
1Phew!

(a common phrase heard in 
this course)



2On to the weak interactions

Several differences 
between W± and Z bosons 

and QED/gluons, most 
noticeably the fact that W 
and Z bosons are quite 

massive 

mW = 80.4 GeV 
mZ = 91.2 GeV

Because they are 
massive, they 
can have three 
spin polarizations 
(vector boson!), 
not just two. So 
we impose 
Lorentz condition 
but not the 
Coulomb gauge

✏µpµ “ 0

✏0 “ 0 Ñ ✏ ¨ p “ 0

Lorentz condition
Coulomb gauge



3Changes to matrix element calculation for weak theory

q

q

q

q

V

Weak vector boson 
propagator:

igµ⌫
M2

Where last term in 
denominator is the decay 
width of the new object 
For q2 << M2 and large M 
we can often reduce this 
to:

´ipgµ⌫ ´ qµq⌫{M2q
q2 ´ M2 ` iM�



4Changes to matrix element calculation for weak theory

q

q

q

q

V ´igw
2
?
2
�µp1 ´ �5q

What are the two types of terms that we’re 
adding here? Anyone remember?



5Changes to matrix element calculation for weak theory

q

q

q

q

V ´igw
2
?
2
�µp1 ´ �5q

We are adding a vector to an axial vector, 
which violates parity! It violates it... maximally, 

as we’ll see. (V-A) coupling



6Inverse muon decay

i

p1

p2

p3

p4

q

u

u

u

u
1

p2⇡q4 d
4q

p2⇡q4�4pp1 ´ q ´ p3q

p2⇡q4�4pp2 ` q ´ p4q

Assume 
small 
momentum 
transfer

W

e�

⌫µ

⌫e

µ�

igµ⌫
M2

´igW
2
?
2
�µp1 ´ �5q

´igW
2
?
2
�⌫p1 ´ �5q

M “
ª
irup3qsr´i

gW
2
?
2
�µp1 ´ �5qsrup1qs igµ⌫

M2
rup4qsr´i

gW
2
?
2
�⌫p1 ´ �5qsrup2qs

p2⇡q4�4pp1 ´ q ´ p3qp2⇡q4�4pp2 ` q ´ p4q d4q

p2⇡q4

You might get 
this from a muon 
neutrino beam 
hitting a tank of 
water 



7Inverse muon decay

M “
ª
irup3qsr´i

gW
2
?
2
�µp1 ´ �5qsrup1qs igµ⌫

M2
rup4qsr´i

gW
2
?
2
�⌫p1 ´ �5qsrup2qs

p2⇡q4�4pp1 ´ q ´ p3qp2⇡q4�4pp2 ` q ´ p4q d4q

p2⇡q4

M “ rup3qsr gW
2
?
2
�µp1 ´ �5qsrup1qs 1

M2
W

rup4qsr gW
2
?
2
�µp1 ´ �5qsrup2qs

M “ g2W
8M2

W

rup3q�µp1 ´ �5qup1qsrup4q�µp1 ´ �5qup2qs

ÿ

spins

rupaq�1upbqsrupaq�2upbqs˚ “ Tracer�1p{pb ` mbq�2p{pa ` maqs

Apply Casimir’s trick:



8Inverse muon decay

M “ g2W
8M2

W

rup3q�µp1 ´ �5qup1qsrup4q�µp1 ´ �5qup2qs

ÿ

spins

rupaq�1upbqsrupaq�2upbqs˚ “ Tracer�1p{pb ` mbq�2p{pa ` maqs

Apply Casimir’s trick:

|M|2 “ g4W
64M4

W

rup3q�µp1 ´ �5qup1qsrup4q�µp1 ´ �5qup2qsrup3q�⌫p1 ´ �5qup1qs˚rup4q�⌫p1 ´ �5qup2qs˚

Neutrino masses ~0 (m2 = m3 = 0)

|M|2 “ g4W
64M4

W

Trr�µp1 ´ �5qp{p1 ` m1q�⌫p1 ´ �5qp{p3 ` m3qsTrr�µp1 ´ �5qp{p2 ` m2q�⌫p1 ´ �5qp{p4 ` m4qs

|M|2 “ g4W
64M4

W

Trr�µp1 ´ �5qp{p1 ` meq�⌫p1 ´ �5qp{p3qsTrr�µp1 ´ �5qp{p2q�⌫p1 ´ �5qp{p4 ` mµqs



9Inverse muon decay and some gamma matrix math

�µ “ �0�µ:�0 “ �µ

�5 “ i�0�1�2�3

|M|2 “ g4W
64M4

W

Trr�µp1 ´ �5qp{p1 ` meq�⌫p1 ´ �5qp{p3qsTrr�µp1 ´ �5qp{p2q�⌫p1 ´ �5qp{p4 ` mµqs

�5: “ ´i�3:�2:�1:�0:

�5: “ ´ip´�3qp´�2qp´�1qp�0q
�5: “ i�3�2�1�0

�5: “ ´i�2�3�1�0 “ i�2�1�3�0

�5: “ ´i�2�1�0�3 “ i�1�2�0�3

�5: “ ´i�2�1�0�3 “ i�2�0�1�3

�5: “ ´i�0�2�1�3 “ i�0�1�2�3 “ �5

�µ�5 “ �0p�µ�5q:�0

�µ�5 “ �0�5:�:
µ�

0 “ �0�5�:
µ�

0

�µ�5 “ ´�5�0�:
µ�

0 “ ´�5�µ “ �µ�
5



10Inverse muon decay
|M|2 “ g4W

64M4
W

Trr�µp1 ´ �5qp{p1 ` meq�⌫p1 ´ �5qp{p3qsTrr�µp1 ´ �5qp{p2q�⌫p1 ´ �5qp{p4 ` mµqs

Focus on first trace

Reminders:
Trp�µ�⌫��q “ 0

Trp�µ�⌫������q “ 0

Trp�µ�⌫�������↵��q “ 0

�5 “ i�0�1�2�3

Trp�5q “ Trp�5�µ�⌫q “ 0

|M|2 “ g4W
64M4

W

Trr�µp1 ´ �5qp{p1 ` meqp�⌫ ´ �⌫�5qp{p3qsTrr�µp1 ´ �5qp{p2qp�⌫ ´ �⌫�
5qp{p4 ` mµqs

Trr�µ{p1�
⌫ {p3 ´ �µ{p1�

⌫�5{p3 ` �µme�
⌫ {p3 ´ �µme�

⌫�5{p3 ´ �µ�5{p1�
⌫ {p3`

�µ�5{p1�
⌫�5{p3 ´ �µ�5me�

⌫ {p3 ` �µ�5me�
⌫�5{p3s

Any odd 
number



11Inverse muon decay

�µ�5 “ ´�5�µ �5�5 “ 1Use:

Trr�µ{p1�
⌫ {p3 ´ �µ{p1�

⌫�5{p3 ´ �µ�5{p1�
⌫ {p3 ` �µ�5{p1�

⌫�5{p3s

Trr�µ{p1�
⌫ {p3 ´ �µ{p1�

⌫�5{p3 ´ �µ�5{p1�
⌫ {p3 ` �µ{p1�

⌫ {p3s

2Trr�µ{p1�
⌫ {p3 ` �5�µ{p1�

⌫ {p3s

Trp�5�µ�⌫����q “ 4i✏µ⌫��
Use:

-1 for even permutation of 0123 
+1 for odd permutation of 0123 

0 for repeated indices



12Finally getting to the traces:

2Trr�µ{p1�
⌫ {p3 ` �5�µ{p1�

⌫ {p3s

2Trr�µ{p1�
⌫ {p3 ´ �5�µ�⌫ {p1{p3s

Commute 
for nicer  
ordering

Then we get:
8ppµ1p⌫3 ` p⌫1p

µ
3 ´ gµ⌫p1 ¨ p3 ´ i✏µ⌫��p1�p3�q

And 
second trace must be:

8pp2µp4⌫ ` p2⌫p4µ ´ gµ⌫p2 ¨ p4 ´ i✏µ⌫↵�p
↵
2 p

�
4 q



13So total matrix element (almost there)

Finally:

|M|2 “ g4W
64M4

W

8pp2µp4⌫ ` p2⌫p4µ ´ gµ⌫p2 ¨ p4 ´ i✏µ⌫↵�p
↵
2 p

�
4 qˆ

8ppµ1p⌫3 ` p⌫1p
µ
3 ´ gµ⌫p1 ¨ p3 ´ i✏µ⌫��p1�p3�q

|M|2 “ g4W
M4

W

pp2µp4⌫ ` p2⌫p4µ ´ gµ⌫p2 ¨ p4 ´ i✏µ⌫↵�p
↵
2 p

�
4 qˆ

ppµ1p⌫3 ` p⌫1p
µ
3 ´ gµ⌫p1 ¨ p3 ´ i✏µ⌫��p1�p3�q



14So total matrix element

|M|2 “ g4W
M4

W

ppp1 ¨ p2qpp3 ¨ p4q ` pp1 ¨ p4qpp2 ¨ p3q ´ pp2 ¨ p4qpp1 ¨ p3q ` pp2 ¨ p3qpp1 ¨ p4q ` pp1 ¨ p2qpp3 ¨ p4q´

pp1 ¨ p3qpp2 ¨ p4q ´ pp1 ¨ p3qpp2 ¨ p4q ´ pp1 ¨ p3qpp2 ¨ p4q ` 4pp1 ¨ p3qpp2 ¨ p4q
´i✏µ⌫��p

�
2p

�
4 ppµ1p⌫3 ` p⌫1p

µ
3 ´ gµ⌫p1 ¨ p3q

´i✏µ⌫��p1�p3� pp2µp4⌫ ` p2⌫p4µ ´ gµ⌫p2 ¨ p4q
´✏µ⌫��p

�
2p

�
4 ✏

µ⌫��p1�p3�q

|M|2 “ g4W
M4

W

pp2µp4⌫ ` p2⌫p4µ ´ gµ⌫p2 ¨ p4 ´ i✏µ⌫↵�p
↵
2 p

�
4 qˆ

ppµ1p⌫3 ` p⌫1p
µ
3 ´ gµ⌫p1 ¨ p3 ´ i✏µ⌫��p1�p3�q

|M|2 “ g4W
M4

W

ppp1 ¨ p2qpp3 ¨ p4q ` pp1 ¨ p4qpp2 ¨ p3q ´ pp2 ¨ p4qpp1 ¨ p3q ` pp2 ¨ p3qpp1 ¨ p4q ` pp1 ¨ p2qpp3 ¨ p4q´

pp1 ¨ p3qpp2 ¨ p4q ´ pp1 ¨ p3qpp2 ¨ p4q ´ pp1 ¨ p3qpp2 ¨ p4q ` 4pp1 ¨ p3qpp2 ¨ p4q
´i✏µ⌫↵�p

