
1On to neutrinos!

Fairly complicated decay 
chain for nuclear fusion in 
the sun. Very well modeled 
and predicted, first by John 

BahcallFrom Griffiths



2Ray Davies

NOT our physicist 
of interest. This is 
Ray Davies from 

the Kinks



3The (physicist) Ray Davies

Worked with Bahcall 
on the Homestake 
experiment in the 
1960s. Collected 
and count solar 

neutrinos. Need to 
perform neutrino 

experiments deep 
underground (often 

in mines). Why?



4Homestake

⌫e `37 Cl Ñ37 Ar ` e´
<latexit sha1_base64="Pb+tNr/yNPfXKeuPbUvn3OJZD6w="></latexit><latexit sha1_base64="Pb+tNr/yNPfXKeuPbUvn3OJZD6w="></latexit><latexit sha1_base64="Pb+tNr/yNPfXKeuPbUvn3OJZD6w="></latexit><latexit sha1_base64="Pb+tNr/yNPfXKeuPbUvn3OJZD6w="></latexit>

Literally collecting 
single argon 

atoms (crazy!) 
produced every 
few days, and 

found only 1/3 of 
prediction. 

WHY?!

https://www.bnl.gov/bnlweb/raydavis/images/hires/1-390-66.jpg

Let’s double check what 
is happening in this 

collision



5Explanation: neutrino oscillations

⌫e `37 Cl Ñ37 Ar ` e´
<latexit sha1_base64="Pb+tNr/yNPfXKeuPbUvn3OJZD6w="></latexit><latexit sha1_base64="Pb+tNr/yNPfXKeuPbUvn3OJZD6w="></latexit><latexit sha1_base64="Pb+tNr/yNPfXKeuPbUvn3OJZD6w="></latexit><latexit sha1_base64="Pb+tNr/yNPfXKeuPbUvn3OJZD6w="></latexit>

Above reaction only 
occurs for electron 

neutrinos. If some of the 
neutrinos en route to 

Earth convert to muon or 
tau neutrinos, lepton 

number says the above 
doesn’t take place!

Possible if the mass 
eigenstates are not 

the same as the 
flavor eigenstates



6Two-flavor oscillations

Naive quantum 
mechanics tells us:

⌫1ptq “ ⌫1p0qe´iE1t

⌫2ptq “ ⌫2p0qe´iE2t
<latexit sha1_base64="7cXP7HzVyY18MNs5f4Fc2mgHo0E="></latexit><latexit sha1_base64="7cXP7HzVyY18MNs5f4Fc2mgHo0E="></latexit><latexit sha1_base64="7cXP7HzVyY18MNs5f4Fc2mgHo0E="></latexit><latexit sha1_base64="7cXP7HzVyY18MNs5f4Fc2mgHo0E="></latexit>

⌫1 “ cos ✓⌫µ ´ sin ✓⌫e

⌫2 “ sin ✓⌫µ ` cos ✓⌫e
<latexit sha1_base64="cIPB267LzXCDf8iTKYscFUXhlGg="></latexit><latexit sha1_base64="cIPB267LzXCDf8iTKYscFUXhlGg="></latexit><latexit sha1_base64="cIPB267LzXCDf8iTKYscFUXhlGg="></latexit><latexit sha1_base64="cIPB267LzXCDf8iTKYscFUXhlGg="></latexit>

Imagine that the 
eigenstates of mass 

and of the 
Hamiltonian are

⌫1pt “ 0q “ ´ sin ✓

⌫2pt “ 0q “ cos ✓
<latexit sha1_base64="mQbxlci8CNspEAlt711FyN8tE14="></latexit><latexit sha1_base64="mQbxlci8CNspEAlt711FyN8tE14="></latexit><latexit sha1_base64="mQbxlci8CNspEAlt711FyN8tE14="></latexit><latexit sha1_base64="mQbxlci8CNspEAlt711FyN8tE14="></latexit>

If the solar 
neutrinos are only 
electron neutrinos:

