilinear motion VII

« The E-field can be calculated from

—

E=-Vb-0A

* Which gives

E vq ﬁ‘ n 5.%) 1
— = (V + pevdyz)—
47re f "R
F.'f:q ’ - 2y \ Dy A
= -l +yy + v (z — vi)(]1l — pev®):z
4re R3 [ g1\ I\ HeEr, ]
E o [zx + yy + ( t)z]
i = — | iy (2 — 1L )2
AmeR3 Y
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e.m. field of charge in rectilinear motion V|

* In spherical coordinate

. 5 .
z2 4+ y?2 = r¥sin?6, z — vt = rcos¥.
e So = R* = r*(sin®@+~%cos®6)
. I ]_ - 'F-"r:-2 i I . I P
= ~%r? (1 + — sin® 9) = v*r*(1 — pev?sin? ),
e and E = =

- “ . = '__.J ‘ II.'.
dme3r3(1 — pev? sin® 4)3/2

q 1 — pev?

dmer? (1 — pev? sin? §)3/2

* |n vacuum .
E = = - JDJ, Eq. (11.154)]
Amer? 42(1 — BRsin?9)3/2° " ]. (11.104]
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e.m. field of charge in rectilinear motion IX

 Consider

—

—_— q .I'!-
E = TR YT
dmers 42(1 — 32 sin” #)%

« Notethat F(w/2)/F(0) = ,}__ri

the field line are squashed long the direction of motion.

bt -]

Pad ‘ E-field line associated
to a moving charge with
Lorentz factor g

b
Y
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e.m. field of charge in rectilinear motion X

—

» B- field can also be computed B=VxA

— — — —
TXxE=-1x(VP+0,A)=VIx7T
— — — Boyg_, ., _
B =qpev x EJor B = ——70(zy — yz).
f‘-_ .U' —]:}TRS L J J JI
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e.m. field of charge in rectilinear motion Xl

« Further reduction (try to introduce an impact parameter b)

-1 r xT
 dmegr? 42(1 — B2sin? §)3/2 ad
e introducing sinf =2 = —ml,
1 — #sin’f =1— s : b2 + v2t? — 32b° - (1= B + 022
| b + {t?ﬂg b? + v2t? b2 i n2i2

b2 1 2022

1 — #sin?6 = = yr '\v” — 2sin? § = /b2 + 420212

~2p2

= —lﬂ'fﬂ sz + ,..j_.?..t,'EEfIZ}BI.-g = —l}TED “}3 T Aj-%:?t?ji-“'?'
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e.m. field of charge in rectilinear motion XIl|

« Example of E-field associated to a charge at rest (g=1)and moving

with g=10.
x10° x 107
4
3_
2.
1 L
-2 . 0 .
-05 0 05 0.5 0 0.5
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Space charge effects |

« Let’s consider the interaction of two particle moving at parallel to
each other and consider the force experience by the particle of
charge g, from the other particle

F —

)

0

( B
ol E x

+ U X
+ ,ue?

|
=

)
(0 x E)]

= F = o [lfl - ,uft-‘zﬁf + ﬁff'“gE;:}
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Space charge effects Il

» Let’'s consider the fields are generated by a source particle of unit
charge then

1 gl
Fi=E, =— ;
{ . dmweg y2(12 + 22 /42)3/2 'E\? N

L’ x
1 qr X
F:E.,—."B,: " o

i i u Ameq ,.:4“2 + -1'2.."'“|2:|3-“2

In accelerator physics. the foree F s often called the space charge force.

<vy

The longitudinal force decreases with the growth of ~ as ~2 (for | =z ).
For the transverse force, if | = x/~, F; ~~ 4, and for [ = 0. F, ~ ~~1. Hence,
m the hmit ~ — =, the electromagnetic mteraction i free space between two
particles on parallel paths vanishes.
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