↵
2 p

�
4 ppµ1p⌫3 ` p⌫1p

µ
3 ´ gµ⌫p1 ¨ p3q

´i✏µ⌫��p1�p3� pp2µp4⌫ ` p2⌫p4µ ´ gµ⌫p2 ¨ p4q
´✏µ⌫↵�p

↵
2 p

�
4 ✏

µ⌫��p1�p3�q



15Simplifying the mess

Look at terms like:

First terms in () the 
same, but epsilons have 
opposite sign! These all 
cancel 

i✏01↵�p
↵
2 p

�
4

`
p01p

1
3 ` p11p

0
3

˘
`

i✏10↵�p
↵
2 p

�
4

`
p11p

0
3 ` p01p

1
3

˘
` ...

|M|2 “ g4W
M4

W

p2pp1 ¨ p2qpp3 ¨ p4q ` 2pp1 ¨ p4qpp2 ¨ p3q

´i✏µ⌫↵�p
↵
2 p

�
4 ppµ1p⌫3 ` p⌫1p

µ
3 ´ gµ⌫p1 ¨ p3q

´i✏µ⌫��p1�p3� pp2µp4⌫ ` p2⌫p4µ ´ gµ⌫p2 ¨ p4q
´✏µ⌫↵�p

↵
2 p

�
4 ✏

µ⌫��p1�p3�q



16Simplifying the mess

Terms like

Epsilon only non-zero when µ!=ν, but 
term in () only non-zero when µ==ν

|M|2 “ g4W
M4

W

p2pp1 ¨ p2qpp3 ¨ p4q ` pp1 ¨ p4qpp2 ¨ p3q

`i✏µ⌫↵�p
↵
2 p

�
4 pgµ⌫p1 ¨ p3q

`i✏µ⌫��p1�p3� pgµ⌫p2 ¨ p4q
´✏µ⌫↵�p

↵
2 p

�
4 ✏

µ⌫��p1�p3�q

`i✏µ⌫↵�p
↵
2 p

�
4 pgµ⌫p1 ¨ p3q



17Simplifying the mess

✏µ⌫↵�✏
µ⌫��What is? α must be λ or σ 

for terms to be 
non-zero. And it 
is anti-symmetric 
in λ and σ 

✏µ⌫↵�✏
µ⌫�� “ Ar��↵��� ´ ����

�
↵s

To find A, let’s try 
λ=2, σ=3

✏µ⌫↵�✏
µ⌫23 “ Ar�2↵�3� ´ �2��

3
↵s Clear?

|M|2 “ g4W
M4

W

p2pp1 ¨ p2qpp3 ¨ p4q ` 2pp1 ¨ p4qpp2 ¨ p3q

´✏µ⌫↵�✏
µ⌫��p↵2 p

�
4p1�p3�q

✏µ⌫23✏
µ⌫23 “ Ar�22�33 ´ �23�

3
2s “ A

✏µ⌫23✏
µ⌫23 “ ✏0123✏

0123 ` ✏1023✏
1023 “ `1p´1q ` ´1p`1q “ ´2 “ A

<latexit sha1_base64="OtnCOxMS+Ll0hlTTv4PMeUc8lTU="></latexit><latexit sha1_base64="OtnCOxMS+Ll0hlTTv4PMeUc8lTU="></latexit><latexit sha1_base64="OtnCOxMS+Ll0hlTTv4PMeUc8lTU="></latexit><latexit sha1_base64="OtnCOxMS+Ll0hlTTv4PMeUc8lTU="></latexit>



18Simplifying the mess

|M|2 “ g4W
M4

W

p2pp1 ¨ p2qpp3 ¨ p4q ` 2pp1 ¨ p4qpp2 ¨ p3q

´✏µ⌫↵�✏
µ⌫��p↵2 p

�
4p1�p3�q

|M|2 “ g4W
M4

W

p2pp1 ¨ p2qpp3 ¨ p4q ` 2pp1 ¨ p4qpp2 ¨ p3q

`2p↵2 p
�
4p1�p3�p��↵��� ´ ����

�
↵qq

|M|2 “ g4W
M4

W

p2pp1 ¨ p2qpp3 ¨ p4q ` 2pp1 ¨ p4qpp2 ¨ p3q ` 2pp1 ¨ p2qpp3 ¨ p4q ´ 2pp1 ¨ p4qpp2 ¨ p3qq

|M|2 “ 4g4W
M4

W

ppp1 ¨ p2qpp3 ¨ p4qq



19Almost done

Finally, we want to average over initial spins, but 
massless neutrino has only one spin 
configuration, so divide by 2:

|M|2 “ 4g4W
M4

W

ppp1 ¨ p2qpp3 ¨ p4qq

|M|2 “ 2g4W
M4

W

ppp1 ¨ p2qpp3 ¨ p4qq



20As always, pick a frame

Assume 
massless 
electron. 
Pick center 
of mass 
frame where 
E1 = E2 = E

p1

p3

p4

θ

|p1|=|p2|=pi 
|p3|=|p4|=pf 
E1+E2 = 2E  
2E = E3 + E4

p2

2E “
b

E2
4 ´ m2

µ ` E4

2E ´ E4 “
b
E2

4 ´ m2
µ

4E2 ` E2
4 ´ 4EE4 “ E2

4 ´ m2
µ

4E2 ´ 4EE4 “ ´m2
µ

4EE4 “ 4E2 ` m2
µ

E4 “ E ` m2
µ{4E

E3 “ E ´ m2
µ{4E

p1 ¨ p2 “ E2 ` p2
i “ 2E2

p3 ¨ p4 “ E3E4 ` p2
f “ E3E4 ` E2

3

p3 ¨ p4 “ pE ` m2
µ{4EqpE ´ m2

µ{4Eq ` pE ´ m2
µ{4Eq2

|M|2 “ 2g4W
M4

W

ppp1 ¨ p2qpp3 ¨ p4qq

|pi| “ E

|pf | “
b

E2
4 ´ m2

µ “ E3
<latexit sha1_base64="BLnaQKxzFfCOKzqc9lx3osPbuSU="></latexit><latexit sha1_base64="BLnaQKxzFfCOKzqc9lx3osPbuSU="></latexit><latexit sha1_base64="BLnaQKxzFfCOKzqc9lx3osPbuSU="></latexit><latexit sha1_base64="BLnaQKxzFfCOKzqc9lx3osPbuSU="></latexit>

e ν

µ

ν



21As always, pick a frame

p1 ¨ p2 “ E2 ` p2
i “ 2E2

p3 ¨ p4 “ E3E4 ` p2
f “ E3E4 ` E2

3

p3 ¨ p4 “ pE ` m2
µ{4EqpE ´ m2

µ{4Eq ` pE ´ m2
µ{4Eq2

p3 ¨ p4 “ E2 ´ m4
µ{p16E2q ` E2 ` m4

µ{p16E2q ´ m2
µ{2

p3 ¨ p4 “ 2E2 ´ m2
µ{2

|M|2 “ 2g4W
M4

W

ppp1 ¨ p2qpp3 ¨ p4qq

|M|2 “ 2g4W
M4

W

p2E2qp2E2 ´ m2
µ{2q

|M|2 “ 8E4g4W
M4

W

p1 ´ m2
µ

4E2
q



22Differential cross section

|M|2 “ 8E4g4W
M4

W

p1 ´ m2
µ

4E2
q

d�

d⌦
“ 1

64⇡2

|M |2
pE1 ` E2q2

|pf |
|pi|

d�

d⌦
“ 1

64⇡2

|M |2
p2Eq2

E ´ mµ2{4E
E

d�

d⌦
“ 8E4g4W

M4
W

p1 ´ m2
µ

4E2
q 1

64⇡2

1

p2Eq2
E ´ mµ2{4E

E



23Total cross section

d�

d⌦
“ 8E4g4W

M4
W

p1 ´ m2
µ

4E2
q 1

64⇡2

1

p2Eq2
E ´ mµ2{4E

E

d�

d⌦
“ E2g4W

32⇡2M4
W

p1 ´ m2
µ

4E2
qE ´ mµ2{4E

E

d�

d⌦
“ E2g4W

32⇡2M4
W

p1 ´ m2
µ

4E2
qp1 ´ mµ2{4E2q

d�

d⌦
“ E2g4W

32⇡2M4
W

p1 ´ m2
µ

4E2
q2

� =
E2g4W
8⇡m4

W

 
1�

m2
µ

4E2

!2

<latexit sha1_base64="nq6l6WR4YsUSozSqBhzwUmyO+tw="></latexit>



24Again, let’s take a breather

Any suggestions, other 
than… PHEW?



25Muon decay (something more tangible)

i

p1 p2

p3

p4

q vu

u

u
1

p2⇡q4 d
4q

p2⇡q4�4pp1 ´ q ´ p3q

Assume 
small 
momentum 
transfer

igµ⌫
M2

´igW
2
?
2
�µp1 ´ �5q

´igW
2
?
2
�⌫p1 ´ �5q

p2⇡q4�4pq ´ p2 ´ p4q

M “
ª
irup3qsr´i

gW
2
?
2
�µp1 ´ �5qsrup1qs igµ⌫

M2
rup4qsr´i

gW
2
?
2
�⌫p1 ´ �5qsrvp2qs

p2⇡q4�4pp1 ´ q ´ p3qp2⇡q4�4pq ´ p2 ´ p4q d4q

p2⇡q4

W
µ

⌫µ

⌫e

e



26But we evaluated this already
u(2) became v(2), which changes the sign on the 
mass term of a neutrino, which is zero anyway 
One of the delta functions is also different, but it 
gets canceled. So at least this part is simple :)

|M|2 “ 2g4W
M4

W

ppp1 ¨ p2qpp3 ¨ p4qq

Let’s evaluate in muon rest frame, and assume 
zero electron mass (valid vs muon mass) so:

p1 “ pmµ,0q Ñ pp1 ¨ p2q “ mµE2

p1 “ p2 ` p3 ` p4 Ñ pp3 ` p4q2 “ pp1 ´ p2q2

pp1 ´ p2q2 “ p21 ` p22 ´ 2pp1 ¨ p2q “ m2
µ ´ 2mµE2

pp3 ` p4q2 “ p23 ` p24 ` 2pp3 ¨ p4q “ 2pp3 ¨ p4q “ m2
µ ´ 2mµE2

p3 ¨ p4 “ m2
µ{2 ´ mµE2



27But we evaluated this already

� “ 1

2m1

ª
|M|2p2⇡q4�4pp1 ´ p2 ´ p3... ´ pnqˆ

nπ

j“2

1

2
a

pj
2 ` m2

d3pj

p2⇡q3

Way way back we found the decay rate for any 
particle from Fermi’s Golden Rule:

|M|2 “ 2g4W
M4

W

pmµE2qpm2
µ{2 ´ mµE2qq

|M|2 “ g4W
M4

W

pmµE2qpm2
µ ´ 2mµE2qq

|M|2 “ g4Wm2
µ

M4
W

|p2|pmµ ´ 2|p2|qq

d



28Fermi’s golden rule here

� “ 1

2m1

ª
|M|2p2⇡q4�4pp1 ´ p2 ´ p3... ´ pnqˆ

nπ

j“2

1

2
a

pj
2 ` m2

d3pj

p2⇡q3

If decay products are massless, that simplifies 
things a bit. Here n=4 in total, so...

