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Chapter 1

Electromagnetic resonance in
cylindrical cavities and waveguides

1.1 Maxwell’s Equations in MKSA units

In a medium with dielectric permittivity ε and mangetic permeability µ, Maxwell’s equation
takes the form

−→∇ .
−→
D = ρ, Coulomb law (1.1)

−→∇ .
−→
B = 0, no magnetic charges (1.2)

−→∇ ×−→E = −∂t
−→
B , Faraday law (1.3)

−→∇ ×−→H =
−→
J + ∂t

−→
D, Ampère- Maxwell law (1.4)

where

• −→D ≡ ε
−→
E +

−→
P is the electric displacement,

−→
E the electric field

−→
P is the polarization.

• ρ, is the charge density,

• B is the induction,
−→
H ≡ −→

B/µ−−→M is the magnetic field, µ the magnetic permeability

of the medium and
−→
M the magnetization.

• −→J is the current.

Let’s now consider a perfectly conducting resonant cavity which is cylindrical, and which
is filled with a homogeneous, isotropic, non-conducting, non-dissipative medium. Then in
the medium,

−→
D = ε

−→
E , and

−→
B = µ

−→
H. (1.5)

Given the boundary conditions at the cavity walls:

n̂.
−→
B = n̂×−→E = 0, (1.6)
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Maxwell’s equations (MKSA units) can be written as:

−→∇ .
−→
D = 0 ⇒ −→∇ .

−→
E = 0;

−→∇ .
−→
B = 0; (1.7)

−→∇ ×−→E + ∂t
−→
B = 0; (1.8)

−→∇ ×−→H − ∂t
−→
D = 0 ⇒ ∇×−→B − µε∂t

−→
E = 0. (1.9)

1.2 Relation between axial and transverse components

of the em field in a resonant cavity

We now specialize the problem to cylindrical cavities with revolution axis ẑ and we write
the electric and magnetic field in the form

[ −→
E (r, φ, z, t)−→
B (r, φ, z, t)

]
=

[ −→
E (r, φ)−→
B (r, φ)

]
e±ikz−iωt. (1.10)

Separating transverse and axial components:

[ −→
E−→
B

]
=

[ −→
E t−→
B t

]
+

[
Ez

Bz

]
ẑ; (1.11)

[
Ez

Bz

]
= ẑ.

[ −→
E−→
B

]
; and

[ −→
E t−→
B t

]
=

(
ẑ ×

[ −→
E−→
B

])
× ẑ. (1.12)

From Maxwell’s equations,

[
ẑ × (

−→∇ ×−→E )
]
× ẑ − iω

−→
B t = 0, (1.13)

[
ẑ × (

−→∇ ×−→B )
]
× ẑ + iµεω

−→
E t = 0. (1.14)

In general,

ẑ × (
−→∇ ×−→V ) =

−→∇(ẑ.
−→
V )− (ẑ.

−→∇)
−→
V =

−→∇Vz − ∂z
−→
V (1.15)

[
ẑ × (

−→∇ ×−→V )
]
× ẑ =

−→∇Vz × ẑ − ∂z(
−→
V × ẑ) (1.16)

= −ẑ ×−→∇ tVz + ẑ × ∂z
−→
V t. (1.17)

So,

iω
−→
B t = ẑ × ∂z

−→
E t − ẑ ×−→∇ tEz, (1.18)

−iωµε
−→
E t = ẑ × ∂z

−→
B t − ẑ ×−→∇ tBz. (1.19)
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Apply “ẑ × ∂z” to 1.18:

iωẑ × ∂z
−→
B t = ẑ × (ẑ × ∂2

z

−→
E t)− ẑ × (ẑ ×−→∇ t∂zEz) (1.20)

= −∂2
z

−→
E t− (−)

−→∇ t∂zEz (1.21)

= +k2−→E t ± ik
−→∇ tEz. (1.22)

⇒ ẑ × ∂z
−→
B t =

−i

ω
(k2−→E t ± ik

−→∇ tEz). (1.23)

Similarly:

ẑ × ∂z
−→
E t =

+i

µεω
(k2−→B t ± ik

−→∇ tBz). (1.24)

Insert 1.24 into 1.18:

iωBt =
i

µεω
(k2−→B t ± ik

−→∇ tBz)− ẑ ×−→∇ tEz (1.25)

i(µεω2 − k2)
−→
B t = ∓k

−→∇ tBz + µεωẑ ×−→∇ tEz (1.26)

⇒ −→
B t =

i

µεω2 − k2
(±k

−→∇ tBz + µεωẑ ×−→∇ tEz). (1.27)

Insert 1.23 into 1.19:

− iµεωEt =
−i

ω
(k2−→E t ± ik

−→∇ tEz)− ẑ ×−→∇ tBz (1.28)

− i(µεω2 − k2)
−→
E t = ±k

−→∇ tEz − ωẑ ×−→∇ tBz (1.29)

⇒ −→
E t =

i

µεω2 − k2
(±k

−→∇ tEz − ωẑ ×−→∇ tBz). (1.30)

Eqn 1.27 and 1.30 generally pertain as long as the transverse cross-section is z-independent
as illustrated in JDJ Fig. 8.3.

1.3 Wave Equation

Multiplying Faraday’s law by
−→∇× gives

−→∇ × (
−→∇ ×−→E ) + ∂t

−→∇ ×−→B =
−→∇(
−→∇ .
−→
E )−∇2−→E + µε∂2

t

−→
E (1.31)

= −∇2
t

−→
E + k2−→E − µεω2−→E = 0 (1.32)

[∇2
t + (µεω2 − k2)

]−→
E = 0. (1.33)
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Similarly multiplying Ampère-Maxwell’s law by
−→∇× gives

−→∇ × (
−→∇ ×−→B )− µε∂t

−→∇ ×−→E =
−→∇(
−→∇ .
−→
B )−∇2−→B + µε∂2

t

−→
B (1.34)

= −∇2
t

−→
B + k2−→B − µεω2−→B = 0 (1.35)

[∇2
t + (µεω2 − k2)

]−→
B = 0. (1.36)

Equations 1.33 and 1.36 can be casted as

[∇2
t + (µεω2 − k2)

]
[ −→

E−→
B

]
= 0. (1.37)

which is sometime referred to as the wave equation.

1.4 Recipe for EM-field calculations

The previous derivations suggest a prescription for computing the em field in a resonant
cavity.

1. Find Ez(r, φ) and Bz(r, φ) from [∇2
t + (µεω2 − k2)]

[ −→
E−→
B

]
= 0.

2. Find
−→
E t(r, φ) and

−→
B t(r, φ) from

[ −→
E t(r, φ)−→
B t(r, φ)

]
=

i

µεω2 − k2

{
±k
−→∇ t

[
Ez(r, φ)
Bz(r, φ)

]
− ωẑ ×−→∇ t

[
Bz(r, φ)

−µεEz(r, φ)

]}
.

3. The total field is:
[ −→

E−→
B

]
=

[ −→
E t−→
B t

]
+

[
Ez

Bz

]
ẑ.

4. Incorporate the boundary conditions (S: cavity side surface):

n̂×−→E = 0 ⇒ Ez

∣∣
S = 0 and,

−→
E t = 0 at end plates

n̂.
−→
B = 0 ⇒ n̂.

−→∇ tBz = 0 ⇒ ∂nBz

∣∣
S = 0 from Eq.1.19

Boundary conditions at the cavity side S for Bz (Ez straightforward)

− iµεω
−→
E t = ẑ × ∂z

−→
B t − ẑ ×−→∇ tBz = ẑ × (∂z

−→
B t −−→∇ tBz) ( from Eq.1.19). (1.38)

take “n̂×”:

− iµεωn̂×−→E t = n̂×
[
ẑ × (∂z

−→
B t −−→∇ tBz)

]
(1.39)
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l.h.s= 0 since n̂×−→E = 0 and Ez=0 at the cavity walls.

use −→a × (
−→
b ×−→c ) = (−→a .−→c )

−→
b − (−→a .

−→
b )−→c :

[
n̂.(∂z

−→
B t −−→∇ tBz)

]
ẑ − (n̂.ẑ)(∂z

−→
B t −−→∇ tBz) = 0 (1.40)

n̂.ẑ = 0 because n̂ ⊥ ẑ on the cavity side

⇒ ∂z(n̂.
−→
B t)− n̂.

−→∇ tBz = 0 (1.41)

n̂.
−→
B t = n̂.

−→
B − (n̂.ẑ)Bz = 0

⇒ ∂nBz = 0 (1.42)

1.5 Resonant modes categorization

The boundary conditions Ez

∣∣
S = 0 and ∂nBz

∣∣
S = 0 cannot generally be satisfied simultane-

ously. Consequently the fields divide themselves into two distinct categories:

• Transverse Magnetic (TM): Bz = 0 everywhere; Ez

∣∣
S = 0.

• Transverse Electric (TE): Ez = 0 everywhere; ∂nBz

∣∣
S = 0.

1.5.1 Wave equation in cylindrical coordinate and its solution

Consider the case of a resonant cavity with end plates located at z = 0 and z = L in

cylindrical coordinate (r, φ, z). The boundaries condition at the end plates imposes
−→
E t = 0

⇒ −→
E t ∝ sin(kz) with k = pπ

L
(p ∈ N).

Let γ2 ≡ µεω2 − (
pπ
L

)2
, then the longitudinal field are found from:

(∇2
t + γ2)Ψ(r, φ) = 0 (1.43)

where Ψ ≡ Ez (TM) or Bz (TE)
The transverse field are then given by:

TM:

[ −→
E t(r, φ)−→
B t(r, φ)

]
=

i

γ2

[
±k
−→∇ t

µεωẑ ×−→∇ t

]
Ψ(r, φ), (1.44)

TE:

[ −→
E t(r, φ)−→
B t(r, φ)

]
=

i

γ2

[
−ωẑ ×−→∇ t

±k
−→∇ t

]
Ψ(r, φ), (1.45)

In cylindrical coordinate the wave equation is

[
1

r
∂r(r∂r) +

1

r2
∂2

φ + γ2

]
Ψ(r, φ) = 0. (1.46)
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Figure 1.1: example of TM-mode accelerating cavities used in charged particle accelerators.
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Assuming an harmonic azimuthal dependence of the form

Ψ(r, φ) = Ψ(r)e±imφ; (m ∈ N).

the wave equation simplifies to

(r2d2
r + rdr + r2γ2 −m2)Ψ(r) = 0, (1.47)

which is a Bessel equation. Such equation has solutions of the the form Ψ(r) = AJm(γmnr)+
BNm(γmnr). However B = 0 since limr→0 Nm = −∞ which would result in unphysical
solutions.

So finally:

Ψ(r, φ) = AJm(γmnr)e±imφ; γmn ≡ xmn

R
(1.48)

where xmn is the nth root of Jm(x) = 0, and R cavity radius. γmn is defined to insure Ψ → 0
as r → R.

1.5.2 Resonant frequencies

We have defined

γ2
mn = µεω2

mn −
(pπ

L

)2

=
(xmn

R

)2

(1.49)

expliciting the frequency ω gives

ωmn =
1√
µε

√(xmn

R

)2

+
(pπ

L

)2

(1.50)

which is the resonant frequency associated to the “mnp” mode.

1.6 Transverse magnetic (TM) mode fields

For the TM mode Ψ ≡ Ez so that

Ez(r, φ, z, t) = E0Jm(γmnr)e±i(kz+mφ)−iωmnt ; Bz = 0. (1.51)

The transverse electric field is

−→
E t(r, φ) = ± ikE0

γ2

(
∂rr̂ +

1

r
∂φφ̂

)
Jm(γr)e±imφ,

= ±i
kE0

γ2
e±imφ

(
γmnJ

′
mr̂ ± im

r
Jmφ̂

)
. (1.52)

Insert J ′m = m
γmnr

Jm − Jm+1:

−→
E t(r, φ, z, t) =

±ikE0

γ2

{[
m
r
Jm(γmnr)− γmnJm+1(γmnr)

]
r̂

± im
r

Jm(γmnr)φ̂
}

e±imφe±ikze−iωmnt. (1.53)

Note that:
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• −→E t = 0 at z = 0, L ⇒ ±ie±ikz → − sin(kz)

• “time” is arbitrary: e−iωt → cos(ωt)

• φ is also arbitrary ⇒ e±imφ → cos(mφ) and ±ie±imφ → − sin(mφ).

−→
E t can be written in the real form:

−→
E t = −kE0 sin(kz)

γ2
mn

{[
m
r
Jm(γmnr)− γmnJm+1(γmnr)

]
cos(mφ)r̂

−m
r
Jm(γmnr) sin(mφ)φ̂

}
cos(ωmnt). (1.54)

where E0 ∈ R.
likewise,

Ez(r, φ, z, t) = E0Jm(γmnr) cos(mφ) cos(kz) cos(ωmnt) (1.55)

The transverse magnetic field is

−→
B t(r, φ) =

iµεω

γ2
ẑ ×

(
∂rr̂ +

1

r
∂φφ̂

)
Ψ(r, φ)

=
iµεω

γ2

(
−1

r
∂φr̂ + ∂rφ̂

)
Ψ(r, φ)

=
iµεωE0

γ2
e±imφ

[
∓im

r
Jmr̂ +

(m

r
Jm − γJm+1

)
φ̂

]
.

• ie−iωt → sin(ωt)
−→
B and

−→
E are 90◦ out of phase;

• e±imφ → cos(mφ), ∓ie±imφ → sin(mφ), and eikz → cos(kz).

Bz = 0;
−→
B t(r, φ, z, t) =

µεωmnE0 cos(kz)

γ2
mn

{m

r
Jm(γmnr) sin(mφ)r̂

+
[m

r
Jm(γmnr)− γmnJm+1(γmnr)

]
cos(mφ)φ̂

}
sin(ωmnt) (1.56)

Let’s define the shorthand notations:
kp ≡ pπ

L
, Jmn(r) ≡ Jm(γmnr), J̃mn(r) ≡ m

r
Jm(γmnr)− γmnJm+1(γmnr),

[
sp(z)
cp(z)

]
=

[
sin(kpz)
cos(kpz)

]
,

[
sm(φ)
cm(φ)

]
=

[
sin(mφ)
cos(mφ)

]
,

[
smnp(t)
cmnp(t)

]
=

[
sin(ωmnpt)
cos(ωmnpt)

]
.

12



The TM-fields are:

ETM
r (r, φ, z, t) = −E0

kp

γ2
mn

J̃mn(r)cm(φ)sp(z)cmnp(t), (1.57)

ETM
φ (r, φ, z, t) = E0

kp

γ2
mn

m

r
Jmn(r)sm(φ)sp(z)cmnp(t), (1.58)

ETM
z (r, φ, z, t) = E0Jmn(r)cm(φ)cp(z)cmnp(t), (1.59)

BTM
r (r, φ, z, t) = E0

µεωmn

γ2
mn

m

r
Jmn(r)sm(φ)cp(z)smnp(t), (1.60)

BTM
φ (r, φ, z, t) = E0

µεωmn

γ2
mn

J̃mn(r)cm(φ)cp(z)smnp(t), (1.61)

BTM
z (r, φ, z, t) = 0. (1.62)

1.7 Transverse Electric (TE) modes

The TE-fields now follow at once by inspection:

ETE
r (r, φ, z, t) = −B0

ωmn

γ2
mn

m

r
Jmn(r)sm(φ)sp(z)cmnp(t), (1.63)

ETE
φ (r, φ, z, t) = −B0

ωmn

γ2
mn

J̃mn(r)cm(φ)sp(z)cmnp(t), (1.64)

ETE
z (r, φ, z, t) = 0, (1.65)

BTE
r (r, φ, z, t) = −B0

kp

γ2
mn

J̃mn(r)cm(φ)cp(z)smnp(t), (1.66)

BTM
φ (r, φ, z, t) = B0

kp

γ2
mn

m

r
Jmn(r)sm(φ)cp(z)smnp(t), (1.67)

BTE
z (r, φ, z, t) = −B0Jmn(r)cm(φ)sp(z)smnp(t), (1.68)

with ∂rBz(r = R) = 0 ⇒ γmn = x′mn/R; x′mn root of Jmn(x) = 0.

1.8 summary field associated to TE and TM modes

The Tables and summarize the equations for the electromagnetic field components and res-
onant frequencies associated to respectively TM and TE modes.

1.9 Physical insight

See Figure 1.2.

1.10 Geometry considerations

Comment on choice of modes and R/L:

ωmnp =
1√
µε

1

R

√
(x′mn)2 + (pπ)2(R/L)2.
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ωT M
mnp = 1√

µε

r�
xmn

R

�2
+
�

pπ
L

�2
;

8<: m = 0, 1, 2, ...
n = 1, 2, 3, ...
p = 0, 1, 2, ...

→
8<: x0n = 2.405, 5.520, 8.564, ...

x1n = 3.832, 7.016, 10.714, ...
x2n = 5.136, 8.417, 11.620, ...

.

Er(r, φ, z, t) = −E0

�
pπ

xmn

R

L

���
m

xmn

R

r

�
Jm

�
xmn

r

R

�
− Jm+1

�
xmn

r

R

��
cos(mφ) sin

�
pπ

z

L

�
cos(ω

T M
mnpt)

Eφ(r, φ, z, t) = E0

�
pπ

xmn

R

L

��
m

xmn

R

r

�
Jm

�
xmn

r

R

�
sin(mφ) sin

�
pπ

z

L

�
cos(ω

T M
mnpt)

Ez(r, φ, z, t) = E0Jm

�
xmn

r

R

�
cos(mφ) cos

�
pπ

z

L

�
cos(ω

T M
mnpt)

Br(r, φ, z, t) = E0
√

µε

�
R

xmn

√
µεω

T M
mnp

��
m

xmn

R

r

�
Jm

�
xmn

r

R

�
sin(mφ) cos

�
pπ

z

L

�
sin(ω

T M
mnpt)

Bφ(r, φ, z, t) = E0
√

µε

�
R

xmn

√
µεω

T M
mnp

���
m

xmn

R

r

�
Jm

�
xmn

r

R

�
− Jm+1

�
xmn

r

R

��
cos(mφ) cos

�
pπ

z

L

�
sin(ω

T M
mnpt)

Bz(r, φ, z, t) = 0

Table 1.1: Summary of resonant frequencies and electromagnetic field components associated
to the TMmnp mode in a cylindric cavity of length L and radius R).

ωT E
mnp = 1√

µε

s�
x′mn

R

�2
+
�

pπ
L

�2
;

8<: m = 0, 1, 2, ...
n = 1, 2, 3, ...
p = 1, 2, 3, ...

→
8<: x′0n = 3.832, 7.016, 10.714, ...

x′1n = 1.841, 5.331, 8.536, ...
x′2n = 3.054, 6.706, 9.970, ...

.

Er(r, φ, z, t) = E0

 
R

x′mn

√
µεω

T E
mnp

! 
m

x′mn

R

r

!
Jm

�
x
′
mn

r

R

�
sin(mφ) sin

�
pπ

z

L

�
cos(ω

T E
mnpt)

Eφ(r, φ, z, t) = E0

 
R

x′mn

√
µεω

T E
mnp

!" 
m

x′mn

R

r

!
Jm

�
x
′
mn

r

R

�
− Jm+1

�
x
′
mn

r

R

�#
cos(mφ) sin

�
pπ

z

L

�
cos(ω

T E
mnpt)

Ez(r, φ, z, t) = 0

Br(r, φ, z, t) = E0
√

µε

 
pπ

x′mn

R

L

!" 
m

x′mn

R

r

!
Jm

�
x
′
mn

r

R

�
− Jm+1

�
x
′
mn

r

R

�#
cos(mφ) cos

�
pπ

z

L

�
sin(ω

T E
mnpt)

Bφ(r, φ, z, t) = −E0
√

µε

 
pπ

x′mn

R

L

!
[

 
m

x′mn

R

r

!
Jm

�
x
′
mn

r

R

�
sin(mφ) cos

�
pπ

z

L

�
sin(ω

T E
mnpt)

Bz(r, φ, z, t) = E0
√

µεJm

�
x
′
mn

r

R

�
cos(mφ) sin

�
pπ

z

L

�
sin(ω

T E
mnpt)

Table 1.2: Summary of resonant frequencies and electromagnetic field components associated
to the TEmnp mode in a cylindric cavity of length L and radius R).
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Figure 1.2: Charge and current distribution in a pillbox resonant cavity during an oscillation
of the electromagnetic field associated to the TM010 accelerating mode [from H. Padamsee,
Cornell University].
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Figure 1.3: graphical interpretation of the quality factor.

Want to choose a frequency such that it is well separated from other resonant frequencies,
and such that it is sensitive to both R and L to enable easy tuning. Thus,

• not interested in large p or R: limR→∞,p→∞ ωmnp = 1√
µε

pπ
L
⇒ R-independent.

• not interested in large m or n (and/or large L): ωmnp → 1√
µε

xmn

R
for large m or n and

R/L ∼ 1 L-independent.

