e.m. Field tensor & covariant equation of motion

 Define the tensor of dimension 2

FaB = gaAB — 9B An — gadg  AB — gBog, Ao

* F,is the e.m. field tensor. It is easily found to be

™ 4 potential

0 —E; _Ey — L, L .o Ey D
F&'ﬁ EI [l —B: By Fn.-,ﬁ _-Er [ —B: By
Ey B. L — B, | —Ey B U — Dy
E, -B, B, (0 -E, -B, B, 0
* In Sl units, F is obtained by E — E/c
* The equation of
reen s A0 4 o
dr  mc
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Invariant of the e.m. field tensor

« Consider the following invariant quantities

—

FwF, =2(E%— B%, and F*F,, =4E.B

« Usually one redefine these invariants as

1

- erg — EE:I_. Hll{l Ig = —IF'Lwa.?:,LW — —EB

IlE—_l

T
FF_ P:L.',u —

b | —

| . 1
« Which can be rewritten as 7, = —ITI‘{FEJ and T, = —Itl‘(FF?

where F — _F:: — F'Hﬂgqu E"l]].'[l. ..:'E = ..:'E:: — ..:'E'uﬂ.gﬂ-y.

* Finally note the identities
FF=FF=—-1L,], and F* - F* = —2T,1
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Eigenvalues of the e.m. field tensor

* The eigenvalues are aiven by

T
FU =\ = FFU = \FU = FI — —fqr.

(F2 — F2)U = —2IT, ¥ = [\? — (T,/\)?|7,

« Characteristic polynomial A* + 27;\* — 73 = 0.
* With solutions

N / T2+ 1241
:E—\(.'\(-l‘l‘-g 1

/\1 = —)'-.3 A )'-.3 = —)\_1 e")'\_|_
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Motion in an arbitrary e.m. field |

 We now attempt to solve directly the equation

We consider a time
du® 43/

dT me
following the treatment by Munos. Let # =

* The equation of motion reduces to

dl/
— Fu with solution u = e u(0)
do
*  Where the matrix exponential is defined as
Igli'l
E&F _ ___}:n
n=>0 ﬂ

I?? i

independent e.m. field
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Motion in an arbitrary e.m. field Il

 The main work is now to compute the matrix exponential.
 To compute the power series of F one needs to recall the identities

[?=F* 20,1

« Because of this one can show that any power of F can be written as
linear combination of F, 7, F? and I

F3 = FF?=FF?—2F = -L,F — 2I,F,

F' = —I,FF—2I,F* =121 — 21, F*
F° = I2F — 20,F% = (AT} + I2)F + 2T, 1, F
ete. ..

. This means €’ = ol + BF +~F + §F2
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Motion in an arbitrary e.m. field I

 Consider
E'EF — al + JjF + ’I'r".:'r: + §F3

 We need to compute the coefficient of the expansion

| N -
tg = =Ir EHF] = a — 10,
4 L
| S — .
ty = =Tr[Fe™ = -T,8 — Ty,
_l L
t, = =Tr[F?") = —T,a + (212 +12)s,
1
| RN S N
ts = Ill‘[FdEEF] — ELff -|—I§].|Jj + Iljfﬂ'.
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Motion in an arbitrary e.m. field |V

The solution for the coefficient is

_ T DotTits, g ts + 11ty

T24+13 o M g g2

143 i +1;
N I+t +Tits, o t2 + Iyl
[  Io(I2+12 ' T2 72

2(t1+43) RO E

Now let evaluate the t’s

The Trace is invariant upon change of basis. So consider a basis
where F is diagonal, let F’ be the diagonal form then

Tr[eF] = Tr[efF] Zm

 Recall than
a |IIII # F y
)&1 — —}\g — A_., and )'-.3 = —)\4 — 'e‘-)\_|_ Ay = \/.-’ \fff‘l‘fggifl
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Motion in an arbitrary e.m. field V

 The traces are then

1
ty = %rlﬂl‘[EEF] E[mh (BA_) + cos(BA, )]
o= I =

* Now let evaluate the t's

t; = %:/\_ sinh(AA_) — Ay sin(6A, )]
fy = 1}/\2_ cosh{f#A ) — }\i cos(BA,)]
ts = %)\ cosh(BA_) + A% sin(fA )]
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Motion in an arbitrary e.m. field VI