� “ 1

2m1

ª
|M|2p2⇡q4�4pp1 ´ p2 ´ p3 ´ p4qˆ

d3p2

p2⇡q32|p2|
d3p3

p2⇡q32|p3|
d3p4

p2⇡q32|p4|

d

d



29Let’s work it out...

�4pp1 ´ p2 ´ p3 ´ p4q “ �pE1 ´ E2 ´ E3 ´ E4q�3pp1 ´ p2 ´ p3 ´ p4q
p1 “ 0

E1 “ mµ

E2 “ |p2|
E3 “ |p3|
E4 “ |p4|

�4pp1 ´ p2 ´ p3 ´ p4q “ �pmµ ´ |p2| ´ |p3| ´ |p4|q�3pp2 ` p3 ` p4q

� “ 1

2m1

ª
|M|2p2⇡q4�pmµ ´ |p2| ´ |p3| ´ |p4|q�3pp2 ` p3 ` p4qˆ

d3p2

p2⇡q32|p2|
d3p3

p2⇡q32|p3|
d3p4

p2⇡q32|p4|

|M|2 “ g4Wm2
µ

M4
W

|p2|pmµ ´ 2|p2|qqwith

d



30Let’s work it out...

� “ 1

2m1

ª
|M|2p2⇡q4�pmµ ´ |p2| ´ |p3| ´ |p4|q�3pp2 ` p3 ` p4qˆ

d3p2

p2⇡q32|p2|
d3p3

p2⇡q32|p3|
d3p4

p2⇡q32|p4|

p3 integral gives

Two integrals left. Let’s point p4 along z axis so:

d3p2 “ |p2|2d|p2| sin ✓d�d✓

d

d� “ |M|2
16p2⇡q5m1

ª
�pmµ ´ |p2| ´ |p2 ` p4| ´ |p4|qˆ

d3p2d3p4

|p2||p4||p2 ` p4|



31Let’s work it out...

d3p2 “ |p2|2d|p2| sin ✓d�d✓
Define u 
here (to 
replace 

θ)ϕ integral gives 2π

d� “ |M|2
16p2⇡q5m1

ª
�pmµ ´ |p2| ´ |p2 ` p4| ´ |p4|qˆ

d3p2d3p4

|p2||p4||p2 ` p4|

d� “ |M|2
16p2⇡q4m1

d3p4

|p4|
d|p2|

|p2 ` p4| |p2|
ª
�pmµ ´ |p2| ´ |p2 ` p4| ´ |p4|q sin ✓d✓

|p2 ` p4|2 “ |p2|2 ` |p4|2 ` 2|p2||p4| cos ✓ ” u2

2udu “ ´2|p2||p4| sin ✓d✓



32Let’s work it out...

2udu “ ´2|p2||p4| sin ✓d✓
u “ |p2 ` p4|

d� “ |M|2
16p2⇡q4m1

d3p4

|p4|
d|p2|

|p2 ` p4| |p2|
ª
�pmµ ´ |p2| ´ |p2 ` p4| ´ |p4|q sin ✓d✓

d� “ ´|M|2
16p2⇡q4m1

d3p4

|p4|2 d|p2|
ª
�pmµ ´ |p2| ´ u ´ |p4|qdu

u “
a

|p2|2 ` |p4|2 ` 2|p2||p4| cos ✓Limits of 
Integration:

✓ “ 0 Ñ u` “
a

|p2|2 ` |p4|2 ` 2|p2||p4| “
a

p|p2| ` |p4|q2
u` “ |p2| ` |p4|

✓ “ ⇡ Ñ u´ “
a

|p2|2 ` |p4|2 ´ 2|p2||p4| “
a

p|p2| ´ |p4|q2
u´ “ |p|p2| ´ |p4|q|



33Let’s work it out...

d� “ |M|2
16p2⇡q4m1

d3p4

|p4|2 d|p2|
ª u`

u´
�pmµ ´ |p2| ´ u ´ |p4|qdu

u` “ |p2| ` |p4|
u´ “ |p|p2| ´ |p4|q|

Removed minus 
sign for limit 
swap
Does integral 
= 1 or 0? Does delta 
function contribute? 
Only if ...

u´ † pmµ ´ |p2| ´ |p4|q † u`
|p2| ´ |p4| § u´
|p4| ´ |p2| § u´

|p2| ´ |p4| § mµ ´ |p4| ´ |p2|
|p4| ´ |p2| § mµ ´ |p4| ´ |p2|



34Back to delta function

So we get from the 
u- inequality:

Does integral 
= 1 or 0? Does delta 
function contribute? 
Only if ...

u´ † pmµ ´ |p2| ´ |p4|q † u`
|p2| ´ |p4| § u´
|p4| ´ |p2| § u´

|p2| ´ |p4| § mµ ´ |p4| ´ |p2|
|p4| ´ |p2| § mµ ´ |p4| ´ |p2|

|p2| † mµ{2
|p4| † mµ{2



35Back to delta function

So we get from the 
u+ inequality:

Does integral 
= 1 or 0? Does delta 
function contribute? 
Only if ...

u´ † pmµ ´ |p2| ´ |p4|q † u`

|p2| ` |p4| • u`
mµ ´ |p4| ´ |p2| † |p2| ` |p4|

|p2| ` |p4| • u`
p|p2| ` |p4|q † mµ{2



36So putting limits together

|p2| † mµ{2
|p4| † mµ{2

p|p2| ` |p4|q † mµ{2

2 3
4

2 gets half of  
energy

2
3

4
4 gets half of  
energy

2

3

4
4 gets less than half of  
energy, 2+3 get a bit more



37Going back to the integral

d� “ |M|2
16p2⇡q4m1

d3p4

|p4|2 d|p2|
ª u`

u´
�pmµ ´ |p2| ´ u ´ |p4|qdu

Becomes ...

d� “ |M|2
16p2⇡q4m1

d3p4

|p4|2 d|p2|

|M|2 “ g4Wm2
µ

M4
W

|p2|pmµ ´ 2|p2|qq

with ...

� “ g4Wm2
µ

16p2⇡q4m1M4
W

ª
|p2|pmµ ´ 2|p2|qd

3p4

|p4|2 d|p2|

Now be careful to include |M|2 in integral



38Evaluating integrals

� “ g4Wm2
µ

16p2⇡q4m1M4
W

ª
|p2|pmµ ´ 2|p2|qd

3p4

|p4|2 d|p2|

|p2| † mµ{2
|p4| † mµ{2

p|p2| ` |p4|q † mµ{2

mµ

2
´ |p4| † |p2| † mµ

2So

� “ g4Wmµ

16p2⇡q4M4
W

ª
d3p4

|p4|2
„
mµx2

2
´ 2x3

3

⇢x“ mµ
2

x“ mµ
2 ´|p4|

� “ g4Wmµ

16p2⇡q4M4
W

ª |p4|“ mµ
2

|p4|“0

d3p4

|p4|2
ˆ
mµ|p4|2

2
´ 2

3
|p4|3

˙



39Evaluating integrals

� “ g4Wmµ

16p2⇡q4M4
W

ª |p4|“ mµ
2

|p4|“0

d3p4

|p4|2
ˆ
mµ|p4|2

2
´ 2

3
|p4|3

˙

d3p4 “ 4⇡|p4|2d|p4|

� “ g4Wmµ

64⇡3M4
W

ª E“ mµ
2

E“0

ˆ
mµE2

2
´ 2

3
E3

˙
dE

For massless electron, Ee = |p4|

d�

dE
“ g4Wmµ

64⇡3M4
W

ˆ
mµE2

2
´ 2

3
E3

˙



40A nice plot from Griffiths
d�

dE
“ g4Wmµ

64⇡3M4
W

ˆ
mµE2

2
´ 2

3
E3

˙

Note: In the SM, 
there are no muon 
decays without 
neutrinos. But that 
might happen in BSM 
theories! What would 
we see if muons 
could occasionally 
decay directly to 
electrons? mu2e!



41Total decay width

� “ g4Wmµ

64⇡3M4
W

ª E“ mµ
2

E“0

ˆ
mµE2

2
´ 2

3
E3

˙
dE

� “ g4Wmµ

64⇡3M4
W

m4
µ

96

⌧ “ 1

�
“ 6144⇡3M4

W

g4Wm5
µ

Plugging in numbers... muon lifetime is 2.2 
microseconds, but that is in muon rest frame. 

BIG time dilation factors 



42As Griffiths points out

Weak fine structure constant/weak coupling 
is LARGER than EM coupling by ~x5! It is 

weak due to the massive nature of W/Z 
bosons



43Decay of the neutron

In principle (as Griffiths does) we could use 
the same formalism to calculate the lifetime 
of the neutron. We know of course that this 

will not be the full story, since the decay 
involves quarks, and not protons. Reminder 
that neutron lifetime (15 minutes!) is so long 

because of phase space considerations: 
masses of neutron and proton are so close 

together



44Decay of the pion

W

d

u

l�

⌫

π-

Decay of charged pion 
to leptons. Note that 
we skipped the 
discussion of form 
factors earlier. General 
problem: We don’t 
know the overlap 
between the wave 
functions of the quark 
(if they are far apart in 
the pion bound state, 
then decay via this 
mode is less likely) 



45What can we do instead?

W

d

u

l�

⌫

π-

We know the 
coupling of the 
W to the 
leptons. Let’s 
try and be as 
general as 
possible on the 
coupling of the 
pion to the W

p

p3 u

p2

v
igµ⌫
M2

“Form factor” describing the blob must be a 
4-vector (has to contract with γµ)

´igW
2
?
2
�⌫p1 ´ �5q

´igW
2
?
2
Fµ



46What form can F take?