⇒ The most interesting modes in practical applications should be low order modes with
R/L ∼ 1.

1.11 Quality factor

A resonant cavity is a class of harmonic oscillator: it can actually be modeled by an equivalent
RLC circuit. Oscillators are usually characterized by a figure-of-merit refer to as quality
factor which is define as the ratio of stored to dissipated power per cycle.

Q ≡ ωU

P
(1.69)

(1.70)

where U is the stored energy (i.e. the electromagnetic energy that was “injected” in the
resonant cavity, and P is the dissipated power. For a normal conducting cavity (as opposed
to superconducing cavity), the main source for power dissipation are Ohm losses due the
conductor resistance.

Note: having cast things into ”consistent units”, we have in effect inserted into the wave
equation:

TM: Ez(r, φ) = E0ψ(r, φ), Bz(r, φ) = 0;

TE: Bz(r, φ) = −E0
√

µεψ(r, φ), Ez(r, φ) = 0;
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(note the use of small cap ψ defined as Ψ = E0ψ) so that for both TM and TE-modes

E2
z (r, φ) +

1

µε
B2

z (r, φ) = E2
0ψ

2 (1.71)

holds and from Eq. 1.44 and 1.45:

TM:

[ −→
E t(r, φ)−→
B t(r, φ)

]
=

iE0

γ2

[
±k
−→∇ t

µεωẑ ×−→∇ t

]
ψ(r, φ);

TE:

[ −→
E t(r, φ)−→
B t(r, φ)

]
=

i
√

µεE0

γ2

[
−ωẑ ×−→∇ t

±k
−→∇ t

]
ψ(r, φ);

Hence for both TM and TE-modes we have

E2
t +

1

µε
B2

t =
E2

0

γ4
(k2 + µεω2)(∇tψ)2. (1.72)

The stored energy in the cavity is the volume integral

U =
1

2

∫

V

d−→x 3(ED + BH) =
ε

2

∫

V

d−→x 3

(
E2 +

B2

µε

)
(1.73)

we have
∫

dz sin2(kz) = L/2 and
∫

dz cos2(kz) = L/2(1 + δ0p). Time averaging of sin2(ωt)
and cos2(ωt) gives a factor 1/2. We also note:

k2 + µεω2

γ4
=

2k2 + (x/R)2

(x/R)4
=

(
R

x

)2
[
1 + 2

(
kR

x

)2
]

=

(
R

x

)2 [
1 + 2ξ2

]
where ξ ≡ pπR

xL
. (1.74)

Note that here we use the shorthand notation x to refer to either xmn or x′mn.
The stored energy in the cavity becomes

U =
1 + δ0p

8
εE2

0L

∫

A

dA

{(
R

x

)2 [
1 + 2ξ2

]
(∇tψ)2 + ψ2

}
. (1.75)

For TE mode p 6= 0 ⇒ δ0p = 0. Let’s consider the integral
∫

A
dA(∇tψ)2:

∫

A

dA(∇tψ)2 =

∫

A

dA
−→∇ t.(ψ

−→∇ tψ)−
∫

A

ψ∇2
t ψ

=

∮

C

dlψn̂.
−→∇ tψ −

∫

A

dAψ∇2
t ψ. (1.76)

but,

∮

C

dlψn̂.
−→∇ tψ = 0

{
ψTM(r = R) = 0

∂rψ
TE(r = R) = 0

(1.77)
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we also have, from the wave equation, ∇2
t ψ = −(k2 − µεω2)ψ = (x/R)2ψ.

So
∫

A

dA(∇t)
2 =

( x

R

)2
∫

A

dAψ2, (1.78)

and the stored energy is

U =
εL

4
E2

0(1 + δ0p)
[
1 + ξ2

] ∫

A

dAψ2 (1.79)

this is JDJ eq, (8.92). Considering the azimuthal dependence ψ2 ∝ cos2(mφ); one has∫ 2π

0
dφψ2 → π(1 + δ0m)J2 so that

U =
π

4
εLE2

0(1 + δ0m)(1 + δ0p)
[
1 + ξ2

] ∫ R

0

drrJ2
m

(
x

r

R

)
. (1.80)

Case of TM-modes 1:
∫ R

0

drrJ2
m

(xr

R

)
=

1

2
R2J2

m+1(xmn) (1.81)

Let V ≡ πR2L; the stored energy associated to TM-mode is

UTM
mnp =

1

8
V εE2

0(1 + δ0m)(1 + δ0p)
[
1 + ξ2

]
J2

m+1(xmn). (1.82)

Case of TE-modes:
use the identity:∫ x

0
dρρJ2

m(ρ) = 1
2
x2

[
J2

m(x) + J2
m−1(x)

]−mxJm(x)Jm−1(x)

⇒
∫ R

0

drrJ2
m

(
x

r

R

)
=

R2

x2

{
1

2
x2 [...]−m...

}

=
1

2
R2

[
J2

m(x′mn) + J2
m−1(x

′
mn)

]− m

x′mn

R2Jm(x′mn)Jm−1(x
′
mn), (1.83)

where we used the recursive relation m
x′Jm(x′) = Jm+1(x

′) = Jm−1(x
′) 2

Finally,

∫ R

0

drrJ2
m

(
x

r

R

)
=

1

2
R2

[
1 +

(m

x′

)2
]

J2
m(x′)−R2

(m

x′

)2

J2
m(x′)

=
1

2
R2

[
1−

(m

x′

)2
]

J2
m(x′). (1.84)

Thus, with V ≡ πR2L and δ0p = 0 (p 6= 0) for TE-modes,

UTE
mnp =

1

8
V εE2

0(1 + δ0m)

[
1−

(m

x′

)2
] [

1 + ξ′2
]
J2

m(x′mn). (1.85)

1the identity
∫ 1

0
dxxJ2

ν (αx) = 1
2J2

ν+1 if Jν(α) = 0 was used
2Arfken pg. 631 Jn−1(x) = n

xJn(x) + J ′n(x) and Jn+1 = n
xJn(x)− J ′n(x).
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with ξ′ = pπR
x′mnL

.
Let’s now turn to the computation of the dissipated power in a cavity:

dP

dA
=

1

2
RsH

2
‖ =

Rs

2µ2
B2
‖ (1.86)

with Rs = surface resistance and ‖ means component ‖ to cavity walls. The dissipated power
is

P =
Rs

2µ2

[∫

side

dAB2
‖ + 2

∫

end

dAB2
‖

]
. (1.87)

Case of TM-modes:

side:

∫

side

dAB2
‖ =

∫ L

0

dz

∫ 2π

0

dφRB2
φ(r, φ, z)

=
L

2
(1 + δ0p)π(1 + δ0m)µεE2

0

[
1 + ξ2

]
R

[m

x
Jm(x)− Jm+1(x)

]2

but Jm(x) = 0 so
∫

side

dAB2
‖ =

1

2
µεE2

0(πLR)(1 + δ0p)(1 + δ0m)
[
1 + ξ2

]
J2

m+1(x) (1.88)

end:

∫

end

dAB2
‖ =

∫ 2π

0

dφ

∫ R

0

drrB2
t

=
E2

0µ
2ε2ω2

(x/R)4

∫

A

dA(∇ψ)2 =
E2

0µ
2ε2ω2

(x/R)2

∫

A

dAψ2

= µεE2
0

[
1 + ξ2

] π

2
(1 + δ0m)R2J2

m+1(x) (1.89)

end:

∫

end

dAB2
‖ =

1

2
µεE2

0(πR2)(1 + δ0m)
[
1 + ξ2

]
J2

m+1(xmn), (1.90)

where (again) ξ ≡ πpR
xmnL

.
So the total power loss is:

P TM
mnp =

Rs

2µ2
µεE2

0

π

2
R(1 + δ0m)

[
1 + ξ2

]
[L(1 + δ0p) + 2R] J2

m+1(xmn),

or, with As ≡ 2πRL,

P TM
mnp =

Rs

2µ2
µεE2

0

1

4
AS(1 + δ0m)

[
1 + ξ2

] [
1 + δ0p + 2

R

L

]
J2

m+1(xmn). (1.91)

The quality factor is Q = ωU
P

that is:

Q =
1√
µε

x

R

√
1 + ξ2 ×

1
8
V εE2

0(1 + δ0m)(1 + δ0p)(1 + ξ2)J2
m+1

Rs

2µ2 µεE2
0

1
4
As(1 + δ0m)(1 + δ0p + 2R

L
)(1 + ξ2)J2

m+1

(1.92)
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after simplification and using V/As = R/2,

QRs =

√
µ

ε
(1 + δ0p)

x

R

R

2

√
1 + ξ2

1 + δ0p + 2R
L

. (1.93)

Re-arranging

QTM
mnpRs =

1

2

√
µ

ε
(1 + δ0p)

√
x2

mn +
(

pπR
L

)2

1 + δ0p + 2R
L

. (1.94)

TE-mode:

side:

∫

side

dAB2
‖ =

∫ L

0

dz

∫ 2π

0

dφR
[
B2

φ(R, φ, z) + B2
z (R, φ, z)

]

= µεE2
0

L

2
π(1 + δ0m)R

{(m

x′

)2

J2
m(x′)ξ′2 + J2

m(x′)
}

(1.95)

∫

side

dAB2
‖ = µεE2

0

π

2
LR(1 + δ0m)

[
1 +

(
Rmpπ

x′2L

)2
]

J2
m(x′) (1.96)

end:

∫

end

dAB2
‖ =

∫ 2π

0

dφ

∫ R

0

drrB2
t (r, φ, 0)

= µεE2
0ξ
′2

(
R

x′

)2 ∫

A

dA
(−→∇ψ

)2

= µεE2
0ξ

2

∫

A

dAψ2. (1.97)

∫

A

dAψ2 = π(1 + δ0m)

∫ R

0

drrJ2
m

(
x′

r

R

)

=
π

2
R2(1 + δ0m)

[
1−

(m

x′

)2
]

J2
m(x′) (1.98)

⇒
∫

A

dAψ2 = µεE2
0

π

2
R2(1 + δ0m)ξ′2

[
1 +

(
m

x′mn

)2
]

J2
m(x′mn). (1.99)

Thus,

P TE
mnp =

Rs

2µ2
µεE2

0

π

2
R(1 + δ0m)J2

m(x′mn)

{
L

[
1 +

(m

x′

)2

ξ′2
]

+2R

[
1−

(m

x′

)2
]

ξ′2
}

, (1.100)
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or,

P TE
mnp =

Rs

2µ2
µεE2

0

1

4
As(1 + δ0m)

{
1 +

(m

x′

)2

ξ′2+

+2
R

L

[
1−

(m

x′

)2
]

ξ′2
}

J2
m(x′). (1.101)

and finally,

P TE
mnp =

Rs

2µ2
µεE2

0

1

4
As(1 + δ0m)

{
1 +

[
2
R

L
+

+(1− 2
R

L
)
(m

x′

)2
]

ξ′2
}

J2
m(x′mn). (1.102)

The quality factor is then

Q =
x′

R

1√
µε

√
1 + ξ′2 ×

1
8
V εE2

0(1 + δ0m)[1− (m/x′)2](1 + ξ′2)J2
m

Rs

2µ2 µεE2
0

1
4
As(1 + δ0m){1 + [2R/L + (1− 2R/L)(m/x′)2]ξ2}J2

m

=
1

2

√
µ

ε

1

Rs

x′[1− (m/x′)2](1 + ξ′2)3/2

1 + [2R/L + 2(1− 2R/L)(m/x′)2]ξ′2︸ ︷︷ ︸
q

. (1.103)

q =
x′[1− (m/x′)2](1 + ξ′2)3/2

1 + [2R/L + 2(1− 2R/L)(m/x′)2]ξ′2

=
x′[1− (m/x′)2](1 + ξ′2)3/2

1 + 2[1− (m/x′)2](R/L)ξ′2 + (m/x′)2ξ′2

=
x′[...](1 + ξ′−2)3/2

2[...]R/Lξ′−1 + (...)2ξ′−1 + ξ′−3

=
x′[...](1 + ξ′−2)3/2

x′
pπ

L
R
{2[...](R/L) + (m/x′)2 + ξ′−2} (1.104)

Finally one has:

QTE
mnpRs =

pπ

2

√
µ

ε

[
1−

(
m

x′mn

)2
] [

1 +
(

x′mnL
pπR

)2
]3/2

2

[
1−

(
m

x′mn

)2
]

+
(

m
x′mn

)2
L
R

+
(

x′mn

pπ

)2 (
L
R

)3
(1.105)
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1.11.1 Comment on JDJ’s geometry factor for TEmnp mode – Eq.
(8.96)

For the power dissipated on the wall we use:

dP

dA
=

1

2
RsH

2
‖ , (1.106)

where the factor 1/2 comes from time-averaging, and Rs, the surface impedance is defined
for normal and super-conductor. JDJ uses:

dP

dA
=

µcωδ

4
H2
‖ (1.107)

the factor µcωδ
4

is valid for normal conductor only. Compare to infer:

Rs ⇔ µcωδ

2
(1.108)

JDJ also introduced the geometrical factor G so that:

Q =
µ

µc

V

Sδ
G (1.109)

This means

QRs =
µ

µc

V

Sδ
G

µcωδ

2
=

µ

2

V

S
ωG (1.110)

Let Γ ≡ QRs (Γ has units of Ω). One has:

G =
2

µ

S

V

Γ

ω
. (1.111)

Substitute the earlier results for TE-mode:

G =
2

µ

2πRL + 2πR2

πR2L

Γ

1√
µε

√(
x′mn

R

)2

+
(

pπ
L

)2

=
4(1 + R

L
)

R

√
ε

µ

L

pπ

Γ√
1 +

(
x′mnL
pπR

)2
(1.112)
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G =
4(1 + R/L)

R

√
ε

µ

L

pπ

1√
1 +

(
x′
pπ

L
R

)2

×pπ

2

√
µ

ε

[
1−

(
m

x′mn

)2
] [

1 +
(

x′mnL
pπR

)2
]3/2

2

[
1−

(
m

x′mn

)2
]

+
(

m
x′mn

)2
L
R

+
(

x′mn

pπ

)2 (
L
R

)3

=

(
1 +

L

R

) 2

[
1−

(
m

x′mn

)2
] [

1 +
(

x′mnL
pπR

)2
]

2

[
1−

(
m

x′mn

)2
]

+
(

m
x′mn

)2
L
R

+
(

x′mn

pπ

)2 (
L
R

)3

G =

(
1 +

L

R

)
[
1 +

(
x′mnL
pπR

)2
]

1 + (m/x′mn)2(L/R)+(x′mn/pπ)2(L/R)3

2[1−(m/x′mn)2]

(1.113)

1.11.2 Example of TE111

x′11 = 1.841;
(

x′11
π

)2

= 0.343;
(1/x′11)2

2[1−(1/x′11)2]
= 0.209;

(x′11/π)2

2[1−(1/x′11)2]
= 0.244.

⇒ G =

(
1 +

L

R

)
1 + 0.343(L/R)2

1 + 0.209(L/R) + 0.244(L/R)3
(1.114)

This is JDJ’s Eq. (8.97).
The advantage of using G instead of Γ is that G = O(1) so that for the right circular cylinder:

QRs ∼ µ

2

V

S
ω =

µ

2

πR2L

2πRL + 2πR2
2πf

⇒ Γ ∼ µ
L

1 + L/R
f (unit is Ω) (1.115)

1.12 Perturbation of cavity wall & Slater’s Theorem

Consider a single resonant mode in a cavity. We perturb the cavity wall and estimate
the associated change in resonant frequency. This relates to the cavity tuning and also to
removing degeneracies between modes.
Consider a volume V bounded by a surface S, then the the force associated to e.m. field in
the volume is related to the Maxwell stress tensor (see JDJ Chapter 6) via:

−→
F =

∫

S
T.d

−→
A (1.116)
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Figure 1.4: G vs. L/R for the TE111-mode.

with d
−→
A = dAn̂ and

−→
T = ε

(−→
E
−→
E +

1

µε

−→
B
−→
B

)
− ε

2

(−→
E
−→
E +

1

µε

−→
B
−→
B

)
n̂n̂. (1.117)

Introducing the displacement d
−→
ζ = dζn̂, ⇒ dV = dAdζ;

δU , the work done by the e.m. field against displacement is

δU =

∫
dAdζn̂.

−→
T .n̂ =

∫

∆V

dV n̂.
−→
T .n̂ (1.118)

Note that n̂
−→
T n̂ represents the e.m. pressure on the wall.

n̂.T.n̂ = εE2 − ε

2
(E2 +

1

µε
B2) (1.119)

because n̂.
−→
B = n̂×−→E = 0 at the surface of a perfect conductor.

δU =

∫

∆V

ε

2
(E2 − 1

µε
B2). (1.120)

or, written in terms of time-averaged fields,

δU =
ε

4

∫

∆V

dV (E2 − 1

µε
B2). (1.121)
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In the cavity the “photon number” is conserved, which means U/ω is an invariant. So
δU/U = δω/ω, from which

δω

ω
=

ε

4U

∫

∆V

dV (E2 − 1

µε
B2). (1.122)

(E2 and B2 are time-averaged).

1.12.1 Example of application: measurement of field profile with
a bead pull

Consider TM011, r = 0. The only non zero field component is:

Ez = E0 cos(π
z

L
) cos(ωTM

011 t). (1.123)

Imagine pulling a conducting bead along the z-axis. The volume of the bead is ∆V . Then

δω

ω
' ε

4U
∆V E2

z (time-averaged)

' εE2
0∆V cos2(πz/L)

εE2
0

8
V 2

[
1 +

(
π

x01

L
R

)2
]

J2
1 (x01)

. (1.124)

⇒ δω

ω
' ∆V

V

cos2(πz/l)[
1 +

(
π

x01

L
R

)2
]

J2
1 (x01)

(1.125)

Therefore we can ”map” the cos2-dependence. Same principle for any other mode or super-
imposition of modes.
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Figure 1.5: Example of bead-pull measurement [taken from W. J. Brown, S. E. Korbly, K.
E. Kreischer, I. Mastovsky, and R. J. Temkin from Phys. Rev. ST Accel. Beams 4, 083501
(2001)]
.
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Chapter 2

Special Relativity & Covariance of
Electromagnetism

2.1 EM field of point charge moving at constant veloc-

ity

In this Section the em field associated to a point charge moving at contant velocity is derived.
We (of course!) start with Maxwell’s equations:

−→∇ .
−→
D = ρ,

−→∇ .
−→
H = 0,

−→∇ ×−→E + ∂t
−→
B = 0, and

−→∇ ×−→H − ∂t
−→
D =

−→
J .

For now we assume a charge distribution with associated density ρ and current
−→
J . Writing

in terms of electromagnetic potentials,
−→
A and Φ gives

−→
B =

−→∇ ×−→A ⇒ −→∇ × (
−→
E + ∂t

−→
A ) = 0 ⇒ −→

E = −−→∇Φ− ∂t
−→
A

1

µ

−→∇ ×−→B − ε∂t
−→
E =

−→
J ⇒ −→∇ ×−→B − µε∂t

−→
E = µ

−→
J

⇒ −→∇ × (
−→∇ ×−→A ) + µε(

−→∇∂tΦ + ∂2
t

−→
A ) = µ

−→
J

Using the identity
−→∇ × (

−→∇ ×−→A ) =
−→∇(
−→∇ .
−→
A )−∇2−→A ,

−∇2−→A +
−→∇(
−→∇ .
−→
A + µε∂tΦ) + µε∂2

t

−→
A = µ

−→
J

but
−→∇ .
−→
A + µε∂tΦ = 0 in Lorenz gauge so that

∇2−→A − µε∂2
t

−→
A = −µ

−→
J [JDJ, Eq. (6.16)] (2.1)

−→∇ .
−→
D = ρ ⇒ −∇2Φ− ∂t

−→∇ .
−→
A =

ρ

ε

∇2−→Φ − µε∂2
t Φ = −ρ

ε
[JDJ, Eq. (6.15)] (2.2)
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For a source moving at constant velocity, −→v : ρ = ρ(−→x −−→v t) and
−→
J = −→v ρ(−→x −−→v t). We

then have to solve a set of inhomogeneous d’Alembert equations: ¤f = g(−→x −−→v t).
Consider the case −→v = vẑ ⇒ f(−→x − −→v t) = (x, y, z − vt) = f(x, y, ζ) with ζ ≡ z − vt.

Then

∂zf → ∂ζ

∂z
∂ζf = ∂ζf (2.3)

∂tf → ∂ζ

∂t
∂ζf = −v∂ζf (2.4)

⇒¤f → (
∂2

x + ∂2
y + ∂2

ζ − µεv2∂2
ζ

)
f =

(
∂2

x + ∂2
y + γ−2∂2

ζ

)
f. (2.5)

with γ ≡ 1√
1−µεv2

. Let z′ = γζ ⇒ ∂ζ = ∂z′
∂ζ

∂z′ = γ∂z′ :

(
∂2

x + ∂2
y + ∂2

z′
)
f(x, y, γ−1z′) = g(x, y, γ−1z′). (2.6)

We now specialize to a point charge and explicit ρ(−→x−−→v t) → δ(x)δ(y)δ(γ−1z′) = γδ(x)δ(y)δ(z′) =
γδ(−→x ′).