 The traces are then

A2 cosh(BA_)+A2 cos(6A ) 3 A_ sinh( 9/\ )+ AL Hm{ﬁ'}uﬂ
S — _— - § = :

N [Za| A_sin 5',14_) ,l_|_ sinh{ @A J 5 — fUh]ll:Q/“-._?.l — {'UHI':Q}-._I_:I

« Substitute in the power expansion to yield

1

W) = —e—— (021 + F?)cosh(6A_) + (A2 — F2) cos(9,)
217 + 13
. ) I | 25| RPN .
+ AMF — — A F | sinh{fA_ )+ { ALF + —=——A_F | sin(fA,) | u(0).
_I.-g IE.
bl
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Motion in an arbitrary e.m. field VII

Y _ 2 dx
« Rememberthat u(f) = me dfl

» Integrate for # € [0),6)

: AL
(t) = ﬂFf: = KP — —F) cosh(fA_)

*’JIE * ZQ\ETE-I—TZ 1

2 2 2 2 2
- [ F+ - —F | cos(f#AL) + wihi sinh(FA_) + ML F sin(fAL )| ul0),
I, 5 A Ay
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Motion in an arbitrary e.m. field VIII

Let's consider the special case E =FEi, B = By
Then EJ_§:::=I2:{}.

So we just take the limit 7, — 0 in the equation motion derived in
the previous slide which means:

A — 0; Ay — /2T, cosh(OA_) — 1 and sinh(@A_)/A_ — 8.

So we obtain

- me mc 27, |
(1) = —=—Ful F——F ) — Fcos(fAy)
AT, qu u( :’fjfl {( 7, ) COS\UAL
1
(27,1 + )8 — Hmi-?x/?’fl]
2T,
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ExB drift

» With Q= L/21, then

52
rit) = (I 4+ —ul0)7
T(T) ZLH
F
Vv 21,
e compute
/; E 0 1;\ 1
- o 0o — Bog B ’
Fu(0) = 0 0 0 0 oy o

\0 B0 0 ) o

E'rE - :')III,,B\I
—211 Box
0
B'rE o jltluB"

F2u(0) = ~o

e

(1 — cos ()
qul |1 —costlr

hinil’r) Ful0)

E — 30, B

0
-.jD.r B
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ExB drift |

» With Q= L/21, then

52
rit) = (I 4+ —ul0)7
T(T) ZLH
F
Vv 21,
e compute
/; E 0 1;\ 1
- o 0o — Bog B ’
Fu(0) = 0 0 0 0 oy o

\0 B0 0 ) o

E'rE - :')III,,B\I
—211 Box
0
B'rE o jltluB"

F2u(0) = ~o

e

(1 — cos ()
qul |1 —costlr

hinil’r) Ful0)

E — 30, B

0
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ExB drift ||

* The “projected” equation of motions

T2

~omc” o —_—, .

T = - (E — B3:.3 (1 — cos Q) 27 3n.. sin O

7 20T, {LE BGo: ) (1 — cos Q1) + /214 g, sin a}

Y = ToboyT
"‘r'ﬂl'_iE , ”I'r'[]'.?]"i'.f_i B ) . E — B,'j[]; .

z = - (B — Efy, )T + ———— | Box(1 — cos 11) — sin €17
EIJ_ | 0z ) 2{}_3—1 [ Ox | ) \/T_Z_l '
"‘r"[]B . "r"[]'I?I-CE L b — B.J'jn; .

t = —(B—-FEB,)T+— Bopll — cos)T) — sin 7
27, . 27, |7 Noan

— —
« the particle has a velocity perpendicular to £ and B fields.

« This is the so-called ExB drift and the drift velocity of the particle is

vg =ck/B.
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ExB drift Il

Po sl:lvni Megatives

Q8o o e

Magnetic field upwards through paper

Liroangar fiokd
grad H]|

R Mel 2, 2w

DHIF‘I‘ WMI-.n-r Fiadd] DHIF

NORTHERN ILLINOILS _ BPAGJ
1 — v P. Piot, PHYS 571 — Fall 2007 R A, Ty