W

d

u

l�

⌫

π-
p

p3 u

p2

v
igµ⌫
M2

F must be be of form (Fµ), but what must it 
be? Only quantity it can depend on is p, so 
it must be of form fpµ, where f is the pion 

decay constant (this is the unknown that we 
get instead of the wave function overlap)

i

p=q

p2⇡q4�4pp ´ p2 ´ p3q

1

p2⇡q4 d
4p´igW

2
?
2
�⌫p1 ´ �5q

´igW
2
?
2
f⇡p

µ



47The matrix element

W

d

u

l�

⌫

π-
p

p3 u

p2

v
igµ⌫
M2

i

p=q

p2⇡q4�4pp ´ p2 ´ p3q

1

p2⇡q4 d
4p´igW

2
?
2
�⌫p1 ´ �5q

´igW
2
?
2
f⇡p

µ

M “
ª
irup3qsr´i

gW
2
?
2
�⌫p1 ´ �5qsrvp2qs igµ⌫

M2
p´i

gW
2
?
2
f⇡p

µqp2⇡q4pp ´ p2 ´ p3q d4p

p2⇡q4



48The matrix element

M “
ª
irup3qsr´i

gW
2
?
2
�⌫p1 ´ �5qsrvp2qs igµ⌫

M2
p´i

gW
2
?
2
f⇡p

µqp2⇡q4pp ´ p2 ´ p3q d4p

p2⇡q4

M “ f⇡g2W
8M2

W

rup3qsr�⌫p1 ´ �5qsrvp2qsp⌫

Sum over outgoing spins 
and apply Casimir tricks. 
Also, we know that m2 = 0

† |M|2 °“
ˆ
f⇡g2W
8M2

W

˙2

rup3qsr�⌫p1 ´ �5qsrvp2qsp⌫ˆ
“
rup3qsr�µp1 ´ �5qsrvp2qspµ

‰˚



49The matrix element

† |M|2 °“
ˆ
f⇡g2W
8M2

W

˙2

rup3qsr�⌫p1 ´ �5qsrvp2qsp⌫ˆ
“
rup3qsr�µp1 ´ �5qsrvp2qspµ

‰˚

ÿ

spins

rupaq�1upbqsrupaq�2upbqs˚ “ Tracer�1p{pb ` mbq�2p{pa ` maqs

† |M|2 °“
ˆ
f⇡g2W
8M2

W

˙2

pµp⌫Trr�⌫p1 ´ �5qp{p2 ´ m2q�µp1 ´ �5qp{p3 ` m3qs

† |M|2 °“
ˆ
f⇡g2W
8M2

W

˙2

pµp⌫Trr�⌫p1 ´ �5qp{p2q�µp1 ´ �5qp{p3 ` mlqs

8ppµ1p⌫3 ` p⌫1p
µ
3 ´ gµ⌫p1 ¨ p3 ´ i✏µ⌫��p1�p3�q



50The matrix element

† |M|2 °“
ˆ
f⇡g2W
8M2

W

˙2

pµp⌫Trr�⌫p1 ´ �5qp{p2q�µp1 ´ �5qp{p3 ` mlqs

Thankfully, we calculated that trace 
already...

† |M|2 °“
ˆ
f⇡g2W
8M2

W

˙2

pµp⌫Trr�⌫p1 ´ �5qp{p2q�µp1 ´ �5qp{p3 ` mlqs

† |M|2 °“
ˆ
f⇡g2W
8M2

W

˙2

8pµp⌫
`
pµ2p

⌫
3 ` pµ3p

⌫
2 ´ gµ⌫pp2 ¨ p3q ´ i✏µ⌫��p2�p3�

˘

p “ p2 ` p3 Ñ
pp ¨ p2q “ p22 ` pp2 ¨ p3q “ pp2 ¨ p3q

pp ¨ p3q “ p23 ` pp2 ¨ p3q “ pp2 ¨ p3q ` m2
l



51The matrix element

† |M|2 °“
ˆ
f⇡g2W
8M2

W

˙2

8pµp⌫
`
pµ2p

⌫
3 ` pµ3p

⌫
2 ´ gµ⌫pp2 ¨ p3q ´ i✏µ⌫��p2�p3�

˘

pp ¨ p2q “ p22 ` pp2 ¨ p3q “ pp2 ¨ p3q
pp ¨ p3q “ p23 ` pp2 ¨ p3q “ pp2 ¨ p3q ` m2

l

† |M|2 °“
ˆ
f⇡g2W
8M2

W

˙2

8
`
pp ¨ p2qpp ¨ p3q ` pp ¨ p2qpp ¨ p3q ´ p2pp2 ¨ p3q ´ i✏µ⌫��pµp⌫p2�p3�

˘

p2 “ pp2 ` p3q2 “ m2
⇡ “ p22 ` p23 ` 2pp2 ¨ p3q “ m2

l ` 2pp2 ¨ p3q

pp2 ¨ p3q “ m2
⇡ ´ m2

l

2
“ pp ¨ p2q

pp ¨ p3q “ m2
⇡ ` m2

l

2

✏µ⌫��pµp⌫p2�p3� “ ✏01��p0p1p2�p3� ` ✏10��p0p1p2�p3� ` ...

Using earlier trick, epsilon terms will cancel...



52The matrix element

† |M|2 °“
ˆ
f⇡g2W
8M2

W

˙2

8
`
pp ¨ p2qpp ¨ p3q ` pp ¨ p2qpp ¨ p3q ´ p2pp2 ¨ p3q

˘

† |M|2 °“
ˆ
f⇡g2W
8M2

W

˙2

8

ˆ
m2

⇡ ´ m2
l

2

m2
⇡ ` m2

l

2
` m2

⇡ ´ m2
l

2

m2
⇡ ` m2

l

2
´ m2

⇡
m2

⇡ ´ m2
l

2

˙

† |M|2 °“
ˆ
f⇡g2W
8M2

W

˙2

8

ˆ
m4

⇡ ´ m4
l

2
´ m4

⇡

2
` m2

⇡m
2
l

2

˙

† |M|2 °“
ˆ
f⇡g2W
8M2

W

˙2

8

ˆ
m2

⇡m
2
l ´ m4

l

2

˙

† |M|2 °“
ˆ
f⇡g2W
4M2

W

˙2 `
m2

⇡m
2
l ´ m4

l

˘



53What is pion decay rate?

† |M|2 °“
ˆ
f⇡g2W
4M2

W

˙2 `
m2

⇡m
2
l ´ m4

l

˘

� “ |p|
8⇡m2

1

|M|2Recall for a matrix 
element that factorizes:

And we even calculated the momentum  
way back then:

r “ |p2| “ 1

2m1

b
m4

1 ` m4
2 ` m4

3 ´ 2m2
1m

2
2 ´ 2m2

1m
2
3 ´ 2m2

2m
2
3

r “ |p2| “ 1

2m⇡

b
m4

⇡ ` m4
l ´ 2m2

⇡m
2
l

r “ |p2| “ 1

2m⇡
pm2

⇡ ´ m2
l q

Here:



54What is pion decay rate?

† |M|2 °“
ˆ
f⇡g2W
4M2

W

˙2 `
m2

⇡m
2
l ´ m4

l

˘

� “ |p|
8⇡m2

1

|M|2 r “ |p2| “ 1

2m⇡
pm2

⇡ ´ m2
l q

� “ 1

8⇡m2
⇡

1

2m⇡
pm2

⇡ ´ m2
l q

ˆ
f⇡g2W
4M2

W

˙2 `
m2

⇡m
2
l ´ m4

l

˘

� “ 1

⇡m3
⇡

ˆ
f⇡g2W
16M2

W

˙2

m2
l pm2

⇡ ´ m2
l q2



55We can’t calculate absolute rate, but we can do ratios

�p⇡´ Ñ e´ ` ⌫eq
�p⇡´ Ñ µ´ ` ⌫µq “ m2

epm2
⇡ ´ m2

eq2
m2

µpm2
⇡ ´ m2

µq2 “ 10´4

Agrees with experiment, but that is odd, 
because phase space arguments would 
predict the opposite! What is going on? 

Note that if lepton mass is zero, decay rate 
is predicted to be zero! Why is that? Must 
have something to do with V-A coupling...



56On V-A coupling and pion decay

Pion is spin zero, so in its rest frame its 
decay products must have opposite spin 

But anti-neutrino is always right-handed, 
which means the electron must be right-

handed too

If electron had zero 
mass, it would only be 
left-handed. Helicity 
suppression

(Aside: What about decays to taus?)



57W bosons in top quark decays

Top quarks provide a source of polarized W 
bosons! In the limit of mb = 0, there are no 
positively polarized W bosons produced in 

top quark decays (at leading order).

http://www.scholarpedia.org/article/File:Whelicity.png



58W bosons in top quark decays

Top quarks provide a source of polarized W 
bosons! In the limit of mb = 0, there are no 
positively polarized W bosons produced in 

top quark decays (at leading order).

arXiv: 1612.02577

 is the angle between the W 
boson decay product and the 
reversed flight direction of the 

b quark from the top quark 
decay, in the W rest frame (not 

that we must pick which b 
quark is the right one, then!)

θ*



59W bosons in top quark decays
https://twiki.cern.ch/twiki/bin/view/LHCPhysics/LHCTopWGSummaryPlots#W_boson_helicity



60On to charged weak interaction of quarks

In lepton sector, W couples only within a 
lepton generation (this is why electron 

number, muon number and tau number are 
conserved). 