As a results,
−→
A → Aẑ (Ax = Ay = 0);

∇2
x′A = −γµqvδ(

−→
x′ ), ∇2

x′Φ = −γ
q

ε
δ(
−→
x′ ). (2.7)

Which is solved by inspection:

∇2
x′

(
1

|−→x′ |

)
= −4πδ(

−→
x′ ) ⇒

{
A = γµ

4π
qv
R

,
Φ = γ

4πε
q
R
,

(2.8)

where R ≡
√

x2 + y2 + γ2(z − vt)2.

Now we can calculate
−→
E = −−→∇Φ− ∂t

−→
A :

−→
E = − γq

4πε
(
−→∇ + µεv∂tẑ)

1

R

=
γq

4πεR3

[
xx̂ + yŷ + γ2(z − vt)(1− µεv2)ẑ

]
(2.9)

−→
E =

γq

4πεR3
[xx̂ + yŷ + (z − vt)ẑ] (2.10)

Conversion to spherical coordinates (r, ψθ):
x2 + y2 = r2 sin2 θ, z − vt = r cos θ.

⇒ R2 = r2(sin2 θ + γ2 cos2 θ)

= γ2r2

(
1 +

1− γ2

γ2
sin2 θ

)
= γ2r2(1− µεv2 sin2 θ),
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⇒ E =
γq

4πε

r

γ3r3(1− µεv2 sin2 θ)3/2

=
q

4πεr2

1− µεv2

(1− µεv2 sin2 θ)3/2
. (2.11)

Note: In vacuum, take µε → µ0ε0 = c−2, and then

−→
E =

q

4πεr2

−→r
γ2(1− β2 sin2 θ)3/2

. [JDJ, Eq. (11.154)] (2.12)

Note that E(π/2)/E(0) = γ3 ⇒ field lines are “squashed” orthogonal to the direction of
motion.
Also we can find

−→
B =

−→∇ ×−→A :

−→
A = µεΦ−→v ⇒ −→

B = µε
−→∇ × (Φ−→v ) = µε[

−→∇Φ×−→v + Φ
−→∇ ×−→v ]

⇒ −→
B = µε

−→∇Φ×−→v .

−→v ×−→E = −−→v × (
−→∇Φ + ∂t

−→
A ) =

−→∇Φ×−→v .

−→
B = µε−→v ×−→E , or

−→
B =

µ

4π

γq

R3
−→v (xŷ − yx̂). (2.13)

Further reductions [toward JDJ Eq. (11.152)]:

−→
E =

q

4πε0r2

r̂

γ2(1− β2 sin2 θ)3/2
(2.14)

sin θ = b
r

= b√
b2+v2t2

.

1− β2 sin2 θ = 1− β2b2

b2 + (vt)2
=

b2 + v2t2 − β2b2

b2 + v2t2
=

(1− β2)b2 + v2t2

b2 + v2t2

1− β2 sin2 θ =
b2 + γ2v2t2

γ2r2
⇒ γr

√
1− β2 sin2 θ =

√
b2 + γ2v2t2

Finally

−→
E =

q

4πε0

γ−→r
(b2 + γ2v2t2)3/2

⇒ −→
E ⊥ =

q

4πε0

γbx̂

(b2 + γ2v2t2)3/2
. (2.15)
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Figure 2.1: transverse (left) and longitudinal (right) electric fields associated to an electron
moving at rest and at constant velocity with γ = 10.

2.1.1 Space-charge effects

Consider a charge q0 comoving with another charge q. Let’ assume (simplistic) that both
charge move at the same velocity −→v . The force imparted to q0 by q is

F = q0(
−→
E +−→v ×−→B )

= q0[
−→
E + µε−→v × (−→v ×−→E )]

⇒ −→
F = q0

[
(1− µεv2)

−→
E + µεv2Ez ẑ

]

= q0

(
1

γ2

−→
E +

γ2 − 1

γ2
Ez ẑ

)
= q0

[
1

γ2
(
−→
E − Ez ẑ) + Ez ẑ

]

⇒ −→
F = q0

[
1

γ2

−→
E ⊥ +

−→
E ‖

]
(2.16)

The self-magnetic field of q cancels its self-electric field to within a factor 1/γ2. This effect
is an important one when dealing with charged particle accelerators aimed at producing and
accelerating high brightness beams (a lot of charge in a very small phase space volume). The
cancelation of the transverse force shown in Eq. 2.16 calls for rapidly accelerating a beam in
order to preserve its brightness.

2.2 Special relativity

The squashing of the E-field of a moving charge, as it corresponds to the equation of motion,
is suggestive of the Lorentz contraction, and thus indicative that electrodynamics is invariant
under Lorentz transformations.
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Figure 2.2: left: two inertial frame ( O is the lab frame). right: light cone, [AB] is time-like
[AC] is space-like.

2.2.1 Proper time and its invariance

Consider a spherical waves propagating such that
(

dx
dt

)2
+

(
dy
dt

)2
+

(
dz
dt

)2
= c2; see Fig. 2.2.

If c is the same in all inertial reference frames (postulate), then

(
dx′

dt′

)2

+

(
dy′

dt′

)2

+

(
dz′

dt′

)2

= c2

So, we write:

c2dt2 − dx2 − dy2 − dz2 = 0 for photons. (2.17)

This holds true in any inertial coordinate system. More generally we can define the proper
time:

dτ 2 ≡ dt2 − 1

c2
(dx2 + dy2 + dz2). (2.18)

In SR, the proper time is an invariant – all inertial observers measure the same dτ . Note
that:

dτ 2 = dt2(1− β2) =
1

γ2
dt2; (2.19)

−→
β ≡ 1

c
−→v ; −→v = velocity measured in lab frame (O), dt = period between “ticks” of clock in

lab frame.
When −→v = 0, dτ = dt ⇒ dτ = period between “ticks” of clock comoving with O′. Every
inertial observer measure the same value for this time interval: it is a scalar – a fixed physical
quantity!

If δt represents the period between ticks of O′’s clock, then O sees it ticks with period:

dt = γδt (2.20)

This is “time dilatation”: O thinks O′’s clock runs slow.
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2.2.2 Minkowski metric and Lorentz transformations

Let x0 ≡ ct, x1 ≡ x, x2 ≡ y, x3 ≡ z [so −→x i ≡ −→
X (i=1,2,3)]. Then we can write:

ds2 = gαβdxαdxβ (2.21)

with α, β = 0, 1, 2, 3 and gαβ is the Minkowski metric 1:

gαβ =




1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1


 (2.23)

standard convention: Use Greek indices to represent sums from 0-3 and Latin indices for
sum from 1-3.

The Lorentz transformation matrix from stationary observer O to moving observer O′ is
the “boost matrix” [JDJ, Eq.(11.98)] (Λα

γΛβ
δ gαβ = gγδ:

Λν
µ =




γ −γβx −γβy −γβz

−γβx 1 +
(

βx

β

)2

(γ − 1) βxβy

β2 (γ − 1) βxβz

β2 (γ − 1)

−γβy
βxβy

β2 (γ − 1) 1 +
(

βy

β

)2

(γ − 1) βyβz

β2 (γ − 1)

−γβz
βxβz

β2 (γ − 1) βyβz

β2 (γ − 1) 1 +
(

βz

β

)2

(γ − 1)




, (2.24)

provided the coordinates of O and O′ are aligned. The the Lorentz transformation from O
and O′ is:

x′α = Λα
βxβ. (2.25)

Note Λα
β = ∂x′α

∂xβ . If the coordinate axes are not aligned then the transformation is the product
of Λα

β and a rotation matrix.
The principle of SR is : All laws of physics must be invariant under Lorentz transfor-

mations. “Invariant” ↔ Laws retain the same mathematical forms and numerical constants
(scalars) retain the same value.

2.3 Particle dynamics in SR

Define the “4-velocity”: uα ≡ dxα

dτ
= cdxα

ds
:

u0 = c
dt

dτ
= γc and ui =

1

c

dxi

dτ
= c

dt

dτ

dxi

dt
= cγβi (2.26)

1we should note that this is not the only definition: in the literature, especially on general relativity, gαβ

is often defined with opposite sign

gαβ =




−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


 (2.22)
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Then

uαuα = gαβuβuα = γ2 − γ2β2 = c2 (2.27)

is an invariant.
Moreover since dτ is an invariant and xα conforms to Lorentz transformation, then

u′α = Λα
βuβ (2.28)

⇒ uα satisfies the Principle of SR.
Define the 4-momentum of a particle:

Pα ≡ muα (2.29)

⇒ P 0 = γmc = E/c, P i = pi; E = total energy, pi = ordinary 3-momentum, m = particle’s
rest mass. Then

PαPα = m2uαuα = m2c2 = E/c2 (2.30)

is an invariant. The fundamental dynamical law for particle interactions in SR is that 4-
momentum is conserved in any Lorentz frame.

Note that

P ′α = Λα
βP β (2.31)

also one has:

PαPα = gαβP βPα = E2/c2 − p2 (2.32)

E2/c2 − p2 = (mc)2 (2.33)

⇒ E =
√

(pc)2 + (mc2)2.

The kinetic energy of a particle is T = E −mc2:

T =
√

(pc)2 + (mc2)2 −mc2 (2.34)

2.3.1 Example 1: n + n → n + n + n + n̄

Consider the reaction (one neutron at rest)

n + n → n + n + n + n̄

What is the minimum required energy for the incoming n that will enable the reaction to
proceed?
At threshold the four neutron are at rest in the lab frame, so that the 4-momentum conser-
vation requires:

Pα
1 + Pα

2 = Pα
f (2.35)

⇒ (Pα
1 + Pα

2 )(P1α + P2α) = Pα
f Pfα = 16(mnc)

2

Pα
1 P1α + 2Pα

1 P2α + Pα
2 P2α = 2(mnc)

2 + 2Pα
1 P2α

⇒ Pα
1 P2α = 7(mnc)

2. (2.36)

Pα
1 P2α = gαβPα

1 P β
2 = g00P

0
1 P 0

2 = mncE
c

E = 7mnc
2. (2.37)
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2.3.2 Photon emission and absorption:

Let uα
e,a = 4-velocity of emitter, absorber, respectively. Ee,a = photon energy measured by

emitter, absorber, respectively.
Pα = 4-momentum of photon.

Then look at

Pαuα = gαβP βuα

= P 0u0 − P iui = cP 0 = E.

1st term u0 = c, 2nd term ui = 0 in either emitter’s or absorber’s frame.
So E = pαuα is the photon energy measured by an observer with 4-velocity uα. The

expression is the same in any frame, including accelerating frame! So:

Ee = Pαuα
e and, Ea = Pαuα

a

Example: “Absorber” is rotating with angular velocity Ω on a circle of radius RA. Emitter
is stationary – Let’s find Ea/Ee

In emitter’s frame: c2dτ = gαβdxαdxβ, the emitter is stationary so uα
e = (c, 0, 0, 0).

In absorber frame:

c2(dτ)2 = gαβdxαdxβ

= c2dt2 − v2dt2 = c2dt2 −R2
Adφ2

dτ 2 = dt2 − R2
A

c2
dφ2 (2.38)

From Eq.????? we have:

Ea

Ee

=
Pαuα

a

Pαuα
e

=
P0u

0
a −−→p

−→
ui

a

P0c

=
P0u

0
α − |−→p ||

−→
ui

a| cos θ

P0c
(2.39)
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SI G

−→∇ .
−→
D = ρ

−→∇ .
−→
D = 4πρ−→∇ ×−→H − ∂t

−→
D =

−→
J

−→∇ ×−→H − 1
c
∂t
−→
D = 4π

c

−→
J−→∇ ×−→E + ∂t

−→
B = 0

−→∇ ×−→E + 1
c
∂t
−→
B = 0−→∇−→B = 0

−→∇−→B = 0−→
F = q(

−→
E +−→v ×−→B ) = 0

−→
F = q(

−→
E +

−→v
c
×−→B )

(2.44)

Table 2.1: Maxwell’s equations in CGS and SI units.

But cos θ = sin φ, and for photons PαPα = (P 0)2 − |−→P |2 = 0 ⇒ |−→P | = P 0. Thus

Ea

Ee

=
u0

a − |−→u a| sin φ

c
. (2.40)

But,

|−→u a| = RA
dφ

dτ
=

RAΩ√
1− (RAΩ/c)2

; u0
a =

c√
1− (RAΩ/c)2

(2.41)

Ea

Ee

=
λe

λa

⇒ λe

λa

=
1− (RAΩ/c) sin φ√

1− (RAΩ/c)2
(2.42)

Doppler shift (φ = 90◦):

λe

λa

=
1− (RAΩ/c)√
1− (RAΩ/c)2

=

√
1− (RAΩ/c)

1 + (RAΩ/c)
(2.43)

2.4 Covariance of Electrodynamics

2.4.1 CGS versus SI units

We wish to proceed in keeping with Jackson’s notation, which involves switching from SI
units to Gaussian units. Conversions:−→

E G√
4πε0

=
−→
E SI ;

√
ε0
4π

−→
DG =

−→
DSI ;

√
4πε0ρ

G(
−→
J G, qG) = ρSI(

−→
J SI , qSI);

√
µ0

4π

−→
B G =

−→
B SI ;

−→
HG√
4πµ0

=
−→
H SI ; ε0ε

G = εSI ; µ0µ
G = µSI ; c = (µ0ε0)

−1/2.
As one check, look at the Lorentz force:

−→
F G = qG(

−→
E G +

1

c
−→v ×−→B G)

⇒ −→
F SI =

qSI

√
4πε0

[√
4πε0

−→
E SI +

√
µ0ε0

−→v ×
√

4π

µ0

−→
B SI

]

= qSI(
−→
E SI +−→v ×−→B SI).
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The conversion from “Maxwell G” to “Maxwell SI” works the same way. So we do have a
prescription to go from Gaussian results to SI results and vice versa.

2.4.2 Current density as a 4-vector

Consider a system of particles with positions −→x n(t) and charges qn. The current and charge
densities are:

−→
J (−→x , t) =

∑
n

qnδ3(−→x −−→x n(t))
−→̇
xn(t),

ρ(−→x , t) =
∑

n

qnδ3(−→x −−→x n(t))

Note that for any smooth function f(−→x ), δ3 acts as:
∫ ∞

−∞
f(−→x )δ3(−→x −−→y ) = f(−→y ) (2.45)

if we define J0 ≡ cρ and J i(−→x ) =
∑

n qnδ3(xi− xi
n(t))dtx

i
n(t), then using δ4 function we can

write:

Jα(x) =

∫ ∑
n

qnδ4(xα − xα
n(t))dx0 dxα

n(t)

dt
(2.46)

Jα is a function of xα → it is a Lorentz invariant; Jα is a 4-vector. Jα ≡ (cρ,
−→
J ). Also note

Jα ≡ ρuα

2.4.3 Equation of charge continuity

−→∇ .
−→
J (−→x , t) =

∑
n

qn
∂

∂xi
δ3(−→x −−→x n(t))

dxi
n(t)

dt

= −
∑

n

qn
∂

∂xi
n

δ3(−→x −−→x n(t))
dxi

n(t)

dt

= −
∑

n

qn∂tδ
3(−→x −−→x n(t))

= −∂tρ(−→x , t) = −∂0[cρ(−→x , t)]. (2.47)

So the equation of charge continuity writes as ∂αJα = 0

2.4.4 4-gradient

In the previous slide we use the operator ∂α. It is defined as

∂α ≡ ∂

∂xα
. (2.48)
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This operator transforms as:

∂′µ =
∂

∂xµ
=

∂

∂xν

∂xν

∂x′µ
= (Λ−1)ν

µ

∂

∂xν
= (Λ−1)ν

µ

∂ν

.
(2.49)

Note that ∂µ = (∂0,
−→∇).

We can ”upper” the indice and define

∂µ = gµν∂ν = (∂0,−−→∇) (2.50)

Finally we can define the d’Alembertian: ¤ ≡ ∂α∂α.

2.4.5 Potential as a 4-vector

Aα ≡ (φ,
−→
A ) (2.51)

Lorentz Gauge then write ∂αAα = 0. We also have

¤Aα =
4π

c
Jα, (2.52)

or in SI units

¤Aα = µ0J
α, [SI] (2.53)

this is the equation we wrote when deriving the field induced by a charge moving at constant
velocity.

2.5 Covariant form of Maxwell equations

Returning to Maxwell Equation
Define the matrix Fαβ ≡ ∂αAβ − ∂βAα = gαδ∂δA

β − gβδ∂δA
α :

Fαβ =




0 −Ex −Ey −Ez

Ex 0 −Bz By

Ey Bz 0 −Bx

Ez −By Bx 0


 (2.54)

Look at:
∂αFαβ = ∂0F

0β + ∂1F
1β + ∂2F

2β + ∂3F
3β:

∂αFα0 = ∂0F
00 + ∂1F

10 + ∂2F
20 + ∂3F

30

= ∂iE
i =

−→∇ .
−→
E = 4πρ =

4π

c
J0. (2.55)
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Similarly,

∂αFα1 = ∂0F
01 + ∂1F

11 + ∂2F
21 + ∂3F

31

=
1

c
∂t(−Ex) + ∂x(0) + ∂y(−Bz)− ∂z(By) = −1

c
∂t(Ex) + [

−→∇ ×−→B ]x

= [
−→∇ ×−→B ]x − 1

c
∂tEx =

4π

c
J1 (2.56)

...The same for component 2, and 3. So we cast these equations under:

∂αFαβ =
4π

c
Jβ, (2.57)

This corresponds to the inhomogeneous Maxwell’s equations. In SI units Fαβ is obtained by

replacing
−→
E by

−→
E /c.

How do we get the homogenous Maxwell’s equations?
Let’s introduce the Levi-Civita (rank 4) tensor as:

εαβγδ =





+1 ifα, β, γ, δ are even permutation of 0,1,2,3
−1 ifα, β, γ, δ are odd permutation of 0,1,2,3
0 otherwise

, (2.58)

and consider the quantity εαβγδ∂βFδγ; with Fδγ = gγαgδβFαβ.

Fγδ =




0 Ex Ey Ez

−Ex 0 −Bz By

−Ey Bz 0 −Bx

−Ez −By Bx 0


 (2.59)

Fγδ is obtained from Fαβ by doing the change
−→
E → −−→E . Now consider the component ”0”

of the 4-vector εαβγδ∂βFγδ:

ε0βγδ∂βFγδ = ε0123∂1F23 + ε0132∂1F32 +

ε0213∂2F13 + ε0231∂2F31 + ε0312∂3F12 + ε0321∂3F21

= ∂1F23 − ∂1F32 − ∂2F13 + ∂2F31 + ∂3F12 − ∂3F21

= ∂x(−Bx)− ∂x(Bx)− ∂y(By) + ∂y(−By) + ∂z(−Bz)− ∂z(Bz)

= −2
−→∇ .
−→
B (= 0) (2.60)

now let’s compute the ”1” component

ε1βγδ∂βFγδ = ε1023∂0F23 + ε1032∂0F32 + ε1302∂3F02 + ε1320∂3F20

+ε1203∂2F03 + ε1230∂2F30

= −∂0F23 + ∂0F32 − ∂3F02 + ∂3F20 + ∂2F03 − ∂2F30

= 2(D0F32 + ∂2F03 + ∂3F20)

= 2

(
1

c
∂tBx − ∂zEy + ∂yEz

)

= 2

[
(
−→∇ ×−→E )x +

1

c
∂tBx

]
(= 0) (2.61)
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It is common to define the dual tensor of Fγδ as Fαβ ≡ 1
2
εαβγδFγδ. With such a definition

the homogeneous Maxwell equations can be casted in the expression:

∂αFαβ = 0. (2.62)

Note: Fαβ = Fαβ(
−→
E → −→

B ,
−→
B → −−→E ).

To include
−→
H and

−→
D , one defines the tensor Gαβ = Fαβ(

−→
E → −→

D,
−→
B → −→

H ), and then
Maxwell’s equations write:

∂αGαβ =
4π

c
Jβ, and ∂αFαβ = 0. (2.63)

Due to covariance of Fαβ, it is a tensor, the calculation of em field from one Lorentz frame
to another is made easy. Just consider:

F ′αβ =
∂x′α

∂xγ

∂x′β

∂xδ
F γδ, (2.64)

or in matrix notation

F ′ = Λ̃FΛ = ΛFΛ (2.65)

Example: Consider a boost along the ẑ-axis, then

Λ =




γ 0 0 −βγ
0 1 0 0
0 0 1 0

−γβ 0 0 γ


 (2.66)

Plug the F matrix associated to F γδ in Eq. 2.65, the matrix multiplication yields:

F ′γδ =




0 γ(Ex − βBy) γ(Ey + βBx) Ez

−γ(Ex − βBy) 0 Bz −γ(By − βEx)
−γ(Ey + βBx) −Bz 0 γ(Bx + βEy)

−Ez γ(By − βEx) −γ(Bx + βEy) 0


 (2.67)

by inspection we obtain the same equation as [JDJ, Eq. (11.148)].