The mixing angle is an unknown 
parameter to be determined



7Two-flavor oscillations

⌫1ptq “ ⌫1p0qe´iE1t

⌫2ptq “ ⌫2p0qe´iE2t
<latexit sha1_base64="7cXP7HzVyY18MNs5f4Fc2mgHo0E=">AAACb3icbVFdSyMxFE3Hz61fVV8EQYJFsIJlZl50wYXCIuyjglXBGYdM5rYNZjJDcke2DP11/or9Cb52X30w/cCP6oXA4dxzb05O4lwKg677r+LMzS8sLi3/qK6srq1v1Da3rk1WaA5tnslM38bMgBQK2ihQwm2ugaWxhJv44feof/MI2ohMXWE/hzBlXSU6gjO0VFQLgxi6QpVdhj3QR4NqoIrIO8QG/UUn0G3AfXksziOP4i AIxgL/XeC/C3wrqAagkrdtUa3uNt1x0a/Am4I6mdZFVHsJkowXKSjkkhlz57k5hiXTKLgEu70wkDP+wLpwZ6FiKZiwHMcwoAeWSWgn0/YopGP240TJUmP6aWyVqTVoZnsj8tveiGHx30/Xl8b660Ey4wk7p2EpVF4gKD6x1CkkxYyO0qeJ0MBR9i1gXAv7Ksp7TDOO9o+qNi5vNpyvoO03fza9S7/eOpvmtkx2yT45JB45IS3yh1yQNuHkiTyTIflfGTo7zp5DJ1KnMp3ZJp/KabwCr8G8DQ==</latexit><latexit sha1_base64="7cXP7HzVyY18MNs5f4Fc2mgHo0E=">AAACb3icbVFdSyMxFE3Hz61fVV8EQYJFsIJlZl50wYXCIuyjglXBGYdM5rYNZjJDcke2DP11/or9Cb52X30w/cCP6oXA4dxzb05O4lwKg677r+LMzS8sLi3/qK6srq1v1Da3rk1WaA5tnslM38bMgBQK2ihQwm2ugaWxhJv44feof/MI2ohMXWE/hzBlXSU6gjO0VFQLgxi6QpVdhj3QR4NqoIrIO8QG/UUn0G3AfXksziOP4i AIxgL/XeC/C3wrqAagkrdtUa3uNt1x0a/Am4I6mdZFVHsJkowXKSjkkhlz57k5hiXTKLgEu70wkDP+wLpwZ6FiKZiwHMcwoAeWSWgn0/YopGP240TJUmP6aWyVqTVoZnsj8tveiGHx30/Xl8b660Ey4wk7p2EpVF4gKD6x1CkkxYyO0qeJ0MBR9i1gXAv7Ksp7TDOO9o+qNi5vNpyvoO03fza9S7/eOpvmtkx2yT45JB45IS3yh1yQNuHkiTyTIflfGTo7zp5DJ1KnMp3ZJp/KabwCr8G8DQ==</latexit><latexit sha1_base64="7cXP7HzVyY18MNs5f4Fc2mgHo0E=">AAACb3icbVFdSyMxFE3Hz61fVV8EQYJFsIJlZl50wYXCIuyjglXBGYdM5rYNZjJDcke2DP11/or9Cb52X30w/cCP6oXA4dxzb05O4lwKg677r+LMzS8sLi3/qK6srq1v1Da3rk1WaA5tnslM38bMgBQK2ihQwm2ugaWxhJv44feof/MI2ohMXWE/hzBlXSU6gjO0VFQLgxi6QpVdhj3QR4NqoIrIO8QG/UUn0G3AfXksziOP4i AIxgL/XeC/C3wrqAagkrdtUa3uNt1x0a/Am4I6mdZFVHsJkowXKSjkkhlz57k5hiXTKLgEu70wkDP+wLpwZ6FiKZiwHMcwoAeWSWgn0/YopGP240TJUmP6aWyVqTVoZnsj8tveiGHx30/Xl8b660Ey4wk7p2EpVF4gKD6x1CkkxYyO0qeJ0MBR9i1gXAv7Ksp7TDOO9o+qNi5vNpyvoO03fza9S7/eOpvmtkx2yT45JB45IS3yh1yQNuHkiTyTIflfGTo7zp5DJ1KnMp3ZJp/KabwCr8G8DQ==</latexit><latexit sha1_base64="7cXP7HzVyY18MNs5f4Fc2mgHo0E=">AAACb3icbVFdSyMxFE3Hz61fVV8EQYJFsIJlZl50wYXCIuyjglXBGYdM5rYNZjJDcke2DP11/or9Cb52X30w/cCP6oXA4dxzb05O4lwKg677r+LMzS8sLi3/qK6srq1v1Da3rk1WaA5tnslM38bMgBQK2ihQwm2ugaWxhJv44feof/MI2ohMXWE/hzBlXSU6gjO0VFQLgxi6QpVdhj3QR4NqoIrIO8QG/UUn0G3AfXksziOP4i AIxgL/XeC/C3wrqAagkrdtUa3uNt1x0a/Am4I6mdZFVHsJkowXKSjkkhlz57k5hiXTKLgEu70wkDP+wLpwZ6FiKZiwHMcwoAeWSWgn0/YopGP240TJUmP6aWyVqTVoZnsj8tveiGHx30/Xl8b660Ey4wk7p2EpVF4gKD6x1CkkxYyO0qeJ0MBR9i1gXAv7Ksp7TDOO9o+qNi5vNpyvoO03fza9S7/eOpvmtkx2yT45JB45IS3yh1yQNuHkiTyTIflfGTo7zp5DJ1KnMp3ZJp/KabwCr8G8DQ==</latexit>

⌫1pt “ 0q “ ´ sin ✓

⌫2pt “ 0q “ cos ✓
<latexit sha1_base64="mQbxlci8CNspEAlt711FyN8tE14="></latexit><latexit sha1_base64="mQbxlci8CNspEAlt711FyN8tE14="></latexit><latexit sha1_base64="mQbxlci8CNspEAlt711FyN8tE14="></latexit><latexit sha1_base64="mQbxlci8CNspEAlt711FyN8tE14="></latexit>

⌫1ptq “ ´ sin ✓e´iE1t

⌫2ptq “ cos ✓e´iE2t
<latexit sha1_base64="goH/I+dDQKR/OCWXu97nrpRHhM8="></latexit><latexit sha1_base64="goH/I+dDQKR/OCWXu97nrpRHhM8="></latexit><latexit sha1_base64="goH/I+dDQKR/OCWXu97nrpRHhM8="></latexit><latexit sha1_base64="goH/I+dDQKR/OCWXu97nrpRHhM8="></latexit>

⌫1 “ cos ✓⌫µ ´ sin ✓⌫e

⌫2 “ sin ✓⌫µ ` cos ✓⌫e
<latexit sha1_base64="cIPB267LzXCDf8iTKYscFUXhlGg="></latexit><latexit sha1_base64="cIPB267LzXCDf8iTKYscFUXhlGg="></latexit><latexit sha1_base64="cIPB267LzXCDf8iTKYscFUXhlGg="></latexit><latexit sha1_base64="cIPB267LzXCDf8iTKYscFUXhlGg="></latexit>