W` Ñ e` ` ⌫e

W` Ñ µ` ` ⌫e

W` Ñ ⌧` ` ⌫e



61On to charged weak interaction of quarks

In quark sector, might expect something 
analogous to hold

Coupling is 
predominantly but 
not entirely within 

a generation 
(there is no 

“conservation of 
1st generation of 

quarks”)



62On to charged weak interaction of quarks

This is how 2nd and 3rd generations of 
quarks can decay to the lighter 1st 

generation quarks

As we have 
discussed, the mass 
eigenstates that we 
know of are not the 
same eigenstates of 
the charged weak 

interaction, but 
instead are slightly 

rotated



63Charged weak interaction vertices

W

e�

⌫µ

⌫e

µ�

´igW
2
?
2
�µp1 ´ �5q cos ✓c

d u

W

e�

⌫µ

⌫e

µ�

s u
´igW
2
?
2
�µp1 ´ �5q sin ✓c

θc (Cabbibo angle, after Nicola 
Cabibbo, who proposed it), is 

small (13∘), so that 
strangeness-violating decay is 

weak



64Example usage

W

e�

⌫µ

⌫e

µ�

´igW
2
?
2
�µp1 ´ �5q cos ✓c

d u

W

e�

⌫µ

⌫e

µ�

s u
´igW
2
?
2
�µp1 ´ �5q sin ✓c

�pK´ Ñ l ´ `⌫lq
�p⇡´ Ñ l´ ` ⌫lq

“ f2
K

f2
⇡

tan2 ✓c

ˆ
m⇡

mK

˙3 m2
l pm2

K ´ m2
l q2

m2
l pm2

⇡ ´ m2
l q2

Let’s assume form factors for 
kaon and pion are ~the same

�pK´ Ñ l ´ `⌫lq
�p⇡´ Ñ l´ ` ⌫lq

“ tan2 ✓c

ˆ
m⇡

mK

˙3 m2
l pm2

K ´ m2
l q2

m2
l pm2

⇡ ´ m2
l q2



65Pion vs Kaon leptonic decays 
Charged kaon mass ~0.494 GeV 
Charged pion mass ~0.140 GeV 
Electron mass ~ 0.0005 GeV 
Muon mass ~0.106 GeV

�pK´ Ñ l ´ `⌫lq
�p⇡´ Ñ l´ ` ⌫lq

“ tan2 ✓c

ˆ
m⇡

mK

˙3 pm2
K ´ m2

l q2
pm2

⇡ ´ m2
l q2

Without Cabbibo angle: 
electron ratio: 3.5 
muon ratio: 17.6

With Cabbibo angle: 
electron ratio: 0.19 
muon ratio: 0.96

Observed (0.26/1.34)



66More complicated decays

d W

u

e

𝜈e
u

s

𝝨0

u
s

𝝨+



67More complicated decays

u W

d

u

s
u

s

𝝨+

u
s

p

π0



68Kaon decays

s

d

u 𝜈µ

µ

s

W-

W-

K0

µ

Kaon decays to muons observed to occur at 
a much much lower rate than observed. 
Why might that be?



69Kaon decays

s

d

u 𝜈µ

µ

s

W-

W-

K0

µ

Glashow, Iliopoulous and Maiani proposed the 
“GIM” mechanism - a new 4th quark comes in 
with opposite sign and cancels the diagram!

s

d

c 𝜈µ

µ

s

W-

W-

K0

µ



70W couplings to new charm quark

W

e�

⌫µ

⌫e

µ�

´igW
2
?
2
�µp1 ´ �5q cos ✓c

d u

W

e�

⌫µ

⌫e

µ�

s u
´igW
2
?
2
�µp1 ´ �5q sin ✓c

W

e�

⌫µ

⌫e

µ�

d c
W

e�

⌫µ

⌫e

µ�

s c

´igW
2
?
2
�µp1 ´ �5qp´ sin ✓cq ´igW

2
?
2
�µp1 ´ �5q cos ✓c



71Kaon decays

s

d

u
𝜈µ

µ

s

W-

W-

K0

µ

s

d

c 𝜈µ

µ

s

W-

W-

K0

µ

´igW
2
?
2
�µp1 ´ �5q sin ✓c ´igW

2
?
2
�µp1 ´ �5q cos ✓c

´igW
2
?
2
�µp1 ´ �5q cos ✓c ´igW

2
?
2
�µp1 ´ �5qp´ sin ✓cq

Terms cancel!  
(Up until charm mass effects, so not identically)
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d1 “ d cos ✓c ` s sin ✓c

s1 “ ´d sin ✓c ` s cos ✓c

ˆ
d1

s1

˙
“

ˆ
cos ✓c sin ✓c

´ sin ✓c cos ✓c

˙ ˆ
d
s

˙

ˆ
u
d1

˙ ˆ
c
s1

˙

W bosons couple to u 
and c quarks, but to 
linear combinations  
d’ and s’, not d and s

ˆ
u

d cos ✓c ` s sin ✓c

˙ ˆ
c

´d sin ✓c ` s cos ✓c

˙
OR



73Expanding to the CKM matrix (we saw this already!)

Kobayashi Maskawa

V “
¨

˝
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

˛

‚

0

@
d0

s0

b0

1

A =

0

@
0.97434 0.22506 0.00357
0.22492 0.97351 0.0411
0.00875 0.0403 0.99915

1

A

0

@
d
s
b

1

A



74Expanding to the CKM matrix

CKM matrix V has in general 3 “angles” and one 
phase (which allows for CP violating effects!) Lots 

of efforts to probe and test the CKM matrix and 
look for new physics (for example, is it unitary?)

CKM Fitter collaboration
http://ckmfitter.in2p3.fr/www/results/plots_summer19/ckm_res_summer19.html

http://ckmfitter.in2p3.fr/www/results/plots_summer19/ckm_res_summer19.html
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CKM matrix V has in general 3 “angles” and one 
phase (which allows for CP violating effects!) Lots 

of efforts to probe and test the CKM matrix and 
look for new physics (for example, is it unitary?)

ATLAS+CMS Vtb 
measurements from single 
top quark production

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
|tbVLV|f

 PreliminaryATLAS+CMS
LHCtopWG   from single top quark production

theoσ
measσ

| =  tbVLV|f

MSTW2008nnlo: NLO+NNLL theoσ
PRD 83 (2011) 091503, PRD 82 (2010) 054018,       
PRD 81 (2010) 054028       

 PDF⊕: scale theoσΔ
 = 172.5 GeVtopm

November 2020

 including top-quark mass uncertainty1 

)NPPS205 (2010) 10, CPC191 (2015) 74 (: NLO PDF4LHC11 theoσ 2 

 including beam energy uncertainty3 

total  theo

 (theo)± (meas) ±| tbVLV|f
t-channel:

tW:

s-channel:

all channels:

1,3ATLAS+CMS 7+8 TeV
JHEP 05 (2019) 088

 0.020± 0.040 ±1.020 
 2CMS 13 TeV

)1−PLB 800 (2019) 135042  (35.9 fb
 0.02± 0.07 ±0.98 

 2ATLAS 13 TeV
)1−JHEP 04 (2017) 086  (3.2 fb

 0.02± 0.09 ±1.07 

1,3ATLAS+CMS 7+8 TeV
JHEP 05 (2019) 088

 0.040± 0.090 ±1.020 
 2ATLAS 13 TeV

)1−JHEP 01 (2018) 63  (3.2 fb
 0.04± 0.24 ±1.14 

CMS 13 TeV
)1−JHEP 10 (2018) 117  (35.9 fb

 0.04± 0.07 ±0.94 

1,3ATLAS+CMS 8 TeV
JHEP 05 (2019) 088

 0.020± 0.150 ±0.970 

1,3ATLAS+CMS 7+8 TeV
JHEP 05 (2019) 088

 0.020± 0.040 ±1.020 
https://twiki.cern.ch/twiki/bin/view/
LHCPhysics/
LHCTopWGSummaryPlots#Single_Top_Quar
k_Production



76On to neutral weak interactions

Electroweak unification (as we’ll see) 
requires the existence of neutral weak 

processes

Z

e�

⌫µ

e�

⌫µ

f f

´igZ
2

�µpcfV ´ cfA�
5q

f cV cA

⌫e, ⌫µ, ⌫⌧
1
2

1
2

e, µ, ⌧ ´1
2 ` 2 sin2 ✓w

´1
2

u, c, t 1
2 ´ 4

3 sin
2 ✓w

1
2

d, s, b ´1
2 ` 2

3 sin
2 ✓w

´1
2

gw “ ge
sin ✓w

gz “ ge
sin ✓w cos ✓w

✓w “ 28.75o

sin2 ✓w “ 0.2314

Careful: 2 vs 
2*sqrt(2)!



77Neutrino-electron scattering

i

p1

p2

p3

p4

q

u

u

u

u
1

p2⇡q4 d
4q

p2⇡q4�4pp1 ´ q ´ p3q

p2⇡q4�4pp2 ` q ´ p4q

Assume 
small 
momentum 
transfer

Z

⌫µ

e�

⌫µ

e�

´igZ
2

�µpc⌫v ´ c⌫a�
5q

´igZ
2

��pcev ´ cea�
5q

Careful 
about “nu” in 
numerator! 
Not an index

igµ�
M2

M “
ª
irup3qsr´i

gZ
2
�µpc⌫V ´ c⌫A�

5qsrup1qs igµ�
M2

rup4qsr´i
gZ
2
��pceV ´ ceA�

5qsrup2qs

p2⇡q4�4pp1 ´ q ´ p3qp2⇡q4�4pp2 ` q ´ p4q d4q

p2⇡q4
<latexit sha1_base64="Tcl4Ry0fdpHVAg15VX13uLz0OCk="></latexit><latexit sha1_base64="Tcl4Ry0fdpHVAg15VX13uLz0OCk="></latexit><latexit sha1_base64="Tcl4Ry0fdpHVAg15VX13uLz0OCk="></latexit><latexit sha1_base64="Tcl4Ry0fdpHVAg15VX13uLz0OCk="></latexit>
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Know that we can use earlier result 
(with appropriate substitution, and 

being careful about sqrt(2) difference in 
coupling) and ignoring electron mass

M “
ª
irup3qsr´i

gZ
2
�µpc⌫V ´ c⌫A�

5qsrup1qs igµ�
M2

rup4qsr´i
gZ
2
��pceV ´ ceA�

5qsrup2qs

p2⇡q4�4pp1 ´ q ´ p3qp2⇡q4�4pp2 ` q ´ p4q d4q

p2⇡q4
<latexit sha1_base64="Tcl4Ry0fdpHVAg15VX13uLz0OCk="></latexit><latexit sha1_base64="Tcl4Ry0fdpHVAg15VX13uLz0OCk="></latexit><latexit sha1_base64="Tcl4Ry0fdpHVAg15VX13uLz0OCk="></latexit><latexit sha1_base64="Tcl4Ry0fdpHVAg15VX13uLz0OCk="></latexit>

|M|2 “ g4Z
16M4

Z

Trr�µpC⌫
V ´ C⌫

A�
5qp{p1qp��ppC⌫

V ´ C⌫
A�

5qp{p3qsˆ

Trr�µpCe
V ´ Ce

A�
5qp{p2qp��ppCe

V ´ Ce
A�

5qp{p4qs
<latexit sha1_base64="0nn95RODdnKy4DR0ILbbQC/vNls="></latexit><latexit sha1_base64="0nn95RODdnKy4DR0ILbbQC/vNls="></latexit><latexit sha1_base64="0nn95RODdnKy4DR0ILbbQC/vNls="></latexit><latexit sha1_base64="0nn95RODdnKy4DR0ILbbQC/vNls="></latexit>
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Let’s focus on second trace

|M|2 “ g4Z
16M4

Z

Trr�µpC⌫
V ´ C⌫

A�
5qp{p1qp��ppC⌫

V ´ C⌫
A�

5qp{p3qsˆ

Trr�µpCe
V ´ Ce

A�
5qp{p2qp��ppCe

V ´ Ce
A�

5qp{p4qs
<latexit sha1_base64="0nn95RODdnKy4DR0ILbbQC/vNls="></latexit><latexit sha1_base64="0nn95RODdnKy4DR0ILbbQC/vNls="></latexit><latexit sha1_base64="0nn95RODdnKy4DR0ILbbQC/vNls="></latexit><latexit sha1_base64="0nn95RODdnKy4DR0ILbbQC/vNls="></latexit>