2.6 Fundamental Invariant of the electromagnetic field

tensor

This section i adapted from a paper by Muñoz 2. The scalar quantities

F µνFµν = 2(E2 −B2), and F µνFµν = 4
−→
E .
−→
B , (2.68)

are invariants. Usually one redefines these two invariants as:

I1 ≡ −1

4
F µνFµν =

1

2
(B2 − E2), and I2 ≡ −1

4
F µνFµν = −−→E .

−→
B . (2.69)

2G. Muñoz, Am. J. Phys. 65 (5), May 1997
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Note that these invariants may be rewritten as:

I1 ≡ −1

4
tr(F 2) and I2 ≡ −1

4
tr(FF), (2.70)

where F ≡ F ν
µ = F µαgαν and F ≡ Fν

µ = Fµαgαν .
Finally note the identities:

FF = FF = −I2I, and F 2 −F2 = −2I1I (2.71)

Eigenvalues of F (for later!):
Look for eigenvalue λ associated to eigenvector Ψ:

FΨ = λΨ ⇒ FFΨ = λFΨ ⇒ FΨ = −I2

λ
Ψ. (2.72)

(F 2 −F2)Ψ = −2II1Ψ = [λ2 − (I2/λ)2]Ψ, (2.73)

So characteristic polynomial is: λ4 + 2I1λ
2 − I2

2 = 0.
Solutions are:

λ± =

√√
I2

1 + I2
2 ± I1 (2.74)

λ1 = −λ2 = λ−, λ3 = −λ4 = iλ+.

2.7 Equation of motion

The equation describing the dynamics of a relativistics particle of mass m and charge q
moving under the influence of em field Fαβ is:

duα

dτ
=

q

mc
Fα

β uβ. (2.75)

with uα = (γc, γ−→v ). Note that this is equivalent to introducing the ”quadri-force”

fµ = F µνuν . (2.76)
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Chapter 3

Particle Dynamics Electromagnetic
Fields

3.1 Lagrangian & Hamiltonian formulation

Classical mechanics, Given −→x (x1, x2, x3) in K and
−→̇
x system is characterized by a La-

grangian: L(xi, ẋi, t). The action

A ≡
∫ t2

t1

L(xi, ẋi, t)dt (3.1)

is a functional of −→x (t), ∀−→x (t) defined for t ∈ [t1, t2].
The least action principle states that A is a stationary function for any small variation δ−→x (t)
verifying δ−→x (t1) = δ−→x (t2) = 0.
The equation of motion then follow from Euler-Lagrange equations:

P i =
∂L
∂ẋi

dP i

dt
=

∂L
∂xi

3.1.1 Case of a free relativistic particle

Equation of motion must be referential-invariant ⇒ the least action princple δA = 0 must
have the same form in different referential ⇒ A must be a scalar invariant.
A is a sum of infinitesimal elements along a universe line xi(t)
⇒ Ldt associated to a small displacement must be a scalar invariant.

⇒ Ldt = αds = α
√

1− V 2

c2
dt also,

lim
V¿c

L =
1

2
mV 2 + const = α

(
1− V 2

c2
+O((V/c)4)

)
(3.2)

so α = −mc, and the relativistic Lagrangian of a free particle is

Lfree = −mc2

√
1− V 2

c2
= −mc

γ

√
uαuα, (3.3)
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where uα = (γc, γ−→v ) is the four-velocity. One can check:

d

dt

∂L
∂
−→̇
x

=
d

dt
(mγ

−→̇
x ) = 0

3.1.2 Lagrangian of a relativistic particle in e.m. field

The Lagrangian now takes the form L = Lfree +Lint, where Lint is the interaction potential.
In the nonrelativistic limit LNR

int = −eΦ = −eA0 so let’s try

Lint = − e

γc
uαAα

= − e

γc
gαβuβAα

= − e

γc

(
γcΦ− γ

−→
V .
−→
A

)

Lint = −eΦ + e
−→
β
−→
A. (3.4)

The total Lagrangian is

L = −mc2

√
1− V 2

c2
+

e

c

−→
V .
−→
A (−→x )− eΦ(−→x ). (3.5)

Let’s check this gives the equation of motion, by calculating

∂L
∂−→x − d

dt

∂L
∂
−→̇
x

= 0 (3.6)

d

dt

∂L
∂
−→
V

=
d

dt

(
γm

−→
V +

e

c

−→
A

)

=
d(γm

−→
V )

dt
+

e

c

(
∂
−→
A

∂t
+

∂xi

∂t

∂

∂xi

−→
A

)
=

d(γm
−→
V )

dt
+

e

c

(
∂
−→
A

∂t
+ (
−→
V .
−→∇)
−→
A

)

∂

∂−→x L =
e

c

−→∇ .(
−→
V .
−→
A )− e

−→∇Φ =
e

c

[
(
−→
V .
−→∇)
−→
A +

−→
V × (

−→∇ ×−→A )
]
− e

−→∇Φ

With
−→
B =

−→∇ ×−→A , one finally has:

d

dt

∂L
∂
−→
V
− ∂L

∂−→x =
d

dt
(γm

−→
V ) +

e

c

∂
−→
A

∂t
+ e

−→∇Φ− e

c

−→
V ×−→B = 0

which gives the Lorentz force equation (in Gauss units!):

d

dt
(γm

−→
V ) = e

−→
E +

e

c
(
−→
V ×−→B ) (3.7)
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Let’s check the Lagrangian verifies the “least action principle”
The total Lagrangian can be written

L = −mc

γ

√
uαuα − q

γc
uαAα(xβ). (3.8)

define L̃ ≡ γL. The action is A =
∫ τ2

τ1
dτ L̃.

least action principle δA = 0.

δA = δ

[∫ τ2

τ1

dτ L̃
]

=

∫ τ2

τ1

dτδL̃ (3.9)

− δL̃ = mc
1

2

1√
uαuα

[
∂(uαuα)

∂uβ

]
δuβ + qAαδuα + quα ∂Aα

∂xβ
δxβ. (3.10)

One has δuα = δ(∂xα

∂τ
) = ∂

∂τ
(δxα), and

∂(uαuα)

∂uβ
= gαγ

∂(uαuγ)

∂uβ
= gαγ

(
δα
βuγ + δγ

βuα
)

= 2uβ (3.11)

using δ dxα

dτ
= d(δxα)

dτ
(commutation of δ and d operators), one gets:

− cδL̃ = (mcuβ + qAβ)
d(δxβ)

dτ
+ quα∂βAαδxβ. (3.12)

Evaluating the integral by part and noting that δxβ(τ1) = δxβ(τ2) = 0 gives:

δA = −
∫ τ2

τ1

dτ

[
−mc

duβ

dτ
− q(∂αAβ)uα + quα∂βAα

]
δxβ, (3.13)

and δA = 0 ⇒ [...] = 0 (linear independence argument) gives the equation of motion
m d

dτ
uβ = q

c
Fαβuα

The canonical momentum
−→
P conjugate to −→x is, by definition,

−→
P =

∂L
∂
−→
V

= γm
−→̇
x +

e

c

−→
A

−→
P = −→p +

e

c

−→
A (3.14)

and the hamiltonian is defined as:

H ≡ −→
P .
−→
V − L (3.15)
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3.2 Relativistic Hamiltonian

We use
−→
P = γm−→v + e

c

−→
A and calculate H then express H only as a function of

−→
P and −→x .

On can do the algebra (namely explicit −→v as a function
−→
P and replace in the expression of

H.

H = −→v .
(
γm−→v +

e

c

−→
A

)
+ γmc2 1

γ
+ eΦ− e

c

−→
A−→v (3.16)

= γmv2 +
mc2

γ
+ eΦ = γmc2 + eΦ. (3.17)

We note that the relation between
−→
P − e

c

−→
A and H − eΦ is the same as between H and −→p

for the case of zero-field so we have:

(H− eΦ)2 =
(−→

P − e

c

−→
A

)2

c2 + m2c4 (3.18)

So finally,

H =

√(−→
P c− e

−→
A

)2

+ m2c4 + eΦ (3.19)

3.3 Motion of a particle in a constant uniform E-field

Let E be the total energy: E =
√

(pc)2 + (mc2)2 = γmc2 ⇒ γ = E
mc2

. Thus,

−→p = γm−→v =
E
c2
−→v ⇒ −→v =

c2

E
−→
P . (3.20)

Let’s consider the case of a particle of charge q interacting with the field
−→
E = Ex̂, and with

initial conditions p(t = 0) = p0ŷ. Lorentz Force gives:

ṗx = qE, and, ṗy = 0 (3.21)

which yields:

px = qEt, and, py = p0 (3.22)

and p2 = (qEt)2 + p2
0.

So the total energy at time t is:

E2(t) = c2
[
(qEt)2 + p2

0

]
+ m2c4 = (cqEt)2 + E0 (3.23)

where E0 ≡ E(t = 0). The velocity is:

vx =
dx

dt
= c

cqEt√
(cqEt)2 + E2

0

(3.24)
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note that limt→∞ = c. Performing a time integration yields:

x(t) =
1

qE

√
(cqEt)2 + E2

0 . (3.25)

For y-axis we have:

dy

dt
=

c2p0√
(cqEt)2 + E2

0

, (3.26)

and limt→∞
dy
dt

= 0.
A time integration gives:

y =
p0c

qE
sinh−1

(
cqEt

E0

)
. (3.27)

remember:
∫ ξ

0
dξ̃

ξ̃2+1
= sinh−1(ξ). Expliciting t as a function of y:

cqEt = sinh

(
qEy

p0c

)
, (3.28)

and substituting in x, we have the trajectory equation in (x, y) plane:

x =
E0

qE

√
sinh2

(
qEy

p0c

)
+ 1

=
E0

qE
cosh

(
qEy

p0c

)
. (3.29)

The nonrelativistic limit (v ¿ c) is given by setting E0 = mc2, p0 = mv0:

x =
mc2

qE
cosh

(
qEy

mv0c

)
' qE

2mv2
0

y2 + const. (3.30)

the familiar parabola. The Taylor’s expansion cosh(x) = 1 + x2/2! +O(x4) was used.

3.4 Motion of a particle in a constant uniform B-field

Lorentz force gives (CGS!):
−→̇
p = q

c
−→v ×−→B ; −→p = E

c2
−→v ⇒ −→̇

v = cq
E
−→v ×−→B .−→

B changes the direction of −→v but not its magnitude so W , and γ are constants. Consider

for simplicity
−→
B = Bẑ, then

−→v ×−→B = vyBx̂− vxBŷ,

which gives

v̇x =
cqB

E vy,

v̇y = −cqB

E vx,

v̇z = 0. (3.31)
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Figure 3.1: Trajectories (in normalized coordinate) in uniform constant E-field: x̂ =
cosh(κŷ), with κ = 1, 2, 3, 4. dashed are corresponding parabolic approximation x̂ =
1 + 1

2
(κŷ)2.

So we have to solve a system of coupled ODE of the form:

v̇x = ωvy, v̇y = −ωvx, v̇z = 0. (3.32)

where ω ≡ cqB
E . Let’s cast the transverse equation of motions:

d

dt
(vx + ivy) = −iω(vx + ivy), (3.33)

the solution is of the form vx + ivy = v⊥e−i(ωt+α). Let v‖ = vz. With these notations we can
write: 


vx

vy

vz


 =




v⊥ cos(ωt + α)
−v⊥ sin(ωt + α)

v‖


 ; with v⊥ =

√
v2

x + v2
y, and, (3.34)




x
y
z


 =




x0 + R sin(ωt + α)
y0 + R cos(ωt + α)

z0 + v‖t


 ; with R ≡ v⊥

ω
=

v‖E
cqB

. (3.35)

So the trajectory is a helix whose axis is along ẑ, with radius R. The frequency ω is the
rotation frequency of the trajectory when projected in a plan orthogonal to the helix axis.

R is called the gyroradius, R =
v‖E
cqB

= p⊥c
qB

. ω = qcB
E = qcB

γmc2
⇒ qB

γmc
is the gyrofrequency

(v⊥
R

).

The gyroradius and gyrofrequency arise in all calculations involving particle motion in
magnetic fields. Note that in SI units:

ω =
qB

γm
, and R =

γmv⊥
qB

. (3.36)
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3.5 Motion of a particle in a constant uniform mag-

netic and electric field

We now consider the case where both
−→
E and

−→
B fields are present in some arbitrary orien-

tation. The idea is to directly solve the equation of motion

duα

dτ
=

q

mc
Fα

β uβ; (3.37)

the treatment follows Muñoz’s paper 1. Let θ ≡ qτ
mc

, and rewrite the equation of motion in
matrix form:

dU

dθ
= Fu with solution u = eθF u(0), (3.38)

where,

eθF =
∞∑

n=0

θn

n!
F n. (3.39)

Now, recall the identity (see handout end of part II) F 2 = F2 − 2I1I. Because of this,
every power of F can be written as a linear combination of I, F , F , and F 2, e.g.:

F 3 = FF 2 = FF2 − 2I1F = −I2F − 2I1F ;

F 4 = −I2FF − 2I1F
2 = I2

2I − 2I1F
2;

F 5 = I2
2F − 2I1F

3 = (4I2
1 + I2

2 )F + 2I1I2F ;

etc...

(3.40)

This means,

eθF = αI + βF + γF + δF 2. (3.41)

To find the constants α, β, γ, and δ, consider the following traces (note that the trace of
odd power of F and F are zero:

t0 ≡ 1

4
Tr[eθF ] = α− I1δ,

t1 ≡ 1

4
Tr[FeθF ] = −I1β − I2γ,

t2 ≡ 1

4
Tr[F 2eθF ] = −I1α + (2I2

1 + I2
2 )δ,

t3 ≡ 1

4
Tr[F 3eθF ] = 2(I2

1 + I2
2 )β + I1I2γ.

1G. Muñoz, Am. J. Phys. 65, 429 (1997)
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Solving this system of equation for α, β, γ, and δ, yields:

α =
(2I2

1+I2
2 )t0+I1t2

I2
1+I2

2
; β =

t3 + I1t1
I2

1 + I2
2

;

γ = − (2I2
1+I2

2 )t1+I1t3
I2(I2

1+I2
2 )

; δ =
t2 + I1t0
I2

1 + I2
2

.

The traces are found upon diagnonalization of eθF → eθF ′ :

Tr[eθF ] = Tr[eθF ′ ] =
4∑

i=1

eθλi , (3.42)

where λi are the eigenvalues of F : λ1 = −λ2 = λ−, and λ3 = −λ4 = iλ+ where λ± =√√
I2

1 + I2
2 ± I1.

Thus

t0 =
1

4
Tr[eθF ] =

1

2
[cosh(θλ−) + cos(θλ+)]

tk =
1

4
Tr[F keθF ] =

∂kt0
∂θk

(3.43)

So

t1 =
1

2
[λ− sinh(θλ−)− λ+ sin(θλ+)]

t2 =
1

2
[λ2
− cosh(θλ−)− λ2

+ cos(θλ+)]

t3 =
1

2
[λ3
− cosh(θλ−) + λ3

+ sin(θλ+)]

Substitute and simplify to finally obtain the values:

α =
λ2
+ cosh(θλ−)+λ2

− cos(θλ+)

2
√
I2
1+I2

2

; β =
λ− sinh(θλ−) + λ+ sin(θλ+)

2
√
I2

1 + I2
2

;

γ = |I2|
I2

λ− sin(θλ+)−λ+ sinh(θλ−)

2
√
I2
1+I2

2

; δ =
cosh(θλ−)− cos(θλ+)

2
√
I2

1 + I2
2

.

Substitute into the power expansion for eθF to find:

u(θ) =
1

2
√
I2

1 + I2
2

[
(λ2

+I + F 2) cosh(θλ−) + (λ2
−I − F 2) cos(θλ+)

+

(
λ−F − |I2|

I2

λ+F
)

sinh(θλ−) +

(
λ+F +

|I2|
I2

λ−F
)

sin(θλ+)

]
u(0).

Note that u(θ) = 2
mc

dx
dθ

, so integrate over θ ∈ [0, θ) to get

x(τ) = x(0) +
mc

qI2
Fu(0) +

mc

2q
√
I2

1 + I2
2

[(
F − λ2

+

I2
F

)
cosh(θλ−)

−
(

F +
λ2−
I2
F

)
cos(θλ+) +

λ2
+I + F 2

λ−
sinh(θλ−) +

λ2−I − F 2

λ+
sin(θλ+)

]
u(0).
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which is the final result.
Consider the special case of

−→
E = Ex̂,

−→
B = Bŷ then

−→
E ⊥ −→

B ⇒ I2 = 0. Taking the limit
I2 → 0 gives:
λ− → 0; λ+ →

√
2I1, cosh(θλ−) → 1 and sinh(θλ−)/λ− → θ.

Consider the case I1 = 1
2
(B2 − E2) > 0 and let’s take x(0) = 0. Then:

x(τ) =
mc

qI2

Fu(0) +
mc

2qI1

[(
F − 2I1

I2

F
)
− F cos(θλ+) (3.44)

+ (2I1I + F 2)θ − 1√
2I1

F 2 sin(θ
√

2I1)

]
u(0).

Define Ω ≡ q
mc

√
2I1 then

x(τ) = (I +
F 2

2I1

u(0)τ +
mc

2qI1

(1− cos Ωτ

− F√
2I1

sin Ωτ

)
Fu(0) (3.45)

Fu(0) = γ0c




0 E 0 0

E 0 0 −B

0 0 0 0

0 B 0 0







1
β0x

β0y

β0z


 = γ0c




E
E − β0zB

0
β0xB


 ; F 2u(0) = γ0c




E(E − β0zB)
−2I1β0x

0
B(E − β0zB)




and so:

x =
γ0mc2

2qI1

[
(E −Bβ0z)(1− cos Ωτ) +

√
2I1β0x sin Ωτ

]

y = γ0v0yτ

z =
γ0cE

2I1

(B − Eβ0z)τ +
γ0mc2B

2qI1

[
β0x(1− cos Ωτ)− E −Bβ0z√

2I1

sin Ωτ

]

t =
γ0B

2I1

(B − Eβ0z)τ +
γ0mcE

2qI1

[
β0x(1− cos Ωτ)− E −Bβ0z√

2I1

sin Ωτ

]

Note that the particle has a velocity perpendicular to
−→
E and

−→
B fields. The so-called E ×B

drift. The drift velocity is vd = cE/B.

3.6 Non uniform magnetic field and adiabatic invari-

ance

Suppose the magnetic field is non uniform but changes “slowly” compared to the ”gyrope-
riod” of the charge particle (charge=q) under its influence. This is a so-called “adiabatic
change. The action integral is conserved:

J =

∮ −→
P ⊥.

−→
dl (3.46)
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−→
dl is the line element along the particle trajectory. Expliciting P⊥:

J =

∮
(γm−→v ⊥ +

q

c

−→
A ).

−→
dl

= (γmωBa)(2πa) +
q

c

∫

S

−→
B.n̂dS (3.47)

⇒ J = 2πγmωBa2 − q

c
πBa2 (3.48)

since
−→
B is anti-parallel to n̂. Also, γmωB = q

c
B so that:

J =
q

c
πBa2. (3.49)

This means the magnetic flux

ΦB =

∫

S

−→
B .
−→
dS = πBa2 (3.50)

is an adiabatic invariant.

3.6.1 Example of application of adiabatic invariance

??????????????

3.7 Non uniform magnetic field without adiabatic in-

variance: the solenoid

The Br component of magnetic field imparts a pθ to a charge particle coming off a cathode

immersed in a B-field; see Figure 3.2. Let
−→
B (z = 0) ≡ Bcẑ.

Fθ =
q

c
vzBr =

dpθ

dt
; pθ(t = 0) = pθ(z = 0) = 0

⇒ pθ =
q

c

∫ ∞

0

Brvzdt =
q

c

∫ ∞

0

Brdz (3.51)

But integrating over the surface, S, of a ”Gauss” cylinder gives:
∫

S

−→
B
−→
dS = 0 = −πr2Bc + 2πr

∫ ∞

0

Brdz

⇒
∫ ∞

0

Brdz =
1

2
Bcr. (3.52)

Consequently the charge q picks-up a total angular momentum pθ = q
2c

Bcr. Note that

pθ

pc

=
1

2

qBc

pcc
r =

r

2ρ
(3.53)
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L1 L2 L3

UV laser
rf−gun

photocathode
electrons

Figure 3.2: Configuration used to generate an angular-momentum-dominated electron beam

where ρ−1 ≡ qBc

pcc
. This tells what fraction of initial momentum got converted to angular

momentum. ρ is the gyroradius the electron would have had if it was orthogonal to
−→
B c.

Consequently the angular momentum scales as L ≡ −→r × −→p ∝ r2 as confirmed via experi-
ment 2; see Fig. 3.3. Note that for a particle originating external to the solenoid, pθ = 0 by
symmetry.