⌫1 cos ✓ “ cos2 ✓⌫µ ´ sin ✓ cos ✓⌫e

⌫2 sin ✓ “ sin2 ✓⌫µ ` sin ✓ cos ✓⌫e
<latexit sha1_base64="8yNJToyB6w1+gi8zMsbaoxZSmM8="></latexit><latexit sha1_base64="8yNJToyB6w1+gi8zMsbaoxZSmM8="></latexit><latexit sha1_base64="8yNJToyB6w1+gi8zMsbaoxZSmM8="></latexit><latexit sha1_base64="8yNJToyB6w1+gi8zMsbaoxZSmM8="></latexit>

⌫1 cos ✓ ` ⌫2 sin ✓ “ ⌫µ
<latexit sha1_base64="HkEUDDv2FhrEhPdfdFitFHMu0PM="></latexit><latexit sha1_base64="HkEUDDv2FhrEhPdfdFitFHMu0PM="></latexit><latexit sha1_base64="HkEUDDv2FhrEhPdfdFitFHMu0PM="></latexit><latexit sha1_base64="HkEUDDv2FhrEhPdfdFitFHMu0PM="></latexit>



8Two-flavor oscillations

⌫1ptq “ ´ sin ✓e´iE1t

⌫2ptq “ cos ✓e´iE2t
<latexit sha1_base64="goH/I+dDQKR/OCWXu97nrpRHhM8="></latexit><latexit sha1_base64="goH/I+dDQKR/OCWXu97nrpRHhM8="></latexit><latexit sha1_base64="goH/I+dDQKR/OCWXu97nrpRHhM8="></latexit><latexit sha1_base64="goH/I+dDQKR/OCWXu97nrpRHhM8="></latexit>

⌫1 cos ✓ ` ⌫2 sin ✓ “ ⌫µ
<latexit sha1_base64="HkEUDDv2FhrEhPdfdFitFHMu0PM="></latexit><latexit sha1_base64="HkEUDDv2FhrEhPdfdFitFHMu0PM="></latexit><latexit sha1_base64="HkEUDDv2FhrEhPdfdFitFHMu0PM="></latexit><latexit sha1_base64="HkEUDDv2FhrEhPdfdFitFHMu0PM="></latexit>

⌫1 cos ✓ ` ⌫2 sin ✓ “ ⌫µ

⌫µptq “ ´ cos ✓ sin ✓e´iE1t ` cos ✓ sin ✓e´iE1t

⌫µptq “ cos ✓ sin ✓pe´iE2t ´ e´iE1tq
<latexit sha1_base64="fp8pMH1QYuA4UOslxJ2I/G7rOTM="></latexit><latexit sha1_base64="fp8pMH1QYuA4UOslxJ2I/G7rOTM="></latexit><latexit sha1_base64="fp8pMH1QYuA4UOslxJ2I/G7rOTM="></latexit><latexit sha1_base64="fp8pMH1QYuA4UOslxJ2I/G7rOTM="></latexit>

|⌫µptq|2 “ pcos ✓ sin ✓q2pe´iE2t ´ e´iE1tqpeiE2t ´ eiE1tq

|⌫µptq|2 “ sin2 2✓

4
p1 ` 1 ´ eitpE2´E1q ´ eitpE1´E2qq

|⌫µptq|2 “ sin2 2✓

4
p2 ´ 2 cos pE2 ´ E1qtq

<latexit sha1_base64="J7j55Fl/x5plcOch2rjcFHLlrig="></latexit><latexit sha1_base64="J7j55Fl/x5plcOch2rjcFHLlrig="></latexit><latexit sha1_base64="J7j55Fl/x5plcOch2rjcFHLlrig="></latexit><latexit sha1_base64="J7j55Fl/x5plcOch2rjcFHLlrig="></latexit>



9Two-flavor oscillations

|⌫µptq|2 “ sin2 2✓

4
p2 ´ 2 cos pE2 ´ E1qtq

|⌫µptq|2 “ sin2 2✓

4
p2 ´ 2p1 ´ 2 sin2

pE2 ´ E1qt
2

q

|⌫µptq|2 “ sin2 2✓

4
p4 sin2 pE2 ´ E1qt

2
q

|⌫µptq|2 “ sin2 2✓psin2 pE2 ´ E1qt
2

q
<latexit sha1_base64="11NSs40LdRVoVbkMX9vl3+1gfD0="></latexit><latexit sha1_base64="11NSs40LdRVoVbkMX9vl3+1gfD0="></latexit><latexit sha1_base64="11NSs40LdRVoVbkMX9vl3+1gfD0="></latexit><latexit sha1_base64="11NSs40LdRVoVbkMX9vl3+1gfD0="></latexit>

Probability to have a muon 
neutrino (we started out with a 
pure electron neutrino beam) 

oscillates over time!



10Two-flavor oscillations

For small 
particles (like 

neutrinos)