Trr�µpCe
V ´ Ce

A�
5qp{p2qp��pCe

V ´ Ce
A�

5qp{p4qs “
Trr�µCe

V �⌫p
⌫
2��C

e
V �↵p

↵
4 ´ �µC

e
V �⌫p

⌫
2��C

e
A�

5�↵p
↵
4 ´

�µC
e
A�

5�⌫p
⌫
2��C

e
V �↵p

↵
4 ` �µC

e
A�

5�⌫p
⌫
2��C

e
A�

5�↵p
↵
4 s
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Trr�µpCe
V ´ Ce

A�
5qp{p2qp��pCe

V ´ Ce
A�

5qp{p4qs “
Trr�µCe

V �⌫p
⌫
2��C

e
V �↵p

↵
4 ` �5�µC

e
V �⌫p

⌫
2��C

e
A�↵p

↵
4 `

�5�µC
e
A�⌫p

⌫
2��C

e
V �↵p

↵
4 ` �µC

e
A�⌫p

⌫
2��C

e
A�↵p

↵
4 s
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Trr�µpCe
V ´ Ce

A�
5qp{p2qp��pCe

V ´ Ce
A�

5qp{p4qs “
Trr�µCe

V �⌫p
⌫
2��C

e
V �↵p

↵
4 ` �5�µC

e
V �⌫p

⌫
2��C

e
A�↵p

↵
4 `

�5�µC
e
A�⌫p

⌫
2��C

e
V �↵p

↵
4 ` �µC

e
A�⌫p

⌫
2��C

e
A�↵p

↵
4 s
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Trr�µpCe
V ´ Ce

A�
5qp{p2qp��pCe

V ´ Ce
A�

5qp{p4qs “
4pCe

V q2p⌫2p↵4 pgµ⌫g�↵ ´ gµ�g⌫↵ ` gµ↵g⌫�q ` 4iCe
V C

e
A✏µ⌫�↵p

⌫
2p

↵
4 `

4iCe
V C

e
A✏µ⌫�↵p

⌫
2p

↵
4 ` 4pCe

Aq2p⌫2p↵4 ppgµ⌫g�↵ ´ gµ�gnu↵ ` gµ↵g⌫�qs
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Trr�µpCe
A ´ Ce

V �
5qp{p2qp��pCe

A ´ Ce
V �

5qp{p4qs “
4ppCe

V q2 ` pCe
Aq2qp⌫2p↵4 pgµ⌫g�↵ ´ gµ�g⌫↵ ` gµ↵g⌫�q ` 8iCe

V C
e
A✏µ⌫�↵p

⌫
2p

↵
4
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And then first trace is

Multiplying them and contracting gives

Trr�µpCe
A ´ Ce

V �
5qp{p2qp��pCe

A ´ Ce
V �

5qp{p4qs “
4ppCe

V q2 ` pCe
Aq2qp⌫2p↵4 pgµ⌫g�↵ ´ gµ�g⌫↵ ` gµ↵g⌫�q ` 8iCe

V C
e
A✏µ⌫�↵p

⌫
2p

↵
4
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“ 4ppCe
V q2 ` pCe

Aq2qpp2µp4� ´ gµ�pp2 ¨ p4q ` p2�p4µq ` 8iCe
V C

e
A✏µ⌫�↵p

⌫
2p

↵
4
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“ 4ppC⌫
V q2 ` pC⌫

Aq2qppµ1p�3 ´ gµ�pp1 ¨ p3q ` p�1p
µ
3 q ` 8iC⌫

V C
⌫
A✏

µ���p1�p3�
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“ 16ppC⌫
V q2 ` pC⌫

Aq2qppCe
V q2 ` pCe

Aq2qˆ
ppp1 ¨ p2qpp3 ¨ p4q ´ pp2 ¨ p4qpp1 ¨ p3q ` pp1 ¨ p4qpp2 ¨ p3q ´ pp1 ¨ p3qpp2 ¨ p4q ` 4pp1 ¨ p3qpp2 ¨ p4q´

pp1 ¨ p3qpp2 ¨ p4q ` pp2 ¨ p3qpp1 ¨ p4q ´ pp2 ¨ p4qpp1 ¨ p3q ` pp1 ¨ p2qpp3 ¨ p4qq
´64Ce

V C
⌫
AC

⌫
V C

e
A✏

µ���p1�p3�✏µ⌫�↵p
⌫
2p

↵
4

`32iCe
V C

e
A✏µ⌫�↵p

⌫
2p

↵
4 ppµ1p�3 ´ gµ�pp1 ¨ p3q ` p�1p

µ
3 q

`32iC⌫
V C

⌫
A✏

µ���p1�p3�pp2µp4� ´ gµ�pp2 ¨ p4q ` p2�p4µq
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Recall:

Pairs of 1st and 
3rd terms cancel 
as we saw 
earlier (anti-
symmetry)g terms require µ=σ 

but then ε is zero

✏µ���✏µ⌫�↵ “ p´✏µ��� ´ ✏µ�⌫↵q “ ✏µ���✏µ�⌫↵ “ ´2p��⌫ ��↵ ´ ��↵�
�
⌫ q

“ 16ppC⌫
V q2 ` pC⌫

Aq2qppCe
V q2 ` pCe

Aq2qˆ
ppp1 ¨ p2qpp3 ¨ p4q ´ pp2 ¨ p4qpp1 ¨ p3q ` pp1 ¨ p4qpp2 ¨ p3q ´ pp1 ¨ p3qpp2 ¨ p4q ` 4pp1 ¨ p3qpp2 ¨ p4q´

pp1 ¨ p3qpp2 ¨ p4q ` pp2 ¨ p3qpp1 ¨ p4q ´ pp2 ¨ p4qpp1 ¨ p3q ` pp1 ¨ p2qpp3 ¨ p4qq
´64Ce

V C
⌫
AC

⌫
V C

e
A✏

µ���p1�p3�✏µ⌫�↵p
⌫
2p

↵
4

`32iCe
V C

e
A✏µ⌫�↵p

⌫
2p

↵
4 ppµ1p�3 ´ gµ�pp1 ¨ p3q ` p�1p

µ
3 q

`32iC⌫
V C

⌫
A✏

µ���p1�p3�pp2µp4� ´ gµ�pp2 ¨ p4q ` p2�p4µq
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“ 16ppC⌫
V q2 ` pC⌫

Aq2qppCe
V q2 ` pCe

Aq2q ˆ p2pp1 ¨ p2qpp3 ¨ p4q ` 2pp1 ¨ p4qpp2 ¨ p3qq
´64Ce

V C
⌫
AC

⌫
V C

e
A✏

µ���p1�p3�✏µ⌫�↵p
⌫
2p

↵
4

<latexit sha1_base64="c/mrvyLyNkYonxYb4yZeSZcxbDA="></latexit><latexit sha1_base64="c/mrvyLyNkYonxYb4yZeSZcxbDA="></latexit><latexit sha1_base64="c/mrvyLyNkYonxYb4yZeSZcxbDA="></latexit><latexit sha1_base64="c/mrvyLyNkYonxYb4yZeSZcxbDA="></latexit>