2 Y.-E Sun, P. Piot, K.-J. Kim, N. Barov, S. Lidia, J. Santucci, R. Tikhoplav, and J. Wennerberg, Phys.
Rev. ST Accel. Beams 7, 123501 (2004)
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Figure 3.3: Measured averaged angular momentum imparted on an electron beam being
photoemitted from a cathode immersed in a solenoidal lens. Left: dependency of the angular
momentum versus the laser transverse size (σc = r/2). Right: beam’s angular momentum as
a function of computed angular momentum [from vector potential given the Bc field (note
B0 ≡ Bc]
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Chapter 4

Radiation from accelerating charges

4.1 Radiation from accelerating charges

Radiation emitted at time t′ reaches the observer (P ) at time t > t′. It is retarded due
to the finite speed of light. Let’s first derive the 4-potential due to the moving charge.

4.2 Four-potential produced by a moving charge

Let’s start with the inhomogenous Maxwell’s equation:

∂α = Fαβ =
4π

c
jβ (4.1)

jβ is the 4-current jβ ≡ (cρ,
−→
J ). Use the definition of Fαβ = ∂αAβ − ∂βAα and impose the

Lorenz Gauge condition ∂αAα = 0 we have:

∂α∂αAβ − ∂α∂βAα = ∂α∂αAβ =
4πjβ

c
(4.2)

x(t�)

x(t)

x
radiation

P

o

Figure 4.1: geometry associated to the problem of retardation
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which can be re-written:

¤Aβ =
4π

c
jβ(x) (4.3)

Solution of the latter equation → find Green’s function D(x, x′) for the equation

¤xD(x, x′) = δ(4)(x− x′) (4.4)

where δ(4)(x− x′) ≡ δ(x0 − x′0)δ
(3)(−→x −−→x′ ). If free-space (no boundary condition) then

D(x, x′) = D(x − x′). Let zα = xα − x′α, D(x − x′) → D(z) and the d’Alembert equation
rewrites:

¤zD(z) = δ(4)(z).

Which can be solved using the Fourier transform method: write

D(z) =
1

(2π)4

∫
d4kD̃(k)e−ikz, and,

δ4(z) =
1

(2π)4

∫
d4ke−ikz (4.5)

Expliciting in the wave equation on finds:

D̃(k) = − 1

kβkβ

where kβ ≡ (k0,
−→κ ) is the four-wavevector, and let z = (z0,

−→
R ). kβkβ = k2

0 − κ2.
so the Green function is given by:

D(z) =
1

(2π)4

∫
d4k(−)

e−ikz

k2
0 − κ2

= − 1

(2π)4

∫
d3κei−→κ−→R

∫
dk0

e−ik0z0

k2
0 − κ2

(4.6)

Consider the integral over k0. It can be replaced by an integral over a closed contour in the
complex space associated to k0. The integrand has two poles at k0 ± κ on the real axis. If
we consider z0 > 0 the contour need to be closed toward Im(k0) = −∞ and the integral is:

∫ +∞

∞
dk0

e−ik0z0

k2
0 − κ2

=

∮

C

dk0
e−ik0z0

k2
0 − κ2

= −2iπ
∑

Res

(
e−ik0z0

k2
0 − κ2

)

= −2π

κ
sin(kz0) (4.7)

So D, the retarded Green function, becomes:

D(z) =
1

(2π)3

∫
d3k

sin(κz0)

κ
ei−→κ .

−→
R (z0 > 0) (4.8)

=
Θ(z0)

(2π)3

∫
d3k

sin(κz0)

κ
ei−→κ .

−→
R
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where Θ(x) is the Heaviside function. Introducing d3κ = k2dκ sin(θ)dθdφ then we can work
out the integral over angle:

∫
sin θdθdφei−→κ−→R =

∫ 2π

0

dφ

∫ π

0

sin θdθeiκz cos θ = 2π

[
eiκz cos θ

−iκz

]π

0

= 4π
sin(κR)

κR
. (4.9)

So,

D(z) =
Θ(z0)

(2π)3

∫
dκ

4π

R
sin(κR) sin(κz0) (4.10)

=
Θ(z0)

2π2R

∫ ∞

0

dκ sin(κR) sin(κz0)

= − 1

4πR

1

2π

∫ +∞

0

[
eik(R+z0) − eik(R−z0) − e−ik(R−z0) + eik(R+z0)

]

=
Θ(z0)

4πR

1

2π

∫ +∞

−∞

[−eik(R+z0) − eik(R−z0)
]

(4.11)

=
Θ(z0)

4πR
[δ(z0 −R) + δ(z0 + R)] =

Θ(z0)

4πR
δ(z0 −R) (4.12)

since the condition z0 > 0 implies δ(z0 + R) = 0.

D(x− x′) =
Θ(z0)

4πR
δ(x− x′ −R) (4.13)

Now use the identity

δ[(x− x′)2] = δ[(x− x0)
2 − |x− x′|2]

= δ[(x0 − x′0 −R)(x0 − x′0 + R)]

=
1

2R
[δ(x0 − x′0 −R) + δ(x0 − x′0 + R)] (4.14)

where we make the use of δ[(x− x1)(x− x2)] = δ(x−x1)+δ(x−x2)
|x1−x2| . The function D becomes:

D(x− x′) =
1

2π
Θ(x0 − x′0)δ[(x− x′)2]. (4.15)

Then the retarded 4-potential is given by the convolution integral:

Aα(x) = const. +
4π

c

∫
d4x′D(x− x′)Jα(x′) (4.16)
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4.3 Liénard-Wiechert Potentials

The 4-potential caused by a charge in motion is:

Aα(x) =
4π

c

∫
d4x′D(x− x′)jα(x′), (4.17)

The 4-current is (see Part II)

jα(x′) = ec

∫
dτvα(τ)δ(4)[x′ − r(τ)] (4.18)

τ is the charge’s proper time. So expliciting D and jα the 4-potential takes the form

Aα(x) = 2e

∫
dτd4x′Θ(x0 − x′0)δ[(x− x′)2]vα(τ)δ(4)[x− r(τ)]

= 2e

∫
dτΘ(x0 − x′0)v

α(τ)δ[(x− r(τ))2] (4.19)

Aα(x) = 2e

∫
dτδ(τ − τ0)Θ(x0 − x′0)v

α(τ)
∣∣ −1

2vβ(τ)[x− r(τ)]β

∣∣

using the relation

δ[f(x)] =
∑

i

δ(x− xi)∣∣∂f
∂x

∣∣
x=xi

.

The four-vector potential finally writes:

Aα(x) =
evα(τ)

vβ[x− r(τ)]β

∣∣∣∣
τ=τ0

which can be written in the more familiar form:

Φ(−→x , t) =

[
e

(1−−→β .n̂)R

]

ret

, and,
−→
A (−→x , t) =

[
e
−→
β

(1−−→β .n̂)R

]

ret

(4.20)

where ret means the quantity in bracket have to be evaluated at the retarded time t′ that
satisfies the causality condition.

4.4 Field associated to a moving charge

Consider a charge q in motion the Lienard-Witchert potential are given by:

(
Φ(−→x , t)−→
A (−→x , t)

)
=

[
q

(1−−→β .n̂)R

(
1−→
β

)]

ret

. (4.21)
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r(t�)

r(t)

x

P(x,t)

oR

particle trajectory

Causality imposes:

c(t-t�)=|R|

q

Figure 4.2: Notations and conventions.

The fields are given by
−→
E = −−→∇Φ − 1

c
∂
−→
A

∂t
, but, we need to evaluate the quantities at the

retarded time t′. First let’s express the
−→∇ and ∂/∂t operators in term of retarded quantities.

R(t′) = c(t− t′) ⇒ ∂R

∂t
= c

(
1− ∂t′

∂t

)
. (4.22)

On another hand:

∂R

∂t
=

∂R

∂t′
∂t′

∂t
. (4.23)

1

2

∂R2

∂t′
= R

∂R

∂t′
=
−→
R.

∂
−→
R

∂t′
, so, R

∂R

∂t′
= −−→v .

−→
R. (4.24)

Thus

∂R

∂t
= −c

−→
β .n̂

∂t′

∂t
(4.25)

From equation 4.22 and 4.25 one gets:

∂t′

∂t
=

1

1−−→β .n̂
≡ 1

κ
⇒ ∂

∂t
=

1

κ

∂

∂t′
(4.26)

For the operator
−→∇ take:

−→∇R =
−→∇ [c(t− t′)] = −c

−→∇t′ (4.27)
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if
−→∇ t′ is the gradient operator evaluated at constant t′ then

−→∇R =
−→∇ t′R +

∂R

∂t′
−→∇t′

= n̂− c
−→
β .n̂

−→∇t′ (4.28)

From equation 4.27 and 4.28 one gets:

−→∇t′ =
−n̂

c(1−−→β .n̂)
(4.29)

So we finally get:

−→∇ =
−→∇ t′ − n̂

cκ

∂

∂t′
(4.30)

So the electric field is :

−→
E = −−→∇Φ− 1

c

∂
−→
A

∂t
= −−→∇ t′Φ +

n̂

cκ

∂Φ

∂t′
− 1

κc

∂
−→
A

∂t′
, (4.31)

with Φ = e
κR

.

−→∇ t′Φ =
−e

(κR)2
[R
−→∇ t′κ + κ

−→∇ t′R] (4.32)

−→∇ t′R = n̂, and

−→∇ t′κ =
−→∇ t′(1−−→β .n̂) = −−→∇ t′(

−→
β .n̂) = −(

−→
β .
−→∇ t′)n̂. (4.33)

⇒ −→∇ t′κ = −(
−→
β .
−→∇ t′)

−→
R

R

= −R(
−→
β .
−→∇ t′)

−→
R −−→R (

−→
β .
−→∇ t′

R2

= −
−→
β − n̂(

−→
β .n̂)

R
. (4.34)

So we finally get:

−→∇ t′Φ =
−e

(κR)2
[−−→β + n̂(

−→
β .n̂) + (1−−→β .n̂)n̂]

= − e

(κR)2
[n̂−−→β ] (4.35)

where we have used κ = 1−−→β .n̂. Now let’s calculate the quantity n̂
cκ

∂
∂t′Φ:

∂Φ

∂t′
= −e

∂

∂t′

(
1

κR

)
=

−e

(κR)2
[κṘ + Rκ̇] (4.36)
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Ṙ = −c
−→
β .n̂, and κ̇ = −

−→̇
β .n̂− ˆ̇n.

−→
β .

ˆ̇n =
∂

∂t′

−→
R

R
=

R
−→̇
R − Ṙ

−→
R

R2

=
−−→v + (−→v .n̂)n̂

R
= −c

−→
β − (

−→
β .n̂)n̂

R
. (4.37)

Then

κṘ + κ̇R = −c
−→
β .n̂κ + R{−

−→̇
β .n̂ + c

−→
β [

−→
β − (

−→
β .n̂)n̂

R
]}

= −
−→̇
β .
−→
R + cβ2 − c

−→
β .n̂ (4.38)

So

Φ̇ = − e

(κR)2
[−
−→̇
β .
−→
R + cβ2 − c

−→
β .n̂]. (4.39)

So from Equations 4.35 and 4.39 we have

−→∇ t′Φ = − e

(κR)2
{n̂−−→β +

n̂

cκ
[+
−→̇
β .
−→
R − cβ2 + c

−→
β .n̂]} (4.40)

Now we need to compute ∂
−→
A

∂t
:

∂
−→
A

∂t
=
−→̇
A

∂t′

∂t
=

1

κ

−→̇
A (4.41)

So

−→̇
A =

−→̇
β Φ +

−→
β Φ̇ = +

e

Rκ

−→̇
β

e
−→
β

(Rκ)2
[
−→̇
β
−→
R + c

−→
β n̂− β2c] (4.42)

Finally the E-field is:

−→
E (t′) = −−→∇Φ(t′)− 1

c

∂
−→
A

∂t′

=
e

(κR)2κ

[
(n̂−−→β )κ +

n̂

c
(
−→̇
β .
−→
R + c

−→
β .n̂− cβ2)

−
−→
β

c
(
−→̇
β .
−→
R + c

−→
β .n̂− cβ2)− e

cRκ2

−→̇
β

]
(4.43)

After simplification (and using
−→
β .n̂ = 1− κ) we end-up with:

−→
E (t′) =

e

κ3R2

[
n̂

c

−→̇
β .
−→
R + (1− β2)n̂−

−→
β

c

−→̇
β .
−→
R +

−→
β −−→β β2

]

=
e

κ3R2

[
(1− β2)(n̂−−→β )

]
+

e

cRκ3

[−→̇
β .n̂(n̂−−→β )−

−→̇
β κ

]
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So finally the
−→
E and

−→
B fields are given by:

−→
E (t′) =

[
e

κ3R2γ2
(n̂−−→β )

]

ret

+

[
e

κ3R
{n̂× [(n̂−−→β )×

−→̇
β ]}

]

ret−→
B (t′) = [n×−→E ]ret

where the identity n̂× [(n̂−−→β )×
−→̇
β ] =

−→̇
β .n̂(n̂−−→β )−

−→̇
β (1−−→β .n̂) was used.

4.5 field of a charge moving at constant velocity

−→
E (−→x , t) = q

[
n̂−−→β
γ2κ3R2

]

ret

+
q

c


 n̂× [(n̂−−→β )×

−→̇
β ]

κ3R




ret

, and

−→
B (−→x , t) = [n̂×−→E ]ret.

if β̇ = 0, constant velocity then:

−→
E (−→x , t) = q

[
n̂−−→β
γ2κ3R2

]

ret

.

from part II, we know that:

−→
E ⊥(−→x , t) =

γqb

(b2 + γ2v2t2)3/2
.

PP ′ = v(t− t′) = βR, P ′Q = PP ′ cos(θ) = βR cos(θ),

PQ = βR sin(θ) = βR b
R

= βb; QO = R− PP ′ = (1−−→β .n̂)R

r2 = QO2 + PQ2 = (1−−→β n̂)2R2 = r2 − β2b2 = (vt)2 + b2 − β2b2 So,
r2 = γ−2[b2 + γ2v2t2] = [κ2R2]ret

and x̂.(n̂−−→β )ret = sin(θ) = b
R

so that

Ex = q

[
x̂.(n̂−−→β )

γ2κ3R2

]

ret

= q
bγ

[b2 + γ2v2t2]3/2
. (4.44)

4.6 Radiated Power
−→
S (−→x , t).n̂: power crossing a unit area, at time t, of a surface that incircles the radiating
particle. n̂ is the normal to unit area.
The total energy radiated through the unit area is:

W =

∫ +∞

−∞
dt′

dt

dt′
−→
S (−→x , t).n̂ =

∫ +∞

−∞
dt′[κ

−→
S .n̂]ret
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So,
dW

dt
= [κ

−→
S .n̂]ret

This is dP (t′)/dA or 1/R2dP (t′)/dΩ so the instantaneous power radiated at time t′ per unit
solid angle dΩ is given by:

dP (t′)
dΩ

= [κ
−→
S .n̂R2]ret

From now on, consider only radiation field i.e. R large – this is the “far field” approxi-
mation, then

−→
S .n̂ =

c

4π
[
−→
E × (n̂×−→E )].n̂

=
c

4π
[E2 − (n̂.

−→
E )2].

Consider n̂.
−→
E :

n̂.
−→
E ∝ n̂.{n̂× [(n̂−−→β )×

−→̇
β ]}

∝ n̂.{(n̂.
−→̇
β )(n̂−−→β )− [n̂.(n̂−−→β )]

−→̇
β }

∝ n̂.{(n̂.
−→̇
β )(n̂−−→β )− (1−−→β .n̂)

−→̇
β }

= 0. (4.45)

Hence,

−→
S .n̂ =

c

4π
E2 =

q2

4πc


 |n̂× [(n̂−−→β )×

−→̇
β ]|2

κ6R2




ret
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dP (t′)
dΩ

= [κR2−→S .n̂]ret =
q2

4πc


 |n̂× [(n̂−−→β )×

−→̇
β ]|2

κ5




ret

.

This is the power radiated per unit solid angle in terms of the charge proper time t′.
If we wants to know dP (t)/dt the power radiated per unit solid angle at the time t it arrives
at the enveloping surface, then one must trace back to the associated t′ time (retardation).
Note also that dt = dt′κret → if a particle is suddenly (dirac-like) accelerated for a time
∆t′ = τ , a pulse radiation will appear at the observer at time t = r/c and the pulse duration
will be ∆t = κretτ .
Energy is conserved: total energy radiated=total energy lost by the particle
BUT τ dP (t′)

dΩ
= τκret

dP (t)
dΩ

; Energy radiated by unit of time = κret times the energy lost to
far-field per unit time.

4.6.1 Instantaneous rate of radiation

P (t′) =
q2

4πc

∫ 2π

0

dφ

∫ π

0

dθ sin(θ)
|n̂× [(n̂−−→β )×

−→̇
β ]|2

κ5

|n̂× [(n̂−−→β )×
−→̇
β ]|2 = |(n̂.

−→̇
β )(n̂−−→β )− (1−−→β .n̂)

−→̇
β |2

= |(n̂.
−→̇
β )(n̂−−→β )− κ

−→̇
β |2

= (n̂.
−→̇
β )2[1− 2n̂.

−→
β + β2]− 2κβ̇(n̂.

−→̇
β )(n̂−−→β ) + κ2β̇2

= (n̂.
−→̇
β )2[1− 2n̂.

−→
β + β2]− 2κ(n̂.

−→̇
β )(n̂.

−→̇
β −−→β .β̇) + κ2β̇2

Using
−→
β .n̂ = 1− κ we get:

|n̂× [(n̂−−→β )×
−→̇
β ]|2 = −γ−2(n̂.

−→̇
β )2 + 2κ(

−→
β .
−→̇
β )(n̂.

−→̇
β ) + κ2β̇2. (4.46)

So,

P (t′) =
q2

4πc
2π

∫ π

0

dθ sin(θ)
1

κ5
[κ2β̇2 + 2κ(

−→̇
β .n̂)(

−→
β .
−→̇
β )− 1

γ2
(
−→̇
β .n̂)2]

=
q2

2c

∫ π

0

dθ sin θ


 β̇2

κ3
+

2(
−→
β .
−→̇
β )β̇ini

κ4
− 1

γ2

β̇iβ̇jninj

κ5


 . (4.47)

Recall κ ≡ 1−−→β .n̂ = 1− cos θ, and let

I ≡
∫ π

0

sin θdθ

(1−−→β .n̂)3
=

∫ 1

−1

− du

(1− βu)3
=

2

(1− β2)2
= 2γ4

Ji ≡
∫ π

0

ni sin θdθ

(1−−→β .n̂)4
=

1

3

∂I

∂βi
=

8

3

βi

(1− β2)3
=

8

3
βiγ

6,

Kij ≡
∫ π

0

ninj sin θdθ

(1−−→β .n̂)5
=

1

4

∂Ji

∂βj
=

2

3

δij +
6βiβj

1−β2

(1− β2)3
=

2

3
γ6[δij + 6γ2βiβj].
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⇒ P (t′) = q2

2c
[β̇2I + 2(

−→
β .
−→̇
β )β̇iJi − 1

γ2 β̇
iβ̇jKij].

explicit I, Ji, and Kij:

P (t′) =
q2

2c

[
2γ2β̇2 +

16

3
γ6βiβ̇i(

−→
β .
−→̇
β )− 2

3
γ4(δij + 6γ2βiβj)β̇

iβ̇j

]

=
q2

2c

[
2γ4β̇2 +

16

3
γ6(
−→
β .
−→̇
β )2 − 2

3
γ4[β̇2 + 6γ2(

−→
β .
−→̇
β )2

]

=
2q2

3c

[
γ4β̇2 + γ6(

−→
β .
−→̇
β )2

]

=
2q2

3c
γ6

[
(1− β2)β̇2 + (

−→
β .
−→̇
β )2

]
=

2q

3c
γ6[β̇2 − β̇2β2(1− cos2 Φ)

=
2q2

3c
γ6[1− β̇2β2 sin2 Φ] =

2q2

3c
γ6[β̇2 − (

−→
β ×

−→̇
β )2] (4.48)

This is the relativistic generalization of the Larmor’s results (to recover the standard Larmor
power consider β → 0).

4.6.2 example 1: radiative energy loss from a linear accelerator

In linear accelerator (or “linac”),
−→̇
β ‖ −→β . In order to calculate P (t′), we need to evaluate

β̇. From p = γβmc we have:

ṗ = mc(γ̇β + γβ̇) = mc[(γ3ββ̇)β + γβ̇]

= γmc

(
β2

1− β2
+ 1

)
β̇ = γ3mcβ̇. (4.49)

So

P (t′) =
2

3

q2

m2c3
ṗ2 [JDJ Eq. (14.27)]

Since P ∝ m−2 lighter particle are subject to higher losses. The rate of momentum change
is proportional to the particle energy change:ṗ = dE/dz (consider particle being accelerated
along the ẑ-direction).