|⌫µptq|2 “ sin2 2✓psin2 pE2 ´ E1qt
2

q

E “
a

|p|2 ` m2 “
d

|p|2p1 ` m2

|p|2 q

E “ |p|
d

p1 ` m2

|p|2 q „ |p|p1 ` m2

2|p|2 q
<latexit sha1_base64="/SeQjbiferPFZC6qiwrsUEYSs5c=">AAADInicfVJNa9swGJa9r877aLoddxELA2dlwfZlLaxQGIEdO1jWQpUYWZETUUt2JbksKPonu3Z/Zqex02A/ZYfJiematOwFw8vzpVevlVUFUzqKfnn+nbv37j/Yehg8evzk6XZn59lnVdaS0CEpi1KeZFjRggk61EwX9KSSFPOsoMfZ2fuGP76gUrFSfNLzio44ngqWM4K1g9IdbxtldMqEmWI9o/K1DRZI1KlBvLah7i3GCT xAiolxYhLkFBpbGLYAyiUmJhykCXwDB2nc09Yk1vYQCgbwACJ1LrVZGJTlsLJN0i7k48TeRoXx7iqtEVwnbM+2cVfgyvw/h8tnHP5zrGuTNbFLR1RMru6fdrpRP1oWvNnEbdMFbR2lnT9oUpKaU6FJgZU6jaNKjwyWmpGC2gDVilaYnOEpPXWtwJyqkVn+OQtfOWQC81K6T2i4RK87DOZKzXnmlNwNqDa5BryVaxCcfVk73ig334xONmbS+d7IMFHVmgqyGimvC6hL2DwYOGGSEl3MXYOJZO5WkMyw26Z2zypw64o3l3OzGSb9/X78Mekevmv3tgVegJcgBDF4Cw7BB3AEhoB4F95X79L75l/63/0f/s+V1Pdaz3OwVv7vv/77/zQ=</latexit><latexit sha1_base64="/SeQjbiferPFZC6qiwrsUEYSs5c=">AAADInicfVJNa9swGJa9r877aLoddxELA2dlwfZlLaxQGIEdO1jWQpUYWZETUUt2JbksKPonu3Z/Zqex02A/ZYfJiematOwFw8vzpVevlVUFUzqKfnn+nbv37j/Yehg8evzk6XZn59lnVdaS0CEpi1KeZFjRggk61EwX9KSSFPOsoMfZ2fuGP76gUrFSfNLzio44ngqWM4K1g9IdbxtldMqEmWI9o/K1DRZI1KlBvLah7i3GCT xAiolxYhLkFBpbGLYAyiUmJhykCXwDB2nc09Yk1vYQCgbwACJ1LrVZGJTlsLJN0i7k48TeRoXx7iqtEVwnbM+2cVfgyvw/h8tnHP5zrGuTNbFLR1RMru6fdrpRP1oWvNnEbdMFbR2lnT9oUpKaU6FJgZU6jaNKjwyWmpGC2gDVilaYnOEpPXWtwJyqkVn+OQtfOWQC81K6T2i4RK87DOZKzXnmlNwNqDa5BryVaxCcfVk73ig334xONmbS+d7IMFHVmgqyGimvC6hL2DwYOGGSEl3MXYOJZO5WkMyw26Z2zypw64o3l3OzGSb9/X78Mekevmv3tgVegJcgBDF4Cw7BB3AEhoB4F95X79L75l/63/0f/s+V1Pdaz3OwVv7vv/77/zQ=</latexit><latexit sha1_base64="/SeQjbiferPFZC6qiwrsUEYSs5c=">AAADInicfVJNa9swGJa9r877aLoddxELA2dlwfZlLaxQGIEdO1jWQpUYWZETUUt2JbksKPonu3Z/Zqex02A/ZYfJiematOwFw8vzpVevlVUFUzqKfnn+nbv37j/Yehg8evzk6XZn59lnVdaS0CEpi1KeZFjRggk61EwX9KSSFPOsoMfZ2fuGP76gUrFSfNLzio44ngqWM4K1g9IdbxtldMqEmWI9o/K1DRZI1KlBvLah7i3GCT xAiolxYhLkFBpbGLYAyiUmJhykCXwDB2nc09Yk1vYQCgbwACJ1LrVZGJTlsLJN0i7k48TeRoXx7iqtEVwnbM+2cVfgyvw/h8tnHP5zrGuTNbFLR1RMru6fdrpRP1oWvNnEbdMFbR2lnT9oUpKaU6FJgZU6jaNKjwyWmpGC2gDVilaYnOEpPXWtwJyqkVn+OQtfOWQC81K6T2i4RK87DOZKzXnmlNwNqDa5BryVaxCcfVk73ig334xONmbS+d7IMFHVmgqyGimvC6hL2DwYOGGSEl3MXYOJZO5WkMyw26Z2zypw64o3l3OzGSb9/X78Mekevmv3tgVegJcgBDF4Cw7BB3AEhoB4F95X79L75l/63/0f/s+V1Pdaz3OwVv7vv/77/zQ=</latexit><latexit sha1_base64="/SeQjbiferPFZC6qiwrsUEYSs5c=">AAADInicfVJNa9swGJa9r877aLoddxELA2dlwfZlLaxQGIEdO1jWQpUYWZETUUt2JbksKPonu3Z/Zqex02A/ZYfJiematOwFw8vzpVevlVUFUzqKfnn+nbv37j/Yehg8evzk6XZn59lnVdaS0CEpi1KeZFjRggk61EwX9KSSFPOsoMfZ2fuGP76gUrFSfNLzio44ngqWM4K1g9IdbxtldMqEmWI9o/K1DRZI1KlBvLah7i3GCT xAiolxYhLkFBpbGLYAyiUmJhykCXwDB2nc09Yk1vYQCgbwACJ1LrVZGJTlsLJN0i7k48TeRoXx7iqtEVwnbM+2cVfgyvw/h8tnHP5zrGuTNbFLR1RMru6fdrpRP1oWvNnEbdMFbR2lnT9oUpKaU6FJgZU6jaNKjwyWmpGC2gDVilaYnOEpPXWtwJyqkVn+OQtfOWQC81K6T2i4RK87DOZKzXnmlNwNqDa5BryVaxCcfVk73ig334xONmbS+d7IMFHVmgqyGimvC6hL2DwYOGGSEl3MXYOJZO5WkMyw26Z2zypw64o3l3OzGSb9/X78Mekevmv3tgVegJcgBDF4Cw7BB3AEhoB4F95X79L75l/63/0f/s+V1Pdaz3OwVv7vv/77/zQ=</latexit>