83Neutrino-electron scattering matrix element

✏µ���✏µ⌫�↵ “ p´✏µ��� ´ ✏µ�⌫↵q “ ✏µ���✏µ�⌫↵ “ ´2p��⌫ ��↵ ´ ��↵�
�
⌫ q

“ 16ppC⌫
V q2 ` pC⌫

Aq2qppCe
V q2 ` pCe

Aq2q ˆ p2pp1 ¨ p2qpp3 ¨ p4q ` 2pp1 ¨ p4qpp2 ¨ p3qq
´64Ce

V C
⌫
AC

⌫
V C

e
A✏

µ���p1�p3�✏µ⌫�↵p
⌫
2p

↵
4
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“ 16ppC⌫
V q2 ` pC⌫

Aq2qppCe
V q2 ` pCe

Aq2q ˆ p2pp1 ¨ p2qpp3 ¨ p4q ` 2pp1 ¨ p4qpp2 ¨ p3qq
´128Ce

V C
⌫
AC

⌫
V C

e
Ap1�p3�pp�4p�2 ´ p�2p

�
4 q
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“ 32ppC⌫
V q2 ` pC⌫

Aq2qppCe
V q2 ` pCe

Aq2q ˆ ppp1 ¨ p2qpp3 ¨ p4q ` pp1 ¨ p4qpp2 ¨ p3qq
`128Ce

V C
⌫
AC

⌫
V C

e
Appp1 ¨ p2qpp3 ¨ p4q ´ pp1 ¨ p4qpp2 ¨ p3qq

<latexit sha1_base64="4/dLqgl70Y3CH3XObe4hgLxtVQY=">AAADHXicbVJNa9wwEJWdfqTq16Y99iK6FOyGLrY30BQSSMmlxxS6SSDeGFme3RWxZVeSSxezvyPX9M/0VHot/S89VHaMm3U6IJg3b4b3NFJcpFxpz/tt2Rt37t67v/kAP3z0+MnTwdazY5WXksGE5WkuT2OqIOUCJprrFE4LCTSLUziJLw5r/uQLSMVz8UkvC5hmdC74jDOqTSnasnAYw5yLak71AuTrFd7H48BxDqPj8yoU5co9D8g2Mfh9h92WhjWyQW6oeQYKO04R+SRkSa5JEQUuMXjc4R23nrrZsdN0BB0eu24Y4m0/2K2VoFPvbLWSDukJ9XTe1PQ/2NfAIYiku3o0GHojrwlyO/HbZIjaOIoGf8IkZ2UGQrOUKnXme4WeVlRqzlJY4bBUUFB2QedwZlJBzWqmVfNoK/LKVBIyy6U5QpOmenOioplS yyw2nZkxqPpcXfwvV1do/HVNvlLG3wKSnic9251WXBSlBsGuLc3KlOic1H+FJFwC0+nSJJRJbm5F2IJKyrT5Udisy+8v53YyCUbvRv7HYHiw1+5tE71AL5GDfPQWHaAP6AhNELM+W5fWlfXNvrK/2z/sn9etttXOPEdrYf/6C8h48Zo=</latexit><latexit sha1_base64="4/dLqgl70Y3CH3XObe4hgLxtVQY=">AAADHXicbVJNa9wwEJWdfqTq16Y99iK6FOyGLrY30BQSSMmlxxS6SSDeGFme3RWxZVeSSxezvyPX9M/0VHot/S89VHaMm3U6IJg3b4b3NFJcpFxpz/tt2Rt37t67v/kAP3z0+MnTwdazY5WXksGE5WkuT2OqIOUCJprrFE4LCTSLUziJLw5r/uQLSMVz8UkvC5hmdC74jDOqTSnasnAYw5yLak71AuTrFd7H48BxDqPj8yoU5co9D8g2Mfh9h92WhjWyQW6oeQYKO04R+SRkSa5JEQUuMXjc4R23nrrZsdN0BB0eu24Y4m0/2K2VoFPvbLWSDukJ9XTe1PQ/2NfAIYiku3o0GHojrwlyO/HbZIjaOIoGf8IkZ2UGQrOUKnXme4WeVlRqzlJY4bBUUFB2QedwZlJBzWqmVfNoK/LKVBIyy6U5QpOmenOioplS yyw2nZkxqPpcXfwvV1do/HVNvlLG3wKSnic9251WXBSlBsGuLc3KlOic1H+FJFwC0+nSJJRJbm5F2IJKyrT5Udisy+8v53YyCUbvRv7HYHiw1+5tE71AL5GDfPQWHaAP6AhNELM+W5fWlfXNvrK/2z/sn9etttXOPEdrYf/6C8h48Zo=</latexit><latexit sha1_base64="4/dLqgl70Y3CH3XObe4hgLxtVQY=">AAADHXicbVJNa9wwEJWdfqTq16Y99iK6FOyGLrY30BQSSMmlxxS6SSDeGFme3RWxZVeSSxezvyPX9M/0VHot/S89VHaMm3U6IJg3b4b3NFJcpFxpz/tt2Rt37t67v/kAP3z0+MnTwdazY5WXksGE5WkuT2OqIOUCJprrFE4LCTSLUziJLw5r/uQLSMVz8UkvC5hmdC74jDOqTSnasnAYw5yLak71AuTrFd7H48BxDqPj8yoU5co9D8g2Mfh9h92WhjWyQW6oeQYKO04R+SRkSa5JEQUuMXjc4R23nrrZsdN0BB0eu24Y4m0/2K2VoFPvbLWSDukJ9XTe1PQ/2NfAIYiku3o0GHojrwlyO/HbZIjaOIoGf8IkZ2UGQrOUKnXme4WeVlRqzlJY4bBUUFB2QedwZlJBzWqmVfNoK/LKVBIyy6U5QpOmenOioplS yyw2nZkxqPpcXfwvV1do/HVNvlLG3wKSnic9251WXBSlBsGuLc3KlOic1H+FJFwC0+nSJJRJbm5F2IJKyrT5Udisy+8v53YyCUbvRv7HYHiw1+5tE71AL5GDfPQWHaAP6AhNELM+W5fWlfXNvrK/2z/sn9etttXOPEdrYf/6C8h48Zo=</latexit><latexit sha1_base64="4/dLqgl70Y3CH3XObe4hgLxtVQY=">AAADHXicbVJNa9wwEJWdfqTq16Y99iK6FOyGLrY30BQSSMmlxxS6SSDeGFme3RWxZVeSSxezvyPX9M/0VHot/S89VHaMm3U6IJg3b4b3NFJcpFxpz/tt2Rt37t67v/kAP3z0+MnTwdazY5WXksGE5WkuT2OqIOUCJprrFE4LCTSLUziJLw5r/uQLSMVz8UkvC5hmdC74jDOqTSnasnAYw5yLak71AuTrFd7H48BxDqPj8yoU5co9D8g2Mfh9h92WhjWyQW6oeQYKO04R+SRkSa5JEQUuMXjc4R23nrrZsdN0BB0eu24Y4m0/2K2VoFPvbLWSDukJ9XTe1PQ/2NfAIYiku3o0GHojrwlyO/HbZIjaOIoGf8IkZ2UGQrOUKnXme4WeVlRqzlJY4bBUUFB2QedwZlJBzWqmVfNoK/LKVBIyy6U5QpOmenOioplS yyw2nZkxqPpcXfwvV1do/HVNvlLG3wKSnic9251WXBSlBsGuLc3KlOic1H+FJFwC0+nSJJRJbm5F2IJKyrT5Udisy+8v53YyCUbvRv7HYHiw1+5tE71AL5GDfPQWHaAP6AhNELM+W5fWlfXNvrK/2z/sn9etttXOPEdrYf/6C8h48Zo=</latexit>



84Almost there

Divide by two to average over electron spins

Add in missing terms from matrix element

Let’s plug in C terms for neutrino (both 1/2)

“ 32ppC⌫
V q2 ` pC⌫

Aq2qppCe
V q2 ` pCe

Aq2q ˆ ppp1 ¨ p2qpp3 ¨ p4q ` pp1 ¨ p4qpp2 ¨ p3qq
`128Ce

V C
⌫
AC

⌫
V C

e
Appp1 ¨ p2qpp3 ¨ p4q ´ pp1 ¨ p4qpp2 ¨ p3qq
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“ 16ppC⌫
V q2 ` pC⌫

Aq2qppCe
V q2 ` pCe

Aq2q ˆ ppp1 ¨ p2qpp3 ¨ p4q ` pp1 ¨ p4qpp2 ¨ p3qq
`64Ce

V C
⌫
AC

⌫
V C

e
Appp1 ¨ p2qpp3 ¨ p4q ´ pp1 ¨ p4qpp2 ¨ p3qq

<latexit sha1_base64="Dqa98AcSJDt/fwwoyWZbGHRMKkw="></latexit><latexit sha1_base64="Dqa98AcSJDt/fwwoyWZbGHRMKkw="></latexit><latexit sha1_base64="Dqa98AcSJDt/fwwoyWZbGHRMKkw="></latexit><latexit sha1_base64="Dqa98AcSJDt/fwwoyWZbGHRMKkw="></latexit>

“ g4Z
M4

Z

ppC⌫
V q2 ` pC⌫

Aq2qppCe
V q2 ` pCe

Aq2q ˆ ppp1 ¨ p2qpp3 ¨ p4q ` pp1 ¨ p4qpp2 ¨ p3qq

`4g4Z
M4

Z

Ce
V C

⌫
AC

⌫
V C

e
Appp1 ¨ p2qpp3 ¨ p4q ´ pp1 ¨ p4qpp2 ¨ p3qq

<latexit sha1_base64="ZtkxjRQtQXIlOdtb68BmnWYvYdU="></latexit><latexit sha1_base64="ZtkxjRQtQXIlOdtb68BmnWYvYdU="></latexit><latexit sha1_base64="ZtkxjRQtQXIlOdtb68BmnWYvYdU="></latexit><latexit sha1_base64="ZtkxjRQtQXIlOdtb68BmnWYvYdU="></latexit>

“ g4Z
2M4

Z

ppCe
V q2 ` pCe

Aq2q ˆ ppp1 ¨ p2qpp3 ¨ p4q ` pp1 ¨ p4qpp2 ¨ p3qq

` g4Z
M4

Z

Ce
V C

e
Appp1 ¨ p2qpp3 ¨ p4q ´ pp1 ¨ p4qpp2 ¨ p3qq

<latexit sha1_base64="ukahrx09TFQSfeBLLiYbTjTuykg="></latexit><latexit sha1_base64="ukahrx09TFQSfeBLLiYbTjTuykg="></latexit><latexit sha1_base64="ukahrx09TFQSfeBLLiYbTjTuykg="></latexit><latexit sha1_base64="ukahrx09TFQSfeBLLiYbTjTuykg="></latexit>



85Let’s get some kinematics in CoM frame

Assume massless 
electron. Pick center 
of mass frame where 
E1 = E2 = E3 = E4 = E 
and |pi| = E

p1

p3

p4

θ p2

pp1 ¨ p2q “ E1E2 ´ p1 ¨ p2 “ E2 ` E2 “ 2E2

pp3 ¨ p4q “ E3E4 ´ p3 ¨ p4 “ E2 ` E2 “ 2E2

pp1 ¨ p4q “ E1E4 ´ p1 ¨ p4 “ E2 ` E2 cos ✓ “ E2p1 ` cos ✓q
pp2 ¨ p3q “ E2E3 ´ p2 ¨ p3 “ E2 ` E2 cos ✓ “ E2p1 ` cos ✓q

“ g4Z
2M4

Z

ppCe
V q2 ` pCe

Aq2q ˆ ppp1 ¨ p2qpp3 ¨ p4q ` pp1 ¨ p4qpp2 ¨ p3qq

` g4Z
M4

Z

Ce
V C

e
Appp1 ¨ p2qpp3 ¨ p4q ´ pp1 ¨ p4qpp2 ¨ p3qq

<latexit sha1_base64="ukahrx09TFQSfeBLLiYbTjTuykg="></latexit><latexit sha1_base64="ukahrx09TFQSfeBLLiYbTjTuykg="></latexit><latexit sha1_base64="ukahrx09TFQSfeBLLiYbTjTuykg="></latexit><latexit sha1_base64="ukahrx09TFQSfeBLLiYbTjTuykg="></latexit>



86Let’s get some kinematics in CoM frame

“ g4Z
2M4

Z

ppCe
Aq2 ` pCe

V q2q ˆ ppp1 ¨ p2qpp3 ¨ p4q ` pp1 ¨ p4qpp2 ¨ p3qq

` g4Z
M4

Z

Ce
AC

e
V ppp1 ¨ p2qpp3 ¨ p4q ´ pp1 ¨ p4qpp2 ¨ p3qq

pp1 ¨ p2q “ E1E2 ´ p1 ¨ p2 “ E2 ` E2 “ 2E2

pp3 ¨ p4q “ E3E4 ´ p3 ¨ p4 “ E2 ` E2 “ 2E2

pp1 ¨ p4q “ E1E4 ´ p1 ¨ p4 “ E2 ` E2 cos ✓ “ E2p1 ` cos ✓q
pp2 ¨ p3q “ E2E3 ´ p2 ¨ p3 “ E2 ` E2 cos ✓ “ E2p1 ` cos ✓q