The question is for what energy gain does radiative effects start to influence the dynamics.
Let Pext ≡ [dE/dt]ret be the power associated to the external (accelerating force) then the
radiative effect are comparable to external force effects when:

Prad

Pext

=
P (t′)

vdE/dz
=

2

3

q2

m2c3

[
1

v

dE

dz

]

ret

∼ 1.

Consider e-: typically v ' c, and q = e then

Prad

Pext

=
2

3

e2/(mc2)

mc2

[
dE

dz

]

ret

So Prad ' Pext if dE/dz ' mc2/re = 0.511/(2.8× 10−15) = 2× 1014 MeV/m
compare to 100 MeV/m state-of-art conventional accelerator or to 30 Gev/m plasma-based
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accelerator 1; we see that radiative effects have negligible impact on the dynamics of e-
beams.

4.6.3 example 2: radiative energy loss in a circular accelerator

In circular accelerator acceleration is centripetal:
−→̇
β ⊥ −→

β so

β̇2 − (
−→
β ×

−→̇
β )2 = β̇2(1− β2) =

β̇2

γ2

So the radiated power is:

P (t′) =
2

3

q2c

R2
(βγ)4 =

2

3

q2c

R2
β4

[
E

mc2

]4

,

where E is the total energy. The revolution period is T = 2πR/(βc), and P = ∆E
T

. So the
radiative loss per turn is:

∆E = PT =
2

3

q2c

R2
β4

[
E

mc2

]4
2πR

βc

that is:

∆E =
4π

3

q2

R
β3

[
E

mc2

]4

[JDJ Eq. (14.32)]

Consider an e- synchrotron accelerator, the energy loss per turn and per electon is:

∆E ' 4π

3

e2

R

(
E

mc2

)4

.

Take E = 1 TeV, R = 2 km we then have:

∆E [eV] =
1

3ε0

e

R

(
E

mc2

)4

= 44.2 TeV !!

For protons however we gain a factor (me/mp)
4 = 1/18364 so

∆Eproton ' 4 eV

High energy physics circular accelerator use proton (or ions) reasons for Tevatron at FNAL
or LHC at CERN. One can however use e-/e+ storage ring as a copious source of radiation
for use or for “cooling” =radiation damping in the internation linear collider proposal.

4.7 Field lines examples

Figures ?? and ?? shown examples of field line associated to radiation field as an electron
is accelerated. These Figures were generated with a free software 2.

1W. Leeman, et al., Nature Phys. 2, 696-699 (October 2006), also The Economist, September 28th, 2006
2software available from Shintake-san’s homepage SCSS-FEL: http://www-xfel.spring8.or.jp
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Figure 4.4: Field line associated to a linearly moving charge.

Figure 4.5: Field line associated to a moving charge in circular motion.
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4.8 Angular Distribution of radiation emitted by an

accelerated charge

dP (t′)
dΩ

=
q2

4πc

|n̂× [(n̂−−→β )×
−→̇
β ]|2

κ5

=
q2

4πc

κ2β̇2 + 2κ(
−→̇
β .n̂)(

−→
β .
−→̇
β )− γ−2(

−→̇
β .n̂)2

κ5
(4.50)

where we have used Eq.4.46.

4.8.1 Case of linear motion
−→
β .n̂ = β cos θ,

−→̇
β .n̂ = β̇ cos θ, κ = 1−−→β .n̂ = 1− β cos θ, and numerator of dP (t′)/dΩ is:

β̇2[κ2 + 2κβ cos θ − (1− β2) cos2 θ]

= β̇2[(κ2 + 2κβ cos θ + β2 cos2 θ)− cos2 θ]

= β̇2[(κ + β cos θ)2 − cos2 θ] = β̇2 sin2 θ. (4.51)

dP (t′)
dΩ

=
q2β̇2

4πc2

sin2 θ

(1− β cos θ)5
[JDJ, Eq.(14.39)] (4.52)

The location of peak intensity are given by:

0 =
d

dθ

(
sin2 θ

(1− β cos θ)5

)

=
sin (θ)

(
2 cos (θ) + 3 β (cos (θ))2 − 5 β

)

(1− β cos θ)4
(4.53)

whose solutions are:

[cos θ]± =
1

3β
[−1± (1 + 15β2)1/2] (4.54)

Only [cos θ]+ is viable since we must have | cos(θ)| < 1. So finally

θ± = ± arccos

[
1

3β
[−1 + (1 + 15β2)1/2]

]
β→1−→ ± 1

2γ
(4.55)

these are locations of maximum in power.
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Figure 4.7:

4.8.2 Angular distribution for the case of linear motion

Ultra-relativistic limit: as the β → 1 the intensity angular distribution is contained within
small angle (so θ ¿ 1). The power angular distribution then becomes:

dP (t′)
dΩ

' q2β̇2

4πc2

θ2

(1− β(1− θ2

2
))5

=
q2β̇2

4πc2

32θ2

2(1− β) + βθ2))5

' 8

π

β̇2

c2

γ10θ2

(1 + γ2θ2)5
[JDJ, Eq.(14.41)]. (4.56)

Comparison of exact θ-dependence (solid line) with ultra-relativistics
approximation (dash line) for two cases of β:
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4.8.3 Case of circular motion

ẑ = cos θn̂− sin θθ̂

x̂ = sin θ cos φn̂ + cos θ sin φθ̂ − sin φφ̂

Thus
−→
β .n̂ = β cos θ,

−→
β .
−→̇
β = 0, and

−→̇
β .n̂ = β̇ sin θ cos φ

dP (t′)
dΩ

=
q2

4πc2

β̇2

(1− β cos θ)3

[
1− sin2 θ cos2 φ

γ2(1− β cos θ)2

]
[JDJ Eq.(14.44)] (4.57)

Unlike linear motion, the power angular distribution peaks at θ = 0. Considering the ultra-
relativistic limit (β → 1, θ ¿ 1).

dP (t′)
dΩ

=
8

π

q2

c2

β̇2

(1 + γ2θ2)3
γ6

[
1− 4γ2θ2 cos2 φ

(1 + γ2θ2)2

]
[JDJ Eq.(14.44)] (4.58)

A part from a different in the intensity distributions for linear and circular motion, there
is also a difference in total radiated power:

PLinear =
2

3
q2m2c3ṗ2

PCircular =
2

3
q2cγ4β̇2 =

2

3
q2m2c3γ2ṗ2

Thus
PCircular

PLinear

= γ2

For a given applied force, there is γ2 times more radiation energy if the force is applied
perpendicular to the charge’s velocity that is applied parallel to the velocity.
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Figure 4.9: Distribution evaluated in the plan φ = 0.

4.9 Radiation Spectrum

Go in the observer’s frame:

dP (t)

dΩ
=

1

κ(t′)
dP (t′)

dΩ

=
q2

4πc


 |n̂× [(n̂−−→β )×

−→̇
β ]|2

κ6




ret

≡ |−→A (t)|2 (4.59)

wherein

−→
A (t) =

√
c

4π
[R
−→
E ]ret (4.60)

to obtain the power spectrum of the radiation we need to work in the frequency domain, so

decompose
−→
A as:

−→
A (ω) =

1√
2π

∫ +∞

−∞
dt
−→
A (t)eiωt, (4.61)

and reciprocally:

−→
A (t) =

1√
2π

∫ +∞

−∞
dω
−→
A (ω)e−iωt, (4.62)

From Parseval’s theorem the total energy radiated per dΩ is

dW

dΩ
=

∫ +∞

−∞
dt|−→A (t)|2 =

∫ +∞

−∞
dω|−→A (ω)|2 (4.63)

If
−→
A (t) ∈ R, then

−→
A ∗(ω) =

−→
A (ω) and:

dW

dΩ
= 2

∫ ∞

0

dω|−→A (ω)|2 (4.64)

So the radiation spectrum per unit of solid angle is:

d2I(n̂, ω)

dΩdω
= 2|A(ω)|2 (4.65)
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Thus we need to evaluate
−→
A (ω)

−→
A (t) =

q√
4πc


 n̂× [(n̂−−→β )×

−→̇
β ]

κ3




ret

(4.66)

and so,

−→
A (ω) =

q

2π
√

2c

∫ +∞

−∞
dt


 n̂× [(n̂−−→β )×

−→̇
β ]

κ3




ret

eiωt (4.67)

since the quantity [...] must be evaluated at the retarded time, let dt = κ(t′)dt′ and t =

t′ + R(t′)
c

then the integral becomes:

−→
A (ω) =

q

2π
√

2c

∫ +∞

−∞
dt′

n̂× [(n̂−−→β )×
−→̇
β ]

κ2
eiω(t′+R(t′)

c
) (4.68)

In the far-field regime (large |−→x |) we have: n̂ =
−→x−−→r (t′)
|−→x−−→r (t′)| ' x̂ constant in time. And

R = x−−→r .n̂ +O(1/x).
In the far-field regime the argument of the exponential rewrites:

Ξ = iω[t′ +
R(t)

c
] = iωx + iω[t′ − n̂.−→r (t′)

c
] (4.69)

we henceforth ignore the term iωx since it has no contribution (the final result is ∝ |A(ω|2)
and define

Ξ(t′) = iω[t′ − n̂.−→r (t′)
c

], (4.70)

we have

−→
A (ω) =

q

2π
√

2c

∫ +∞

−∞
dt

n̂× [(n̂−−→β )×
−→̇
β ]

κ2
eΞ(t), (4.71)

and the intensity distribution takes the form

d2I(n̂, ω)

dΩdω
= 2A2(ω) =

q2

4π2c

∣∣∣∣
∫ +∞

−∞
dt

n̂× [(n̂−−→β )×
−→̇
β ]

κ2
eΞ(t)

∣∣∣∣
2

. (4.72)

To follow JDJ, let’s show that the vectorial quantity in the integral can be written as a
time-derivative, in the far-field approximation. Consider

n̂× (n̂×−→β )

κ
, (4.73)
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and let’s compute

d

dt

[
n̂× (n̂×−→β )

κ

]
=

(−κ̇n̂ + (1− κ)ˆ̇n−
−→̇
β )κ− κ̇[(1− κ)n̂−−→β ]

κ2
(4.74)

It is straightforward (see Eq. 4.37) to show that ˆ̇n ∝ 1/R and κ̇ = −
−→̇
β .n̂−−→β .ˆ̇n = −

−→̇
β .n̂ +

O(1/R). So

d

dt
[...] =

1

κ2

{
[(
−→̇
β .n̂)n̂− 0−

−→̇
β ]κ + (

−→̇
β .n̂)[(1− κ)n̂−−→β ]

}

=
1

κ2

{
−
−→̇
β κ + (

−→̇
β .n̂)(n̂−−→β )

}
+O(1/R) =

1

κ2

{
n̂× [(n̂−−→β )×

−→̇
β ]

}
.

So the vectorial quantity is a time-derivative and we can write:

−→
A (ω) =

q

2π
√

2c

∫ +∞

−∞
dt

d

dt

[
n̂× (n̂×−→β )

κ

]
eΞ(t)

=
q

2π
√

2c

{∣∣∣∣
[

n̂× (n̂×−→β )

κ

]
eΞ(t)

∣∣∣∣
+∞

−∞
− iω

∫ +∞

−∞
dt

[
n̂× (n̂×−→β )

]
eΞ(t)

}

The first integral is zero (in principle on should introduce a decay term e−ε|t|, with ε > 0,
perform the integral and take the limit ε → 0).We finally have:

d2I(n̂, ω)

dΩdω
=

q2ω2

4π2c

∣∣∣∣
∫ +∞

−∞
dt[n̂× (n̂×−→β )]eiω[t′− n̂.−→r (t)

c
]

∣∣∣∣
2

(4.75)

Nota: [n̂× (n̂×−→β )] = β sin θ = |n̂×−→β | where θ = ∠(n̂,
−→
β ).

4.9.1 Case of circular motion

n̂ = sin θŷ + cos θẑ, (4.76)
−→
β = β[sin(ω0t

′)x̂ + cos(ω0t
′)ẑ], (4.77)

ε̂‖ = x̂, (4.78)

ε̂⊥ = n̂× x̂ = − sin θẑ + cos θŷ. (4.79)

n̂× (n̂×−→β ) = (n̂.
−→
β )n̂−−→β

= β[cω0tcθŷ + cω0t(c
2
θ − 1)ẑ − cω0tx̂

= β[−sω0tε̂‖ + cω0tsθ ε̂⊥] (4.80)
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Let’s now consider the argument of the exponential function Ξ. First we note that n̂.−→r =
r cos θ cos(π/2− ω0t

′) = r sin(ω0t
′) cos θ and

Ξ = iω(t′ − n̂.−→r
c

) = ω[t′ − r

c
sin(ω0t

′) cos θ] (4.81)

Also if P catch an impulse of radiation from q: q’s radiation is confined in forward direction,
θ is small, and the pulse originated near ω0t ' 0. Under these approximations:

lim
θ¿1,ω0t¿1

n̂× (n̂×−→β ) = β(−ω0tε̂‖ + θε̂⊥) (4.82)

and,

lim
θ¿1,ω0t¿1

1

i
Ξ = ω

{
t′ − r

c
[ω0t

′ − 1

6
(ω0t

′)3](1− θ2

2
)

}

= ω

{
(1− β)t′ +

βt′

2
θ2 +

1

6

r

c
(ω0t

′)3

}

=
ωt′

2
(γ−2 + βθ2) +

ωβ

6ω0

(ω0t
′)3. (4.83)

The spectral energy density is:

d2I

dΩdω
=

q2ω2

4π2c

∣∣∣∣
∫ +∞

−∞
dtβ(−ω0tε̂‖ + θε̂⊥)eΞ

∣∣∣∣
2

=

∣∣∣∣− A‖(ω)ε̂‖ + A⊥(ω)ε̂⊥

∣∣∣∣
2

(4.84)

This displays the two polarization associated to the radiation. Nota: ‖ and ⊥ polarizations
are also respectively refer to as σ and π-polarizations.

where
(

A‖
A⊥

)
=

qω

2π
√

c

∫ +∞

−∞
dt

(
ω0t
θ

)
e

i ω
2
[(γ−2+θ2)t+ 1

3ω0
(ω0t′)3]

. (4.85)

let x = ω0t√
γ−2+θ2

, dt = 1
ω0

√
γ−2 + θ2dx; and let ξ ≡ 1

3
ω
ω0

[γ−2 + θ2]3/2, then

(
A‖(ω)
A⊥(ω)

)
=

qω

2π
√

c

∫ +∞

−∞
dx

(
(γ−2 + θ2)x 1

ω0

(γ−2 + θ2)1/2θ 1
ω0

)
ei 3

2
ξ[x+ 1

3
x3]. (4.86)

we have the identity:
∫ +∞

−∞
dtei(xt+at3) =

2π

(2a)1/3
Ai

(
x

(3a)1/3

)
,

where Ai is the Airy function, Note also that Ai(x) = 1
π

√
1
3
xK1/3

(
2
3
x3/2

)
. Thus:

∫ +∞

−∞
dxei 3

2
ξ[x+ 1

3
x3] =

2π

(3ξ/2)1/3
Ai

[(
3ξ

2

)2/3
]

=
2√
3
K1/3(ξ). (4.87)
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For the other integral. Note that

∫ +∞

−∞
dttei(xt+at3) =

1

i

d

dx

∫ +∞

−∞
tei(xt+at3)dt =

2π

(2a)1/3
A′

i

(
x

(3a)1/3

)
,

The prime denote the differentiation w.r.t. total argument of Ai. Inserting a = ξ/2, and
x = 3ξ/2 we get:

∫ +∞

−∞
xei 3

2
ξ[x+ 1

3
x3]dx =

2π

(3ξ/2)1/3
A′

i

[(
3ξ

2

)2/3
]

= −1

i

2√
3
K2/3(ξ). (4.88)

where we have used: A′
i(x) = −1

π

√
1
3
xK2/3

(
2
3
x3/2

)
. So the spectral intensity per unit of solid

angle takes the form:

d2I

dΩdω
= |A‖(ω)|2 + |A⊥(ω)|2

=
q2

3π2c

(
ω

ω0

)2

(γ−2 + θ2)2

[
K2

2/3(ξ) +
θ2

γ−2 + θ2
K2

1/3(ξ)

]

or, introducing ξ = 1
3

ω
ω0

[γ−2 + θ2]3/2 ≡ 1
2

ω
ωc

[1 + γ2θ2]3/2:

d2I

dΩdω
=

3q2

π2c
ξ2 1

γ−2 + θ2

[
K2

2/3(ξ) +
θ2

γ−2 + θ2
K2

1/3(ξ)

]

High frequency radiation occupies θ < γ−1 (¿ γ−1 for ω À ωc) and low frequency
radiation occupies θ > γ−1. It is usual to also define a critical angle as θc = 1

γ

(
2ωc

ω

)
For low frequency ω ¿ ωc, the frequency spectrum integrated over the solid angle is:

dI

dω
' 2πθc

[
d2I

dωdΩ

]

θ=0

=
2π

γ

(
2ωc

ω

)1/3
3

π2

q2

c
γ2[ξ2K2

2/3(ξ)]θ=0. (4.89)

ξ(0) = ω
2ωc

¿ 1 so that

[ξK2/3(ξ)]
2
θ=0 '

[
Γ(2/3)

21/3

]2

[ξ(0)]2/3 '
(

ω

2ωc

)2/3

. (4.90)

So

dI

dω
' 6

π

q2

c
γ

(
ω

2ωc

)1/3

=
6

π

q2

c
γ

(
ω

3γ3ω0

)1/3

∝ ω1/3 (4.91)

for ω ¿ ωc, so it is very broad γ-independent spectrum.
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4.9.2 Angular distribution

we need to calculate
∫∞
0

dω d2I
dωdΩ

. Do the variable change ξ = 1
3

ω
ω0

[γ−2 + θ2]3/2 then:

dI

dΩ
=

3q2

π2c

3ω0

[γ−2 + θ2]5/2

∫ ∞

0

ξ2

{
K2

2/3(ξ) +
θ2

γ−2 + θ2
K2

1/3(ξ)

}
dξ

=
9

π2

q2

c

γ5ω0

[1 + (γθ)2]5/2

[
7π2

144
+

5π2

144

γ2θ2

(1 + γ2θ2)

]
(4.92)

where we have used the identity:
∫ ∞

0

ω2K2
µ(aω)dω =

π2

32a3

1− 4µ2

cos(πµ)

Thus we finally have:

dI

dΩ
=

7

16

q2

c

γ5ω0

[γ−2 + θ2]5/2

[
1 +

5

7

γ2θ2

(1 + γ2θ2)

]
[JDJ, Eq.(14.80)]

The total energy radiated is ∆W =
∫

dΩ dI
dΩ

= 2π
∫

dθ dI
dθ

the integral on θ should be
within [−π, π] however because we did a small angle approximation and since dI/dΩ is
significant only for γθ < 1 we do this integral from [−∞,∞]:

∆W = 2π

∫ ∞

0

dθ
dI

dθ

=
7π

8

q2

c
γ5ω0

∫ +∞

−∞

[
1

(1 + γ2θ2)5/2
+

5

7

γ2θ2

(1 + γ2θ2)7/2

]

=
7π

8

q2

c
γ5ω0

[
4

3γ
+

4

15γ

]
=

7π

6

q2

c
γ4ω0

[
1 +

1

7

]
(4.93)

There is 7 times more energy radiated in the ‖-polarization than in the ⊥-polarization. The
total energy radiated is

∆W =
4π

3

q2

c
γ4ω0

where ω0 = c/r.
Let show that the previous result is in agreement with the radiated power associated to

circular motion we computed earlier in this chapter.

∆Wcirc = Pcirc
2π

ω0

=

(
2

3

q2

m2c3
γ2ṗ2

)
2π

ω0

=
2

3

q2

m2c3
γ2(γmrω2

0)
2 2π

ω0

=
4π

3

q2

c3
γ4r2ω3

0

=
4π

3

q2

r
γ4. (4.94)

The dI/dω angular-integrated spectrum was derived by Schwinger 3 to be:

dI

dω
=
√

3
q2

c
γ

ω

ωc

∫ +∞

ω/ωc

dxK5/3(x). (4.95)

3Phys. Rev. Lett. 75, 1912 (1949)
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Figure 4.12: Integrated frequency spectrum.

4.9.3 Case of periodic circular motion

The results derived in the previous pages pertains to instantaneous circular motion, for which
the spectrum is a continuum. If the motion is periodic, the associated spectrum is discrete.
The tool for analyzing this type of motion are the Fourier series. First we note that the
period measured by an observed in the far field (T ) is the same as the period of the particle
motion (T ′). We now have to introduce the Fourier series decomposition:

−→
A (t) =

√
c

4π
[E
−→
E ]ext =

n=+∞∑
n=−∞

−→
A ne

−inω0t,

where,
−→
A n =

ω0

2π

∫ 2π/ω0

0

−→
A (t)einω0t

Following what we did previously we can show:

−→
A n =

√
2π

q

2π
√

2c

ω0

2π
(−inω0)

∫ 2π/ω0

0

dtn̂× (n̂×−→β )einω0(t−n̂.−→r )

where the
√

2π come from the difference in normalization factor between the Fourier integral
transform and series.
The spectrum is now discrete ω = nω with n ∈ N.
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4.10 Thomson & Compton Scattering

“Scattering” of an e.m. wave by a charged particle (say e-). But e- has no surface →
radiation is not really scattered. Radiation emitted by the e- as it oscillates in the incoming
radiation field is the “scattered” radiation.
In term of photon: photon with wavelength λ strikes a stationary e- and bounce off with
wavelength λ′.