E2 ´ E1 „ |p2|p1 ` m2
2

2|p2|2 q ´ |p1|p1 ` m2
1

2|p1|2 q

E2 ´ E1 „ m2
2

2|p| ´ m2
1

2|p1| „ m2
2 ´ m2

1

2|p|

E2 ´ E1 „ m2
2 ´ m2

1

2E
<latexit sha1_base64="sUAK4AeicGcFrD98YHr9vsu6ONA="></latexit><latexit sha1_base64="sUAK4AeicGcFrD98YHr9vsu6ONA="></latexit><latexit sha1_base64="sUAK4AeicGcFrD98YHr9vsu6ONA="></latexit><latexit sha1_base64="sUAK4AeicGcFrD98YHr9vsu6ONA="></latexit>



11Two-flavor oscillations

|⌫µptq|2 “ sin2 2✓psin2 pE2 ´ E1qt
2

q

E2 ´ E1 „ m2
2 ´ m2

1

2E

|⌫µptq|2 “ sin2 2✓psin2 pm2
2 ´ m2

1qt
4

q
<latexit sha1_base64="Uz2v0SIWXVnb6iga9faMVoYBT04="></latexit><latexit sha1_base64="Uz2v0SIWXVnb6iga9faMVoYBT04="></latexit><latexit sha1_base64="Uz2v0SIWXVnb6iga9faMVoYBT04="></latexit><latexit sha1_base64="Uz2v0SIWXVnb6iga9faMVoYBT04="></latexit>

For us, neutrinos travel at 
~speed of light = 1, so 

d=ct = t

|⌫µptq|2 “ sin2 2✓psin2 pm2
2 ´ m2

1qd
4

q
<latexit sha1_base64="nr43lmbeQkXv3bXFpQ1R0/NJsRk="></latexit><latexit sha1_base64="nr43lmbeQkXv3bXFpQ1R0/NJsRk="></latexit><latexit sha1_base64="nr43lmbeQkXv3bXFpQ1R0/NJsRk="></latexit><latexit sha1_base64="nr43lmbeQkXv3bXFpQ1R0/NJsRk="></latexit>

Note sensitivity to 
mass differences, 

not individual 
masses!



12Sometimes it’s convenient to write this differently

|⌫µptq|2 “ sin2 2✓psin2 pE2 ´ E1qt
2

q

E2 ´ E1 „ m2
2 ´ m2

1

2E

|⌫µptq|2 “ sin2 2✓psin2 pm2
2 ´ m2

1qt
4

q
<latexit sha1_base64="Uz2v0SIWXVnb6iga9faMVoYBT04="></latexit><latexit sha1_base64="Uz2v0SIWXVnb6iga9faMVoYBT04="></latexit><latexit sha1_base64="Uz2v0SIWXVnb6iga9faMVoYBT04="></latexit><latexit sha1_base64="Uz2v0SIWXVnb6iga9faMVoYBT04="></latexit>

|⌫µptq|2 “ sin2 2✓psin2 pm2
2 ´ m2

1qd
4

q
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Make sure to put things in the right units

|νμ(t) |2 = sin2 2θ sin2 (1.27Δm2 d
E )

 in units of eV2 and d/E in units km/GeVΔm2



13Confirmation

Super K and SNO 
confirmed this picture

What sorts of Feynman 
diagrams contribute to  

e-nu scattering?

More recently, 
studies of 

atmospheric and 
nuclear reactor 

neutrinos (different 
energies and 

flavors!)



14SNO

CC interaction
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Deuterons have a very small binding energy 
compared to solar energy of neutrinos, “easy” to 

break up. But only electrons participate in the 
CC interaction (muons and taus are “massive”)
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CC interaction
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Electrons from CC interaction are isotropic. 
Neutrons from NC interaction gets captured by 
hydrogen in water, in the process releasing a 

photon of specific energy



16SNO

Elastic scattering

W

e�

⌫µ

⌫e

µ�
𝜈e

e-

e-
𝜈e

Elastic scattering

Only electron neutrinos can undergo these 
processes. They also point directly to the sun 

(lab frame is not the same as the CM frame like 
on previous slide)

W

e�
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µ�
𝜈e

e-
e-

𝜈e

Z



17Limits on neutrino masses

More recently, better 
limits from tritium beta 

decay (order eV). How?

Earlier limits from 
spread of arrival 

times of neutrinos 
from SN1987A 

supernova KATRIN experiment 
underway



18Three-flavor oscillations

Note only two such 
“differences” for 3 

neutrinos

Have sensitivity to two 
mass-squared differences: 

M32=|m2(3)-m2(2)| 
M21=|m2(2)-m2(1)|

We don’t know the 
order of the (small) 
neutrino masses, 

either

3x3 mixing matrix U is the 
Pontecorvo–Maki–
Nakagawa–Sakata 

(PMNS) matrix, which 
has three Euler angles 

and 1 (Dirac) or 3 
(Majorana) phases



19Three-flavor oscillations
https://www.annualreviews.org/doi/10.1146/annurev-nucl-102014-021939

http://www.apple.com


20How to study neutrino oscillations these days?
https://www.annualreviews.org/doi/10.1146/annurev-nucl-102014-021939L~1011 m 

E <= 15 MeV 20 < L < 10,000 km 
E  ~ 1 GeV

L ~ 10-100,000 m 
E ~  3 MeV

L >= 500 km 
E ~  1 GeV

Reactor and accelerator experiments can have near + far detectors!

http://www.apple.com


21Summary of neutrino experiments

http://pdg.lbl.gov/2019/reviews/rpp2019-rev-neutrino-mixing.pdf

http://pdg.lbl.gov/2019/reviews/rpp2019-rev-neutrino-mixing.pdf


22Recent neutrino results from PDG
http://pdg.lbl.gov/2019/reviews/rpp2019-rev-neutrino-mixing.pdf

http://pdg.lbl.gov/2019/reviews/rpp2019-rev-neutrino-mixing.pdf


23Hierarchy of neutrino masses

Don’t know yet 
which of these is 

correct

http://www.staff.uni-mainz.de/wurmm/juno.html

http://www.staff.uni-mainz.de/wurmm/juno.html


24New vertex for Feynman diagrams

U is the PMNS mixing matrix that 
converts between the neutrino flavor and 

mass eigenstates
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25New vertex for Feynman diagrams

U is the PMNS mixing matrix that 
converts between the neutrino flavor and 

mass eigenstates
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26CP violation

CP violation is required to explain the 
excess of matter over anti-matter in the 

Universe. And of the known forces, it must 
come from the weak sector since QED 
and QCD conserve C and P separately. 

Can neutrinos contribute?

P (⌫e ! ⌫µ)
CP��! P (⌫e ! ⌫µ)
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?

These two probabilities are not equal 
(and thus there is CP violation) if the 

mixing matrix U has imaginary elements! 
Still a possibility

=



27How to produce a neutrino beam?

Protons Target

𝛑 -

Magnetic  
focusing

𝛑 -

𝛑 -

𝛑 +

Decay 
tunnel

𝜈µ

Magnet can be selected to focus 𝛑 + (𝛑 -), these decay 
to a µ+(µ-) and 𝜈µ (𝜈µ)



28Additional complication for accelerator neutrinos

What happens if neutrinos are traveling a 
long distance through dense matter? We 

know that in any small chunk of matter the 
interaction probability is small, but what 

happens over large distances? Electrons 
and anti-electron neutrinos have CC and 

NC interactions with matter, whereas other 
neutrinos only have NC interactions

This can lead to significant changes in 
neutrino oscillation behavior and must be 
accounted for (in for example, the sun or 

traveling long distances through the Earth)



29MSW (Mikheyev–Smirnov–Wolfenstein) effect

MSW effect: Changes in energy (changes in 
potential differences) between electron/anti-

electron neutrinos and all other neutrinos. The 
more electrons the neutrinos pass by, the more 

this effect is important

: leads to an effective mass 
difference and an effective mixing angle different 

from the ones in vacuum!

Ve = ± 2Gf Ne

https://hepwww.pp.rl.ac.uk/users/Ricciardi/Lectures/MSW-1.pdf

http://www.apple.com


30MSW (Mikheyev–Smirnov–Wolfenstein) effect

https://hepwww.pp.rl.ac.uk/users/Ricciardi/Lectures/MSW-1.pdf

Key features of the MSW effect:
1) Without long distances (through lots of matter) or high matter 

densities, MSW effect cannot be observed. The MSW effect is 
critical to understand for solar neutrinos! 

2) For , oscillations can be significantly enhanced 
3) Oscillations differ for neutrinos and anti-neutrinos due to the  

sign in A, even without CP violation! 
4) Can be used to help break the degeneracy in the mass 

hierarchy

cos 2θ = A
±

http://www.apple.com
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43Switching topics….



44Indirectly looking for new physics

Remember that the SM has lepton universality built into it. The 
leptons all have the same interaction strengths (Higgs Yukawa 

couplings are an exception!), though not due to any built-in 
symmetries of the theory 

Conveniently, through the use of virtual particles in Feynman 
diagrams we can indirectly probe much higher energies than we 

can directly probe

2103.11769

QCD shouldn’t 
affect the ratio 

of these 
decays: R= 

(B+ → K+μ+μ−)/(B+ → K+e+e−)



45Indirectly looking for new physics

Subtle point #1: If q2 is large enough that phase space effects are 
important, we need to be careful and more accurately calculate R. 

So we can measure it in bins of mass squared 
Subtle point #2: Need to very carefully measure efficiencies to 

reconstruct electrons and muons! So measure a double ratio …

2103.11769



46Indirectly looking for new physics 2103.11769



47Indirectly looking for new physics 2103.11769

Consistent with the SM only at the level of 0.1% 
(3.1 sigma evidence for lepton universality 

violation!)



48Other ways to indirectly look 2003.04831

Study angular distributions in  decays                        
(with ) 

Final state determined by q2 of muon system,  and 3 
angles, angular momentum of the  system, polariation 
fraction of K* and the forward-backward asymmetry of dimuon 

system

B0 → K*0μ+μ−

K*0 → K+π−

m(K+π−)
(K+π−)



49Other ways to indirectly look 2003.04831

Not trivial!!! Try and combine these angles to form observables that 
you can compare to predictions



50Other ways to indirectly look 2003.04831



51What was found? 2003.04831

Locally 2.5 and 2.9 sigma discrepancies



52Switching topics again….