Pα
γ + Pα

γ = Pα
γ′ + Pα

e−′ (4.96)

Pα
e−′ = Pα

e− + Pα
γ − Pα

γ′ (4.97)

So the norm is:

m2c2 = (Pα
e− + Pα

γ − Pα
γ′)(Pe−,α + Pγ,α − Pγ′,α) (4.98)

remembering that for a photon PµP
µ = 0 we finally end up with

Pα
γ′Pe−,α − Pα

γ′Pe−,α − Pα
γ′Pe−,α = 0 (4.99)

we have:

Pe−,α = mc(Eγ/2)−−→p e−.−→p γ = mEγ (4.100)

Pα
γ′Pγ,α =

Eγ

c

Eγ′

c
−−→p γ.

−→p γ′ = −pγpγ′ cos θ +
EγEγ′

c2
(4.101)

Pe−,αPα
γ′ = mEγ. (4.102)

Taking Eγ ≡ hc
λ

(and similarly for γ′) we finally obtain:

λ− λ′ =
h

mc
(1− cos θ). (4.103)

This is the usual Compton scattering. Thomson scattering is the non relativistic limit of
Compton scattering (so take c →∞) so λ = λ′.
Cross section for Thomson scattering:
The cross-section is defined as:

σ ≡ E radiated/time/solid angle

incident flux/unit area/time
. (4.104)

e- is at rest
−→
β = 0, and

dP (t′)
dΩ

=
e2

4πc

∣∣n̂× [(n̂−−→β )×
−→̇
β ]

∣∣2
κ5

(4.105)

β→0−→ e2

4πc

∣∣n̂× [n̂×
−→̇
β ]

κ5
=

e2

4πc
β̇2 sin2 Θ (4.106)

where Θ∠(n̂,
−→̇
β ). Introducing the acceleration −→a ≡ c

−→̇
β we have:

dP (t′)
dΩ

=
e2

4πc3
sin2 Θ. (4.107)
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Also note that in the NR limit t → t′ so dP (t)
dΩ

= dP (t′)
dΩ

. We now need to find −→a .

Let’s consider an incoming plane e.m. wave of the form
−→
E (−→x , t) = ε̂E0e

i(
−→
k .−→x−ωt) then

we have

−→a (t) =
e

m
ε̂E0e

i(
−→
k .−→x−ωt) (4.108)

we only consider the E-field contribution since β = 0. Let
−→
k = kẑ.

From the figure we have:

ε̂ = cos ψx̂ + sin ψŷ (4.109)

n̂ = sin θ cos φx̂ + sin θ sin φŷ + cos θẑ (4.110)

n̂.−→a = asθ(cψcφ + sψsφ) = asθcψ−φ (4.111)

= a sin θ cos(ψ − φ) = a cos Θ. (4.112)

Thus

sin2 Θ = 1− sin2 θ cos2(ψ − φ). (4.113)

t-averaged emitted power scales as 〈a2(t)〉t.

〈a2 sin2 Θ〉t =
1

2

(
eE0

m

)2

[1− sin2 θ cos2(ψ − φ)]. (4.114)

If incident radiation is not polarized:

〈cos2(ψ − φ) sin2 θ〉ψ =
1

2
sin2 θ. (4.115)

So

〈a2 sin2 Θ〉t,ψ =
1

2

(
eE0

m

)2

[1− 1

2
sin2 θ] (4.116)
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So finally the radiated power per unit of solid angle takes the form:

〈dP

dΩ
〉t,ψ =

cE2
0

16π

(
e2

mc2

)2

[1 + cos2 θ] =
c

16π
re(1 + cos2 θ). (4.117)

The incoming Poyinting flux is:

S =
c

8π

−→
E ×−→H ∗ (4.118)

the time average power per unit area is:

dP

dσ
= S =

c

8π
E2

0 . (4.119)

So the cross-section is:

dσ

dΩ
=

dσ

dP

dP

dΩ
=

cr2
e

16π
E2

0
c

8π
E2

0

[1 + cos2 θ] (4.120)

=
1

2
r2
e(1 + cos2 θ) (4.121)

This is Thomson scattering formula. The integrated cross-section is:

σ =

∫ 2π

0

dφ

∫ π

0

dθ sin θ
dσ

dΩ
=

16π

3

1

2
r2
e (4.122)

=
8π

3
r2
e . (4.123)

4.10.1 Case of Bounded Electrons

Thomson and Compton scattering apply to a free-electron. Let’s now consider a bounded
electron whose dynamics is described as a damped oscillator model:

−→a + Γ−→v + ω2
0
−→x =

q

m

−→
E . (4.124)

As before consider
−→
E = ε̂E0e

i(
−→
k .−→x−ωt), Take −→x = −→x 0e

−iωt. We then have:

(−ω2 − iωΓ + ω2
0)
−→x 0 = ε̂

q

m
E0e

i
−→
k .−→x (4.125)

assume
−→
k .−→x = 0, that is |x| ¿ λ (e- orbit is small compared to radiation wavelength).

Then

−→x 0 '
e
m

E0

ω2
0 − ω2 − iωΓ

ε̂, (4.126)

and

−→a = −ω2−→x ⇒ |a2| =
( e

m
E0

)2 ω4

(ω2
0 − ω2)2 + ω2Γ2

. (4.127)
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|a2| =
(

e
m

E0

)2

(
ω0

ω

)2
+

[(
Γ
ω

)2 − 1
]2 . (4.128)

Same as before but modified to include −→a ’s denominator. So finally for a bounded e-, we
get:

〈dP

dΩ
〉 =

c

16π
r2
eE

2
0

1 + cos2 θ[(
ω0

ω

)2 − 1
]2

+
(

Γ
ω

)2
, (4.129)

and the cross section is

dσ

dΩ
=

1

2
r2
e

1 + cos2 θ[(
ω0

ω

)2 − 1
]2

+
(

Γ
ω

)2
, (4.130)

The limit ω À ω0, ω À Γ corresponds to Thomson scattering, while the limit ω ¿ ω0,
ω À Γ gives the Rayleigh formula:

dσ

dΩ
=

1

2
r2
e

(
ω

ω0

)4

[1 + cos2 θ] ∝ ω4 (4.131)

So high frequencies are scattered more preferably than low frequencies. This explains why
the sky is blue...
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Chapter 5

Scattering

5.1 introduction

Two types of scattering:
• e- (q = −e,me = 9.1× 10−31 kg)
→ high energy loss, small deflection,
• nuclei (q = Ze, mn À me)
→ low energy loss, large deflection
There are more e- than nuclei (factor Z) so Z more time e- scattering...

5.2 Energy transfer

Impulse approximation (IA):
- incident particle is not deflected by collision,
- target particle is stationary during collision.
E-field at target is: (we ignore magnetic field since e is stationary (in IA).

−→
E (x = −b, y = z = 0, t) = −γq

bx̂ + vtẑ

(b2 + γ2v2t2)3/2
(5.1)

The momentum transfer from q to e is:

∆−→p =

∫ +∞

−∞
dte
−→
E = −qeγ

∫ +∞

−∞
dt

bx̂ + vtẑ

(b2 + γ2v2t2)3/2
, (5.2)

= −qeγ

∫ +∞

−∞
dt

bx̂

(b2 + γ2v2t2)3/2
=
−qe

vb
x̂

∫ +∞

−∞

du

(1 + u2)3/2
,

=
−qe

vb
x̂

[
u√

1 + u2

]+∞

−∞
= −2qe

vb
x̂. (5.3)

The associated energy change is:

∆T =
√

(∆pec)2 + (mc2)2 −mc2 ' 2

m

(qe

vb

)2

(5.4)
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where the RHS approximation is written in the non-relat. (NR) limit (∆p ¿ mc). For e-:

∆Te ≡ ∆T ∝ e2

m
. For nuclei ∆Tn ∝ q2

n

mn
∝ Z2e2

mn
. Hence

∆Tn

∆Te

=
(qn

e

)2 me

mn

= Z2 me

mn

=
Z

1836
¿ 1. (5.5)

So we see that e- are much more efficient that nuclei at extracting energy from incident
particles. But when is the IA valid? Let’s check the assumptions:
1- incident particle travels on straight path:

θ =
∆pe

γMv
=

2qe

γMv2b
=

2

γ

qe/b

Mv2
= 2

E electrostat.

incident Energy
= 2

V
E

. (5.6)

So θ ¿ 1 ⇒ V ¿ E.
2- target remains stationary ⇒ recoil distance during collision is d ¿ b. The interation time
is τ ∼ b

γv
, and corresponding recoil distance is d ∼ ∆pe

m
τ so

d ¿ b ⇒ ∆pe

m

b

γv
¿ 1 ⇒ 2qe/b

γmv2
¿ 1. (5.7)

this is a stronger condition than the one coming from θ ¿ 1 by a factor M/m.
So let’s keep the stronger condition (and rewrite it by making the classical radius of e-

appearing):

2

γ

q

e

e2/(mc2)

b

c2

v2
¿ 1 (5.8)

So IA is valid when:

2

βγ

q

e

re

b
¿ 1 (5.9)

The NR limit implies:

∆pe

mc
¿ 1 ⇒ 2qe

mvcb
¿ 1 ⇒ 2

q

e

e2/(mc2)

βb
¿ 1

⇒ 2

β

q

e

re

b
¿ 1. (5.10)

Same as condition for IA to be valid but with γ → 1.
Now consider the case when the charge q passes through a bulk material (many e-), let

ne be the electron density. We have to add all their respective energy gain to deduce their
influence on q’s slowing down. We do not need to consider the nuclei to a good approximation.
The total number of e- in a cylindrical shell of radius b and thickness db is:

Ne = ne(vdt)(2πbdb) (5.11)

The differential energy loss by the charge q is:

d2Tq

dtdb
= −2πnevb

[
2

m

(qe

bv

)2
]

(5.12)
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(minus comes from energy is lost by q). Integrating over b gives:

dTq

dt
= −4πne

(qe)2

mv

∫ bmax

bmin

db

b
(5.13)

= −4πne
(qe)2

mv
ln

bmax

bmax

. (5.14)

We cannot integrate from 0 to ∞. When b → 0, IA is no more valid. IA is valid when

2

β2γ

q

e

re

b
¿ 1 (5.15)

⇒ Take bmin ≡ 2
β2γ

q
e
re = qe

γmv2 .
Choice of bmax: e- are bounded with energy Ee. Their orbits have angular frequency

ωe = Ee/h. We must have the collision time τ ¿ ω−1
0 otherwise target not stationary and

IA not applicable. This gives:

τ ∼ b

γv
;

bmax

γv
=

1

ω0

(5.16)

⇒ bmax =
γv

ω0

.

Then

dTq

dt
= −4πne

(qe)2

mv
ln

γv
ω0

qe
γmv2

= −4πne
(qe)2

mv
ln

γv

ω0bmin

, (5.17)

= −4πne
(qe)2

mv
ln

γ2mv3

qeω0

(5.18)

Note that d∆Tq/dt = dE/dt (E is total energy of q), and (1/v)d/dt = d/dz so we can
write:

dE

dz
= −4πne

(qe)2

mv2
ln

γ2mv3

qeω0

[JDJ Eq (13.9)]. (5.19)
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This equation has been derived under the IA. Compare to Bohr’s results (1915) more carefully
derived:

dE

dz
= −4πne

(qe)2

mv2

[
ln

1.123γ2mv2

qe〈ω〉 − 1

2

v2

c2

]
, (5.20)

where 〈ω〉 represents the average angular frequency of the bound electron in target. The
agreement between Bohr’s and the equation we derived is no bad: the IA seems to contain
the essential physics.

5.3 Influence of Dielectric Screening

For particles not too relativistic the observed energy loss is accurately given by the Bohr’s
formula for all kinds of particles in all types of media. For ultra-relativistic particles observed
energy loss less than what predicted with Bohr formula ⇒ reduction of energy loss is due to
“density” effects.

In dense media, dielectric polarization alter the particle’s field compared to free-space

Problem of finding field in the medium can be solved using the Fourier transform.
Consider a dielectric medium, ε = ε(ω), µ = 1. In Gaussian units we have:

¤Aα =
4π

c
Jα (5.21)

where ¤ ≡ ∂α∂α = ε
c2
− ∂2

t∇2. Aα = (Φ,
−→
A ) and Jα = (ρc/ε,

−→
J ).

Define

F (−→x , t) =
1√
2π

∫ +∞

−∞
dωF (−→x , ω)e−iωt

F (−→x , ω) =
1√
2π

∫ +∞

−∞
dωF (−→x , t)e+iωt

F (−→x , ω) =
1

(2π)3/2

∫ +∞

−∞
d
−→
k F (

−→
k , ω)e

−→
k .−→x

F (
−→
k , ω) =

1

(2π)3/2

∫ +∞

−∞
d
−→
k F (−→x , ω)e−

−→
k .−→x

two first eqns: Fourier transform in time, two last eqns: Fourier transform in space.
The source of the field is the incident point charge (q) so we have:

ρ(−→x , t) = qδ(−→x −−→v t)

J(−→x , t) = −→v ρ(−→x , t)

The time and space Fourier transform is:

ρ(
−→
k , ω) =

q

(2π)2

∫
d−→x

∫
dt[qδ(−→x −−→v t)]e−i(

−→
k .−→x−ωt)

=
q

(2π)2

∫
dte−i(

−→
k .−→v −ω)t =

q

2π
δ(ω −−→k .−→v ) (5.22)
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So finally:

ρ(
−→
k , ω) =

q

2π
δ(ω −−→k .−→v ); and

−→
J (
−→
k , ω) =

q−→v
2π

δ(ω −−→k .−→v ) (5.23)

Now transform the wave equation in the Fourier space:

¤Aα → (k2 − ε(ω)ω2

c2
)Aα = 4π

c
Jα

So that:

Aα =
4πJα

c[k2 − ε(ω)ω2

c2
]

(5.24)

or

−→
A =

4π
−→
J

c[k2 − ε(ω)ω2

c2
]
=
−→v
c

ε(ω)Φ(
−→
k , ω)

Φ =
4πρ

ε(ω)[k2 − ε(ω)ω2

c2
]
=

2qδ(ω −−→k .−→v )

ε(ω)[k2 − ε(ω)ω2

c2
]
.

The electric field is then given by−→
E = −−→∇Φ− 1

c
∂A
∂t

or
−→
E (
−→
k , ω) = i( ω

c2
ε(ω)−→v −−→k )Φ and−→

B =
−→∇ ×−→A → i

−→
k ×−→A = i ε(ω)

c

−→
k ×−→v Φ. Hence

( −→
E (
−→
k , ω)−→

B (
−→
k , ω)

)
= i

(
ωε(ω)

c2
−→v −−→k

ε(ω)
c

−→
k ×−→v

)
Φ(
−→
k , ω) (5.25)

We want to find the flow of energy away from the incident particle’s trajectory ⇒ find the

Poynting flux ⇒ find
−→
E (−→x , ω) and

−→
B (−→x , ω):

−→
E (−→x , ω) =

i

(2π)3/2

∫ +∞

−∞
d
−→
k [

ω

c
ε(ω)

−→v
c
−−→k ]Φ(

−→
k , ω)e+i

−→
k .−→x (5.26)

Let’s specify the problem: consider −→x = bx̂ and take −→v = vẑ.

−→
E (−→x , ω) =

i

(2π)3/2

2q

ε

∫ ∫ ∫
dkxdkydkz

[
ω

c
ε(ω)

−→v
c
−−→k

]
δ(ω − kzv)

k2 − εω2

c2

eikxb

=
i

(2π)3/2

2q

ε

∫ ∫ ∫
dkxdkydkz

[
−kxx̂− kyŷ +

(ω

c

v

c
ε(ω)− kz

)
ẑ
]

×δ(ω − kzv)

k2 − εω2

c2

eikxb.

the term in kyŷ has no contribution to the integral of ky. Let’s integrate over dkz:

−→
E (−→x , ω) =

i

(2π)3/2

2q

ε

∫ ∫
dkxdky

[
−kxx̂ +

ω

v

(
v2

c2
ε− 1

)
ẑ

]

× eikxb

k2
x + k2

y +
(

ω
v

)2
(1− εv2

c2
)

(5.27)
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Let λ ≡ ω
v

√
1− εv2

c2
and I ≡ ∫ ∫

dk2 eikxb

k2
x+k2

y+λ2 . Then the E-field takes the form:

−→
E (−→x , ω) =

1

(2π)3/2

2q

ε

[
−dI

db
x̂ +

iω

v
(εβ2 − 1)I ẑ

]
(5.28)

The integration over dky gives:

∫ +∞

−∞
dky

1

k2
x + k2

y + λ2
=

arctan

(
ky√

k2
x+λ2

)

√
k2

x + λ2

∣∣∣∣
+∞

−∞
=

π√
k2

x + λ2
(5.29)

So

I = π

∫ ∞

−∞
dkx

eikxb

√
k2

x + λ2
= π

∫ ∞

0

dkx
eikxb + e−ikxb

√
k2

x + λ2

= 2π

∫ +∞

0

dkx
cos(kxb)√
k2

x + λ2
= 2πK0(bλ). (5.30)

and dI
db

= −2πλK1(bλ).
So finally the E-field re-writes:

−→
E (−→x , ω) =

√
2

π

q

v

[
λ

ε
λK1(bλ)x̂− i

ω

v
(εβ − 1)K0(bλ)ẑ

]
. (5.31)

Now let’s find the B-field

−→
B (
−→
k , ω) = i

ε(ω)

c

−→
k ×−→v Φ(

−→
k , ω) = iε

v

c
(−kxŷ + kyx̂)Φ(

−→
k , ω)

=
i

(2π)3/2

∫ ∫ ∫
dkxdkydkz [−kxŷ + kyx̂]

εv

c

2qδ(ω −−→k .−→v )

ε[k2 − εω2

c2
]

ei
−→
k .−→x

= − i

(2π)3/2
2q

v

c
ŷ

∫ ∫ ∫
dkxdkydkzkx

δ(ω − kzv)

k2
x + k2

y + k2
z − εω2

c2

ei
−→
k .−→x .

the term in kyx̂ has no contribution to the integral in dky. Integrate over dkz:

−→
B = − i

(2π)3/2
2q

v

c
ŷ

∫ ∫
dkxdkykx

eikxb

k2
x + k2

y + λ2
= − i

(2π)3/2
2q

1

c
ŷ
dI
db

.

By inspection this is the same as x̂-component of
−→
E thus

−→
B =

√
2

π

q

c
λK1(bλ)ŷ. (5.32)

Now that we have
−→
E and

−→
B we are in position of computing the e.m. field energy flowing

out of a cylindrical surface of radius b extending from −∞ to +∞ in z:

dEf

dz
= 2πb

∫ ∞

−∞

−→
S .n̂dt = 2πb

1

4π

∫ +∞

−∞
(
−→
E ×−→B ).n̂dt (5.33)
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we have:

(
−→
E ×−→B ).n̂ = [(Exx̂ + Ez.ẑ)×Byŷ].n̂

= (ExByẑ − EzByx̂).n̂ = −EzBy (5.34)

So

dEf

dz
= − b

2

∫ ∞

−∞
EzBydt

= − b

4π

∫ ∞

−∞
dt

[∫ ∞

−∞
dωEz(ω)e−iωt

] [∫ ∞

−∞
dω′By(ω

′)e−iω′t
]

= − b

2

∫ +∞

−∞
Ez(ω)By(−ω)dω = − b

2

∫ +∞

−∞
Ez(ω)B∗

y(ω)dω

= Re

(
−b

∫ +∞

0

Ez(ω)B∗
y(ω)dω

)
(5.35)

Expliciting Ez and By we have:

dEf

dz
= −bRe

{∫ +∞

0

dω

[
−i

√
2

π

q

v

ω

v
(1/ε− β2)K0(λb)

]

×
[√

2

π

q

c
λ∗K1(λ

∗b)

]}
(5.36)

dEf

dz
= Re

{∫ +∞

0

dω
2

π

q2

v2
[iω(1/ε− β2)λ∗b]K0(λb)K1(λ

∗b)
}

=
2

π

q2

v2
Re

{∫ +∞

0

dω(iωλ∗b)(1/ε− β2)K0(λb)K1(λ
∗b)

}
(5.37)

The equation was first derived by Fermi. Note that λ or ε need to be complex to have
dEf

dz
6= 0.