53That brings us to g-2 Following 2110.04673

Current I running through the 
loop. Biot-Savart law tells us 
that there is a force F on 
each of the b length arms, 
with magnitude bIB, and 
these are in opposite 
direction so there is a torque 
𝜏 on the coil. Perpendicular 
distance between the two 
forces is , so 

 
(A=ab)

a sin θ
τ = abIB sin θ = AIB sin θ

 with  the unit 
vector normal to the coil

|τ | = IA ⃗e n × ⃗B = ⃗M × ⃗B
⃗M = IA ⃗e n ⃗e n



54M for charged lepton as classic rigid body Following 2110.04673

Imagine we have a charged lepton (like a muon!) 
as a charged rigid body, with charge density 
proportional to mass density, so 

Let our classical rigid body rotate around the z axis 
with angular velocity  and assume its charge and 
mass densities have no angular dependence

ρe = αρm, e = αm

ω

M = ∫ AdI = ∫ πr2dI = ∫ π(x2 + y2)
ρe( ⃗r )dV

2π/ω

d(Charge)

time

M =
ω
2 ∫ (x2 + y2)ρe( ⃗r )dV =

ωα
2 ∫ (x2 + y2)ρm( ⃗r )dV =

ωα
2 ∫ r2dm =

ωα
2

I

M =
ωα
2

I =
α
2

Iω =
α
2

L =
e

2m
L



55What if we want to do this in QED? Following 2110.04673 and Thomson

A reminder that we can write the Lagrangian for an electron in an arbitrary 
E&M field as:

We can write to Euler-Lagrange equations in the usual way. For a free particle, 

 is the regular momentum we are used to thinking about. Here 

instead we get , which is the canonical momentum. We 

can plug use this canonical momentum in the Dirac equation (  goes from  
to )
With no E&M field (reminder), Dirac equation is 

ℒ =
1
2

m |
· ⃗q |2 + eϕ − e ⃗A ⋅ · ⃗q

∂ℒ

∂ · ⃗q
= m

· ⃗q

∂ℒ

∂ · ⃗q
= m

· ⃗q − e ⃗A

pμ i∂μ
i∂μ − eAμ

i�µBµ ´ m “ 0

 “

¨

˚̊
˝

 1

 2

 3

 4

˛

‹‹‚

With E&M field we get :

[γμ (i∂μ − eAμ) − m] ψ = 0

Aμ = (ϕ, ⃗A ), Aμ = (ϕ, − ⃗A )



56What if we want to do this in QED?

 and let’s try standard solutions[γμ (i∂μ − eAμ) − m] ψ = 0

ψ = (ψ+
ψ−) e−iEt

Reminder: these two each have 
two components!

[γμ (i∂μ − eAμ) − m] (ψ+
ψ−) e−iEt = 0

�x “
ˆ

0 1
1 0

˙
�y “

ˆ
0 ´i
i 0

˙
�z “

ˆ
1 0
0 ´1

˙

�0 “
ˆ

1 0
0 ´1

˙
, �i “

ˆ
0 �i

´�i 0

˙

i “ 1, 2, 3



57What if we want to do this in QED?

�x “
ˆ

0 1
1 0

˙
�y “

ˆ
0 ´i
i 0

˙
�z “

ˆ
1 0
0 ´1

˙

�0 “
ˆ

1 0
0 ´1

˙
, �i “

ˆ
0 �i

´�i 0

˙

i “ 1, 2, 3

[γμ (i∂μ − eAμ) − m] (ψ+
ψ−) e−iEt = 0

(i∂t − eA0 − m)(ψ+e−iEt) + ⃗σ ⋅ (i ⃗∇ + e ⃗A )(ψ−e−iEt) = 0

(−i∂t + eA0 − m)(ψ−e−iEt) − ⃗σ ⋅ (i ⃗∇ + e ⃗A )(ψ+e−iEt) = 0

(E − eϕ − m)ψ+ + ⃗σ ⋅ (i ⃗∇ + e ⃗A )ψ− = 0

(−E + eϕ − m)ψ− − ⃗σ ⋅ (i ⃗∇ + e ⃗A )ψ+ = 0

Let’s work through this
together if it’s not clear!



58What if we want to do this in QED?

Rewrite second equation:

(E − eϕ − m)ψ+ + ⃗σ ⋅ (i ⃗∇ + e ⃗A )ψ− = 0

(E − eϕ + m)ψ− + ⃗σ ⋅ (i ⃗∇ + e ⃗A )ψ+ = 0

(−E + eϕ − m)ψ− − ⃗σ ⋅ (i ⃗∇ + e ⃗A )ψ+ = 0

Let’s evaluate this (a choice!) for a constant electric potential:

(E − m)ψ+ + ⃗σ ⋅ (i ⃗∇ + e ⃗A )ψ− = 0

(E + m)ψ− + ⃗σ ⋅ (i ⃗∇ + e ⃗A )ψ+ = 0

And let’s consider this in a non-relativistic regime, so E~m. Then second 
equation gives us:

(2m)ψ− + ⃗σ ⋅ (i ⃗∇ + e ⃗A )ψ+ = 0 → ψ− =
−1
2m

⃗σ ⋅ (i ⃗∇ + e ⃗A )ψ+



59What if we want to do this in QED?

ψ− =
−1
2m

⃗σ ⋅ (i ⃗∇ + e ⃗A )ψ+Plug in:

(E − m)ψ+ + ⃗σ ⋅ (i ⃗∇ + e ⃗A )[ −1
2m

⃗σ ⋅ (i ⃗∇ + e ⃗A )ψ+] = 0

(E − m)ψ+ + ⃗σ ⋅ (i ⃗∇ + e ⃗A )ψ− = 0

(E − m)ψ+ −
1

2m [ ⃗σ ⋅ (i ⃗∇ + e ⃗A )]
2

ψ+ = 0

( ⃗σ ⋅ ⃗a )( ⃗σ ⋅ ⃗b ) = ⃗a ⋅ ⃗b + i ⃗σ ⋅ ( ⃗a × ⃗b )
Useful identity 
(Appendix C, from 
Pauli matrices):

[ ⃗σ ⋅ (i ⃗∇ + e ⃗A )]
2

= (i ⃗∇ + e ⃗A )2 + i ⃗σ ⋅ [(i ⃗∇ + e ⃗A ) × (i ⃗∇ + e ⃗A )]Use a=b:

[ ⃗σ ⋅ (i ⃗∇ + e ⃗A )]
2

= (i ⃗∇ + e ⃗A )2 + ie ⃗σ ⋅ [i ⃗∇ × ⃗A + i ⃗A × ⃗∇ ]



60What if we want to do this in QED?

(E − m)ψ+ −
1

2m [ ⃗σ ⋅ (i ⃗∇ + e ⃗A )]
2

ψ+ = 0

[ ⃗σ ⋅ (i ⃗∇ + e ⃗A )]
2

= (i ⃗∇ + e ⃗A )2 + ie ⃗σ ⋅ [i ⃗∇ × ⃗A + i ⃗A × ⃗∇ ]

[ ⃗σ ⋅ (i ⃗∇ + e ⃗A )]
2

= (i ⃗∇ + e ⃗A )2 + −e ⃗σ ⋅ [ ⃗∇ × ⃗A + ⃗A × ⃗∇ ]
Reminder that the derivative term 
is an operator, so this is NOT zero!

(E − m)ψ+ −
1

2m [(i ⃗∇ + e ⃗A )2 + −e ⃗σ ⋅ [ ⃗∇ × ⃗A + ⃗A × ⃗∇ ]] ψ+ = 0

(E − m)ψ+ −
1

2m [(i ⃗∇ + e ⃗A )2ψ+ − e ⃗σ ⋅ [ ⃗∇ × ( ⃗A ψ+) + ⃗A × ( ⃗∇ ψ+)]] = 0

(E − m)ψ+ −
1

2m [(i ⃗∇ + e ⃗A )2ψ+ − e ⃗σ ⋅ [( ⃗∇ × ⃗A )ψ+ + ( ⃗∇ ψ+) × ⃗A + ⃗A × ( ⃗∇ ψ+)]] = 0



61What if we want to do this in QED?

(E − m)ψ+ −
1

2m [(i ⃗∇ + e ⃗A )2ψ+ − e ⃗σ ⋅ [( ⃗∇ × ⃗A )ψ+]] = 0

(E − m)ψ+ −
1

2m [(i ⃗∇ + e ⃗A )2ψ+ − e ⃗σ ⋅ ⃗B ψ+] = 0

(E − m)ψ+ =
1

2m [(i ⃗∇ + e ⃗A )2 − e ⃗σ ⋅ ⃗B ] ψ+

Extra interaction term ~  −
e ⃗σ ⋅ ⃗B

2m
= −

e ⃗S ⋅ ⃗B
m

= − ge
e ⃗S ⋅ ⃗B

2m
ge = 2!!!!!!

(E − m)ψ+ −
1

2m [(i ⃗∇ + e ⃗A )2ψ+ − e ⃗σ ⋅ [( ⃗∇ × ⃗A )ψ+ + ( ⃗∇ ψ+) × ⃗A + ⃗A × ( ⃗∇ ψ+)]] = 0



62How do we measure this Following 2110.04673

Analogous to a spinning 
top - spins rotates about 
the magnetic field

Challenge - we are in the 
lab frame, not the rest 
frame of the muon!



63g-2 at FNAL



64How do we measure this, more fully? Following 2110.04673

Pick the velocity giving “magic  factor” to 
simplify . The other challenge is 
precisely measuring the B field and 
ensuring that it is uniform. Not easy! Use 
careful NMR probes and other tools

γ
ωa



65g-2 at FNAL

Muons come from pion decays. Thanks to 
parity violation, these are fully polarized!

And there is a correlation 
between muon’s spin and 
electron momentum from 
its decay

https://indico.cern.ch/event/
276476/contributions/
1620139/attachments/
501953/693162/
g_minus_2_fewbuildins.pdf



66g-2 at FNAL

https://indico.cern.ch/event/
276476/contributions/
1620139/attachments/
501953/693162/
g_minus_2_fewbuildins.pdf



67g-2 at FNAL

https://indico.cern.ch/event/
276476/contributions/
1620139/attachments/
501953/693162/
g_minus_2_fewbuildins.pdf



68Not an easy thing to calculate at higher orders!

1805.01944

Big challenge for evaluating the potential for BSM physics! 
Measurement already accurate to 0.14 ppm!



69Results Following 2110.04673

5 loops!

4.2  !σ



70Another interesting plot from Patrick K

Shifted theory

Measurements



71Homework (if we get to this)

The T2K experiment in Japan uses an off-axis beam of muon neutrinos 
from pion decays. Consider the case where the pion has velocity β along 
the z-direction in the lab frame and a neutrino with energy E* is produced at 
an angle θ* with respect to the z’-axis in the pion rest frame. 
a) Show that the neutrino energy in the pion rest frame is                                          

p* = (mπ2 - mµ2)/(2mπ) 
b) Using a Lorentz transformation, show that the energy E and angle of 

production θ of the neutrino in the lab frame are:                                    
E = γE*(1+βcos θ*) and Ecos θ = γE*(cos θ*+β), where γ=Eπ/mπ 

c) Show that 1 = γ2(1-βcos θ)(1+βcos θ*) 
d) Show that the maximum value of θ in the frame is 1/γ 
e) In the limit θ<<1, show that E~0.43Eπ/(1+βγ2θ2), and therefore on-axis 

(θ=0), the neutrino energy spectrum follows that of the pions 
f) Assuming the pions have a flat energy spectrum in the range 1-5 GeV, 

sketch the form of the resulting neutrino energy at the T2K far detector, 
which is off-axis at θ=2.5 degrees. The detector is located 295 km from 
the beam where the first oscillation occurs, but being off-axis provides a 
single benefit. Explain what that is