To proceed with our calculation we now need to introduce a model for ε(ω). Use the same
model as the one used to study Thomson Scattering: we model the bound target electron as
a damped harmonic oscillator:

−→x (ω) =
− e

m

−→
E (ω)

ω2
0 − ω2 − iωΓ

(5.38)

The dipole moment is just −e−→x and the polarization is defined as the dipole moment
density that is −nee

−→x :

−→
P (ω) =

nee
2

m

−→
E (ω)

ω2
0 − ω2 − iωΓ

=
ε(ω)− 1

4π

−→
E (ω). (5.39)
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So we can write

ε(ω) = 1 +
ω2

p

ω2
0 − ω2 − iωΓ

(5.40)

wherein ωp ≡
√

4πnee2/m is the plasma frequency. Now we just plug this into
dEf

dz
and

perform the integral.
Integral not so simple to perform. We follow JDJ’s suggestion and use the “narrow

resonance approximation”

ω ' ω0 ⇒ bλ = b
ω

v

√
1− εβ2 ∼ b

ω0

v

√
1− εβ2 (5.41)

So

b
ω0

v
' 2π

b

λe

(5.42)

bλ ¿ 1 if b < an atomic radius.Then, using the small argument approximation for the
modified bessel function we have: (see JDJ Eq. 3.103)

bλ∗K1(bλ
∗) ∼ bλ∗

1

bλ∗
∼ 1

K0(bλ) ∼ ln 2− ln(bλ)− γ = ln

(
2e−γ

2γ

)
= ln

(
1.123

bλ

)
(5.43)

γ = 0.577 Euler constant.

dEf

dz
=

2

π
q2v2Re

{∫ +∞

0

dωiω(1/ε− β2) ln

(
1.123

bλ

)}

≡ 2

π
q2v2Re(I) (5.44)

where I ≡ ∫ +∞
0

dωiω( ε−1
ε

) ln
(

1.123
bλ

)
(we took β = 1). Explicit ε(ω) [recall that bλ =

bω
c

√
1− ε ]:

I = i

∫ +∞

0

dωω

(
ω2

p

ω2
p + ω2

0 − ω2 − iωΓ

)[
ln

(
1.123c

bωp

)
− ln ω+

+
1

2
ln(ω2 − ω2

0 + iωΓ)

]
(5.45)

Now let’s perform the integration in the complex plane...
Two sources of poles: −ω2

0 + ω2 + iωΓ = 0 from the ln(...), and ω2
p + ω2

0 − ω2 − iωΓ = 0
from denominator of 1−ε

ε
. All the poles are in the lower part of the complex plane. Consider

the integral along C. This gives:
I1 + I2 + I3 = 0

, so I = iI1 = i(−I2 − I3). The i comes from the fact we drop the i when evaluating the
integrals In.
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Let’s evaluate the integrals:

I3 =

∫ 0

+i∞
dωω(...) ln(...) (5.46)

Let ω ≡ iΩ with Ω ∈ R then:

I3 = −
∫ 0

∞
dΩΩ(...) ln(...) =

∫ ∞

0

dΩΩ
ω2

0 + Ω2 + ΩΓ

ω2
p + ω2

0 + Ω2 + ΩΓ

×
(

ln
1.123c

bωp

− ln iΩ +
1

2
ln(−Ω2 − ω2

0 − ΩΓ)

)
(5.47)

the bracket simplifies:

(...) = ln
1.123c

bωp

− ln i− ln Ω +
1

2
ln(−1) +

1

2
ln(Ω2 + ω2

0 + ΩΓ) (5.48)

the ln i and 1/2 ln(−1) cancel each other. So I3 becomes:

I3 =

∫ ∞

0

dΩΩ
ω2

0 + Ω2 + ΩΓ

ω2
p + ω2

0 + Ω2 + ΩΓ

×
(

ln
1.123c

bωp

− ln Ω +
1

2
ln(Ω2 + ω2

0 + ΩΓ)

)
(5.49)

So I3 is real, so iI3 is pure imaginary and therefore its contribution to ReI is zero.
Now consider I2, let ω ≡ Reiθ, then

I2 = lim
R→∞

∫ π/2

0

idθReiθReiθ
ω2

p

ω2
p + ω2

0 −R2e2iθ − iReiθΓ

×
(

ln
1.123c

bωp

− ln Reiθ +
1

2
ln(−ω2

0 + R2e2iθ + iReiθΓ)

)
(5.50)
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Taking the limit R =→∞, we get:

I2 =

∫ π/2

0

idθω2
p ln

1.123c

bωp

= i
πω2

p

2
ln

1.123c

bωp

(5.51)

So finally energy loss is:

dEf

dz
=

2

π
q2v2Re(I) = −q2ω2

p

c2
ln

1.123c

bωp

. (5.52)

where we have taken v = c. On another hand we have derived at the beginning of Part V
the energy loss under the impulse approximation to be:

dEf

dz
= −4πne

(qe)2

mv
ln

γv2

ω0b
= −q2ω2

p

c2
ln

γc

bω0

. (5.53)

note that we have actually derived
dEf

dt
, we also took v = c in the latter equation.

The influence of dielectric screening is two-folds:

1- It removes the dependence of energy loss on atomic structure ω0 is replaced by ωp

which only depend on the density number of e- (and not on their binding energy).

2- It reduces the energy loss from highly relativistics incident charge, the γ in the argu-
ment of ln is gone.

5.4 Cerenkov radiation

We now consider density effect in the extreme limit bλ À 1 and look at the energy deposited
in the target. The large argument approximation for the modified bessel function gives:
K0(bλ) = K1(bλ) =

√
π
2

e−bλ√
bλ

. So the fields are:

−→
E (−→x , ω) =

q

v

e−bλ

√
bλ

(
λ

ε
x̂− i

ω

v
(
1

ε
− β2)ẑ

)
, (5.54)

−→
B (−→x , ω) =

q

v

e−bλ

√
bλ

ŷ. (5.55)

to get radiation λ or ε ∈ C. Let’s take ε ∈ R (no dielectric screening). Then

λ =
ω

v

√
1− ε(ω)β2 (5.56)

To have λ ∈ I, 1− εβ2 < 0 ⇒ εβ2 > 1, this is the Cerenkov condition.
Now replace the field in the expression for

dEf

dz
:

dEf

dz
=

q2

v2
Re

(∫ ∞

0

dω(iωλ∗b)(
1

ε
− β2)K0(bλ)K1(bλ

∗)
)

(5.57)

=
q2

v2
Re

(∫ ∞

0

dω(iωλ∗b)(
1

ε
− β2)

e−b(λ+λ∗)

b
√

λλ∗

)
(5.58)

=
q2

v2
Re

(∫ ∞

0

iω

√
λ∗

λ
(
1

ε
− β2)

)
(5.59)
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but radiation only when λ ∈ I that is for a frequency band ω ∈ [ωl, ω0].

dEf

dz
=

q2

v2

∫ ω0

ωL

dωω

(
1− 1

εβ2

)
(5.60)

This is Frank-Tamm (1937) equation.

The propagation direction of the wave is given by
−→
k and k is perpendicular to

−→
E and−→

B . So if θc∠(−→v ,
−→
k ) then

cos θc =
|Ex|
|E| =

Ex√
E2

x + E2
z

=
λ
ε[(

λ
ε

)2 − ω2

v2

(
1
ε
− β2

)2
]1/2

. (5.61)

introducing λ2 = (ω/v)2(1− εβ2), we finally obtain:

cos θc =
1√

1− 1 + β2ε
=

1

β
√

ε
=

cm

v
(5.62)

wherein cm ≡ c/
√

ε is the velocity of light in the medium; cm < c so cos θc < 1 and θ ∈ R.
The shock wave feature should be derivable from the e.m. potential,

(
k2 − ω2

c2
m

)√
εΦ(

−→
k , ω) =

4π√
ε
ρ(
−→
k , ω)

(
k2 − ω2

c2
m

)√
ε
−→A(
−→
k , ω) =

4π

cm

−→
J (
−→
k , ω)

So in the medium, Aα takes the same form as in vacuum, under the renormalization q →
q/
√

ε, c → cm. Using these potential we can directly get the Lienard-Wiechert potentials:
( √

εΦ(−→x , t)−→
A (−→x , t)

)
=

q√
ε

1

[κR]ret

(
1
−→v
cm

)
(5.63)
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Let
−→
ζ = −→x −−→v t,

−→
R = −→x −−→x (t′) = −→x −−→v t′. So

−→
R = −→x −−→v t+−→v (t− t′) =

−→
ζ +v(t− t′).

So t− t′ = R(t′)
cm

= |−→ζ +−→v (t−t′)|
cm

.

⇒ (t− t′)2 = 1
c2m

[ζ2 +2
−→
ζ .−→v (t− t′)+v2(t− t′)2]. ⇒ (v2−c2

m)(t− t′)2 +2
−→
ζ .−→v (t− t′)+ζ2 = 0;

solve to get

(t− t′)± =
−−→ζ .−→v ±

√
(
−→
ζ .−→v )2 − (v2 − c2

m)ζ2

v2 − c2
m

. (5.64)

For cherenkov radiation v > cm to obtain t− t′ > 0 ∈ R we need:
−→
ζ .−→v < 0 and (

−→
ζ .−→v )2 >

(v2 − c2
m)ζ2, which means ζv cos θ < 0 or θ > π/2, and cos2 θ > 1− c2

m/v2. So

θ > arccos(−
√

1− (cm/v)2), (5.65)

which lies in [π/2, π].
So potential and fields exist at time t only within a cone which the apex lies at ζ =−→x − −→v t (i.e. the present position of incident charge) and for which the apex angle is

π − arccos(−
√

1− (cm/v)2). The 4-potential is Aα = Aα
− + Aα

+ where the ± corresponds to
(t− t′)±. Now,

[κR]ret = |(1− 1/cm
−→v .n̂)

−→
R | = |−→R − n̂

cm

−→v .[
−→
ζ +−→v (t− t′)]|

= |−→R − n̂

cm

−→
ζ .−→v − n̂

cm

v2(t− t′)|

= |n̂[cm(t− t′)−
−→
ζ .−→v
cm

− v2

cm

(t− t′)]|

=
1

cm

|(c2
m − v2)(t− t′)−−→ζ .−→v |. (5.66)

Expliciting (t− t′) in the latter equation (using 5.64), we get:

[κR]ret =
ζ

cm

√
c2
m − v2 sin2 θ = ζ

√
1− v2

c2
m

sin2 θ. (5.67)

both for (t− t′)±. So the potentials are given by:

( √
εΦ(−→x , t)−→
A (−→x , t)

)
=

2q√
ε

1

ζ
√

1− v2

c2m
sin2 θ

(
1
−→v
cm

)
(5.68)

The potentials have a singularity (a shock front) at sin2 θ = (cm/v)2, which corresponds to
the earlier results cos2 θ = 1 − (cm/v)2. Note that when the frequency-dependence of ε is
introduced the shock wave-front is smeared.
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5.5 Scattering

Thus far we have only looked at energy loss from charges incident to a target. Now let’s
look at momentum transfer that is scattering. Let N ′ be the number of incident particle
scattered from bdbdφ into dΩ per unit time; we have:

d2N = nvbdbdφ = N ′dΩ ⇒ bdbdφ =
N ′

nv
dΩ =

dσ

dΩ
dΩ;⇒ dσ

dΩ
=

N ′

nv
. (5.69)

bdb =
dσ

dΩ
sin θdθ ⇒ dσ

dΩ
=

b

sin θ

db

dθ
(5.70)

Under the impulse approximation we have sin θ ∼ θ ⇒ b
sin θ

∣∣ db
dθ

∣∣. But

|θ| = ∆p

p
=

2qe

γbMv2
(5.71)

for target e− (see beginning of part V). so b = 2qe
γθMv2 ⇒

∣∣ db
dθ

∣∣ = 2qe
γθ2Mv2 . So finally,

dσ

dΩ
=

bθ

θ2

∣∣db

dθ

∣∣ =

(
2qe

γMv2

)2
1

θ4
(5.72)

For target Nuclei:

dσ

dΩ
=

1

θ4

(
2qZe

γMv2

)2

(5.73)

this is the small-angle Rutherford formula. scattering by nuclei is Z2 times stronger than by e-.

96



There are Z times more e- than nuclei, so the net effect is that nuclei scattering is Z
times stronger than e- scattering.

Average deflection angle in a material: To get the mean-square deflection angle, evaluate:

〈θ2〉 =

∫
dΩθ2dσ/dΩ∫
dΩdσ/dΩ

'
∫

dθθ31/θ4

∫
dθθ1/θ4

(5.74)

=

∫ θmax

θmin
dθ1/θ∫

dθ1/θ3
=

ln θmax

θmin

1
2
(1/θ2

min − 1/θ2
max)

(5.75)

So 〈θ2〉 ' 2θ2
min ln θmax

θmin
for a single scattering event. This is just few times θ2

min which is a
small number.

Let’s estimate θmin from physical arguments: bmax ' a, the atomic radius because atomic
electrons almost completely screen the nucleus if b > a. So

θmin =
2qZe

γbmaxMv2
' 2qZe

γaMv2
(5.76)

∼ e2

ampc2
∼ e2/(mec

2)

ampc2
∼ re

1836a
¿ 1 (5.77)

So to achieve a sizeable deflection angle, the incident charge needs either to undergo many
small-angle scattering of a few large-angle scattering.

• Case of many small-angle scattering:
Net effect: charge q random-walk through the target 〈Θ2〉 = N〈θ2〉 and:

⇒ d〈Θ2〉
dz

= nσ〈θ2〉 ' 2nσθ2
min ln(θmax/θmin) (5.78)

The distribution of angle after many small-scattering event (random-walk) is given by:

PRW (θp) ∝ e
−θ2

p

2〈Θ2
p〉 .

• Case of few large-angle scattering:
Consider the distribution of scattering angle for a single scattering event:

dσ

dΩ
dΩ =

(
2qZe

γMv2

)
1

θ4
dφθdθ (5.79)

In terms of projected angle θp = θ sin φ, this takes the form:

dσ

dΩ
dΩ =

(
2qZe

γMv2

)
1

θ3
p

dθp sin2 φdφ (5.80)

Upon integration over φ we find that the distribution scales as:

P1(θp)dθp ∝ dθp

θ3
p

↔ P1(θp) ∝ 1

θ3
p
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Chapter 6

Standard Formula Sheet

Definite Integrals
For n = non-negative integer, ∫ ∞

0

xne−x dx = n!

∫ ∞

0

x2ne−βx2

dx =
(2n)!

√
π

n! (2
√

β)2n+1

∫ ∞

0

x2n+1e−βx2

dx =
n!

2 βn+1

where 0! = 1 and n! = 1 · 2 . . . (n− 1) · n.
Stirling’s Approximation:

n! =
√

2π nn+1/2 exp

(
−n +

1

12n
+O(1/n2)

)

ln(n!) = n ln(n)− n (for n À 1)

Legendre Polynomials:

P0(x) = 1, P1(x) = x, P2(x) = (3x2 − 1)/2, P3(x) = (5x3 − 3x)/2,

P4(x) = (35x4 − 30x2 + 3)/8, P5(x) = (63x5 − 70x3 + 15x)/8

Spherical Harmonics:

` = 0 : Y 0
0 (θ, φ) =

√
1

4π

` = 1 : Y 0
1 (θ, φ) =

√
3

4π
cos θ Y ±1

1 (θ, φ) = ∓
√

3

8π
e±iφ sin θ

` = 2 : Y 0
2 (θ, φ) =

√
5

16π
(3 cos2 θ − 1) Y ±1

2 (θ, φ) = ∓
√

15

8π
e±iφ sin θ cos θ

Y ±2
2 (θ, φ) =

√
15

32π
e±2iφ sin2 θ

For all ` : Y 0
` (θ, φ) =

√
2` + 1

4π
P`(cos θ)
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Numerical Constants:

~ = 1.05× 10−27 erg sec = 1.05× 10−34 J sec a0 = 0.529× 10−8 cm = 0.529× 10−10 m

~c = 1.97× 10−7 eV m hc = 1.24× 10−6 eV m

e = 4.80× 10−10 esu = 1.60× 10−19 C c = 3.00× 1010 cm/sec = 3.00× 108 m/sec

ε0 = 8.85× 10−12 C2/N m2 µ0 = 4π × 10−7 N/A2

me = 9.11× 10−28 g = 9.11× 10−31 kg = 0.511 MeV/c2

mp = 1.67262× 10−24 g = 1.67262× 10−27 kg = 938.272 MeV/c2

mn = 1.67492× 10−24 g = 1.67492× 10−27 kg = 939.565 MeV/c2

N0 = 6.02× 1023 particles/mole

kB = 1.38× 10−23 J K−1 = 1.38× 10−16 erg K−1 = 8.62× 10−5 eV K−1

Spherical Coordinates (r, θ, φ)
Relations to rectangular (Cartesian) coordinates and unit vectors:

x = r sin θ cos φ
y = r sin θ sin φ
z = r cos θ

x̂ = r̂ sin θ cos φ + θ̂ cos θ cos φ− φ̂ sin φ

ŷ = r̂ sin θ sin φ + θ̂ cos θ sin φ + φ̂ cos φ

ẑ = r̂ cos θ − θ̂ sin θ

r =
√

x2 + y2 + z2

θ = tan−1(
√

x2 + y2/z)
φ = tan−1(y/x)

r̂ = x̂ sin θ cos φ + ŷ sin θ sin φ + ẑ cos θ

θ̂ = x̂ cos θ cos φ + ŷ cos θ sin φ− ẑ sin θ

φ̂ = −x̂ sin φ + ŷ cos φ

Line element: d~̀ = r̂ dr + θ̂ r dθ + φ̂ r sin θ dφ

Volume element: dτ = r2 sin θ dr dθ dφ

Gradient: ~∇f =
∂f

∂r
r̂ +

1

r

∂f

∂θ
θ̂ +

1

r sin θ

∂f

∂φ
φ̂

Divergence: ~∇ · ~v =
1

r2

∂

∂r
(r2vr) +

1

r sin θ

∂

∂θ
(sin θ vθ) +

1

r sin θ

∂vφ

∂φ

Curl: ~∇× ~v =
1

r sin θ

[
∂

∂θ
(sin θ vφ)− ∂vθ

∂φ

]
r̂ +

1

r

[
1

sin θ

∂vr

∂φ
− ∂

∂r
(r vφ)

]
θ̂

+
1

r

[
∂

∂r
(r vθ)− ∂vr

∂θ

]
φ̂

Laplacian: ∇2f =
1

r

∂2

∂r2
(rf) +

1

r2 sin θ

∂

∂θ

(
sin θ

∂f

∂θ

)
+

1

r2 sin2 θ

∂2f

∂φ2
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Cylindrical Coordinates (r, φ, z)
Relations to rectangular (Cartesian) coordinates and unit vectors:

x = r cos φ
y = r sin φ
z = z

x̂ = r̂ cos φ− φ̂ sin φ

ŷ = r̂ sin φ + φ̂ cos φ
ẑ = ẑ

r =
√

x2 + y2

φ = tan−1(y/x)
z = z

r̂ = x̂ cos φ + ŷ sin φ

φ̂ = −x̂ sin φ + ŷ cos φ
ẑ = ẑ

Line element: d~̀ = r̂ dr + φ̂ r dφ + ẑ dz

Volume element: dτ = r dr dφ dz

Gradient: ~∇f =
∂f

∂r
r̂ +

1

r

∂f

∂φ
φ̂ +

∂f

∂z
ẑ

Divergence: ~∇ · ~v =
1

r

∂

∂r
(rvr) +

1

r

∂vφ

∂φ
+

∂vz

∂z

Curl: ~∇× ~v =

[
1

r

∂vz

∂φ
− ∂vφ

∂z

]
r̂ +

[
∂vr

∂z
− ∂vz

∂r

]
φ̂ +

1

r

[
∂

∂r
(rvφ)− ∂vr

∂φ

]
ẑ

Laplacian: ∇2f =
1

r

∂

∂r

(
r
∂f

∂r

)
+

1

r2

∂2f

∂φ2
+

∂2f

∂z2

Vector Formulae
In the following formulae, ~A and ~B are vector functions and ψ is a scalar function.

~∇× (~∇ψ) = 0

~∇ · (~∇× ~A) = 0

~∇× (~∇× ~A) = ~∇(~∇ · ~A)−∇2 ~A

~∇( ~A · ~B) = ( ~A · ~∇) ~B + ( ~B · ~∇) ~A + ~A× (~∇× ~B) + ~B × (~∇× ~A)

~∇ · ( ~A× ~B) = ~B · (~∇× ~A)− ~A · (~∇× ~B)

~∇× ( ~A× ~B) = ~A(~∇ · ~B)− ~B(~∇ · ~A) + ( ~B · ~∇) ~A− ( ~A · ~∇) ~B

~∇ · (ψ ~A) = ~A · ~∇ψ + ψ~∇ · ~A

~∇× (ψ ~A) = ψ~∇× ~A− ~A× ~∇ψ
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