“ g4Z
2M4

Z

ppCe
Aq2 ` pCe

V q2q ˆ p4E4 ` E4p1 ` cos ✓q2q

` g4Z
M4

Z

Ce
AC

e
V p4E4 ´ E4p1 ` cos ✓q2q



87Let’s get some kinematics in CoM frame

Use half angle formula cos
x

2
“

c
1 ` cosx

2

“ g4Z
2M4

Z

ppCe
Aq2 ` pCe

V q2q ˆ p4E4 ` E4p1 ` cos ✓q2q

` g4Z
M4

Z

Ce
AC

e
V p4E4 ´ E4p1 ` cos ✓q2q

“ g4ZE
4

2M4
Z

ppCe
Aq2 ` pCe

V q2q ˆ p4 ` 4 cos4
✓

2
q ` g4ZE

4

M4
Z

Ce
AC

e
V p4 ´ 4 cos4

✓

2
q



88Simplifying further

d�

d⌦
“ 1

64⇡2

|M |2
pE1 ` E2q2

|pf |
|pi|

† |M|2 °“ g4ZE
4

M4
Z

ppCe
Aq2 ` pCe

V q2qp2 ` 2 cos4
✓

2
q

`g4ZE
4

M4
Z

Ce
AC

e
V p4 ´ 4 cos4

✓

2
q

† |M|2 °“ 2g4ZE
4

M4
Z

ppCe
Aq2 ` pCe

V q2 ` 2Ce
AC

e
V q ` cos4

✓

2
ppCe

Aq2 ` pCe
V q2 ´ 2Ce

AC
e
V q

† |M|2 °“ 2g4ZE
4

M4
Z

ppCe
A ` Ce

V q2q ` cos4
✓

2
pCe

A ´ Ce
V q2q

d�

d⌦
“ 1

64⇡2

1

4E2

2g4ZE
4

M4
Z

ppCe
A ` Ce

V q2q ` cos4
✓

2
pCe

A ´ Ce
V q2q



89Differential xsection to xsection
d�

d⌦
“ 1

64⇡2

1

4E2

2g4ZE
4

M4
Z

ppCe
A ` Ce

V q2q ` cos4
✓

2
pCe

A ´ Ce
V q2q

d�

d⌦
“ 1

128⇡2

g4ZE
2

M4
Z

ppCe
A ` Ce

V q2q ` cos4
✓

2
pCe

A ´ Ce
V q2q

Φ
� “ 2⇡

128⇡2

g4ZE
2

M4
Z

ª ⇡

0
rppCe

A ` Ce
V q2q ` cos4

✓

2
pCe

A ´ Ce
V q2qs sin ✓d✓

First piece of integral (sin theta) gives 2
ª ⇡

0
cos4

✓

2
sin ✓d✓ “ 1

4

ª ⇡

0
p1 ` cos ✓q2 sin ✓d✓

“ 1

4

ª ⇡

0
rsin ✓ ` 2 cos ✓ sin ✓ ` cos2 ✓ sin ✓sd✓2



90Differential xsection to xsection

1

4

ª ⇡

0
rsin ✓ ` 2 cos ✓ sin ✓ ` cos2 ✓ sin ✓sd✓ “ 1

4
r2 `

ª ⇡

0
2 cos ✓ sin ✓d✓ ` cos2 ✓ sin ✓d✓s

u “ cos ✓, du “ ´ sin ✓d✓

1

4
r2 `

ª ⇡

0
p´2u ´ u2qdus

1

2
` 1

4
r´ cos2 ✓s✓“⇡

✓“0 ` 1

4
r´ cos3 ✓{3s✓“⇡

✓“0 “ 1

2
` 1

4

1

3
p2q “ 2

3

� “ 2⇡

128⇡2

g4ZE
2

M4
Z

p2pCe
A ` Ce

V q2q ` 2

3
pCe

A ´ Ce
V q2q

� “ 1

64⇡

g4ZE
2

M4
Z

8

3
rpCe

Aq2 ` pCe
V q2 ` pCe

V qpCe
Aqs

� “ 1

24⇡

g4ZE
2

M4
Z

rpCe
Aq2 ` pCe

V q2 ` pCe
V qpCe

Aqs



91Moving on to the Z boson

Z boson not discovered until 1983! Why? Most 
of the interesting processes are masked by 
electromagnetism. Need lots of energy to reach 
masses where you are near Z pole (near Z 
resonance)...



92Studying the Z pole (Z mass at resonance)

i

p1

p2

p3

p4

q

u

u

v

v
1

p2⇡q4 d
4q

Do NOT 
assume small 
momentum 
transfer! But 
assume fermion 
mass = 0

´igZ
2

�µpc⌫v ´ c⌫a�
5q

The LEP collider! 
electron-positron 

collisions

Z

e�

e+

e+

e�

´ipgµ⌫ ´ qµq⌫{M2q
q2 ´ M2 ` iM�´igZ

2
�µpcev ´ cea�

5q ´igZ
2

�⌫pcfv ´ cfa�
5q

f

f
p2⇡q4�4pp1 ` p2 ´ qq

p2⇡q4�4pp3 ` p4 ´ qq

M “
ª
irup4qsr´i

gZ
2
�⌫pcfV ´ cfA�

5qsrvp3qs
ˆ´igµ⌫ ´ qµq⌫{M2

q2 ´ M2 ` iM�

˙
rvp2qsr´i

gZ
2
�µpceV ´ ceA�

5qsrup1qs

p2⇡q4�4pp1 ` p2 ´ qqp2⇡q4�4pp3 ` p4 ´ qq d4q

p2⇡q4



93New term in propagator 

rup4qsr�⌫pcfA ´ cfV �
5qsrvp3qsqµq⌫ “ rup4qsr{qpcfA ´ cfV �

5qsrvp3qsqµ “
rup4qsrp{p3 ` {p4qpcfA ´ cfV �

5qsrvp3qsqµ
rup4qs{p4 “ 0 for m = 0

Why? Recall Dirac equation…

M “
ª
irup4qsr´i

gZ
2
�⌫pcfV ´ cfA�

5qsrvp3qs
ˆ´igµ⌫ ´ qµq⌫{M2

q2 ´ M2 ` iM�

˙
rvp2qsr´i

gZ
2
�µpceV ´ ceA�

5qsrup1qs

p2⇡q4�4pp1 ` p2 ´ qqp2⇡q4�4pp3 ` p4 ´ qq d4q

p2⇡q4

BUT

u p�µkµ ´ mq “ 0

v p�µkµ ` mq “ 0
<latexit sha1_base64="rfRb2xUdgRr9fl/17hzEuRU1/sM="></latexit><latexit sha1_base64="rfRb2xUdgRr9fl/17hzEuRU1/sM="></latexit><latexit sha1_base64="rfRb2xUdgRr9fl/17hzEuRU1/sM="></latexit><latexit sha1_base64="rfRb2xUdgRr9fl/17hzEuRU1/sM="></latexit>

Plug in m=0



94New term in propagator 

for m = 0

M “
ª
irup4qsr´i

gZ
2
�⌫pcfV ´ cfA�

5qsrvp3qs
ˆ ´igµ⌫
q2 ´ M2 ` iM�

˙
rvp2qsr´i

gZ
2
�µpceV ´ ceA�

5qsrup1qs

p2⇡q4�4pp1 ` p2 ´ qqp2⇡q4�4pp3 ` p4 ´ qq d4q

p2⇡q4

M “
ª
irup4qsr´i

gZ
2
�⌫pcfV ´ cfA�

5qsrvp3qs
ˆ´igµ⌫ ´ qµq⌫{M2

q2 ´ M2 ` iM�

˙
rvp2qsr´i

gZ
2
�µpceV ´ ceA�

5qsrup1qs

p2⇡q4�4pp1 ` p2 ´ qqp2⇡q4�4pp3 ` p4 ´ qq d4q

p2⇡q4

M “ ´ g2z
4pq2 ´ M2 ` iM�q rup4qsr�µpcfV ´ cfA�

5qsrvp3qsrvp2qsr�µpceV ´ ceA�
5qsrup1qs

rup4qsr�⌫pcfA ´ cfV �
5qsrvp3qsqµq⌫ “ rup4qsr{qpcfA ´ cfV �

5qsrvp3qsqµ “
rup4qsrp{p4 ` {p3qpcfA ´ cfV �

5qsrvp3qsqµ “ rup4qsrpcfA ` cfV �
5qs{p3rvp3qsqµ

{p3rvp3qs “ up4q{p4 “ 0
<latexit sha1_base64="OFjBpxitSeKMh9WsUDi6v/ilY/U="></latexit><latexit sha1_base64="OFjBpxitSeKMh9WsUDi6v/ilY/U="></latexit><latexit sha1_base64="OFjBpxitSeKMh9WsUDi6v/ilY/U="></latexit><latexit sha1_base64="OFjBpxitSeKMh9WsUDi6v/ilY/U="></latexit>



95Turning the crank

M “ ´ g2z
4pq2 ´ M2 ` iM�q rup4qsr�µpcfV ´ cfA�

5qsrvp3qsrvp2qsr�µpceV ´ ceA�
5qsrup1qs

After averaging over spins

Thankfully, we calculated this before...

Trr�µpCe
A ´ Ce

V �
5qp{p2qp��pCe

A ´ Ce
V �

5qp{p4qs “
4ppCe

V q2 ` pCe
Aq2qpp2µp4� ´ gµ�pp2 ¨ p4q ` p2�p4µq ` 8iCe

AC
e
V ✏µ⌫�↵p

⌫
2p

↵
4

† |M|2 °“ g4z
64pq2 ´ M2 ` iM�q2 ˆ

Trr�µpCf
V ´ Cf

A�
5q{p3�⌫pcfV ´ cfA�

5q{p4sˆ
Trr�µpCe

V ´ Cf
e �

5q{p1�
⌫pceV ´ ceA�

5q{p2s



96Turning the crank some more (lots of cranks in this course)

† |M|2 °“ g4z
64pq2 ´ M2 ` iM�q2 ˆ

Trr�µpCf
V ´ Cf

A�
5q{p3�⌫pcfV ´ cfA�

5q{p4sˆ
Trr�µpCe

V ´ Cf
e �

5q{p1�
⌫pceV ´ ceA�

5q{p2s

† |M|2 °“ g4z
64pq2 ´ M2 ` iM�q2 ˆ

r4ppCf
V q2 ` pCf

Aq2qpp3µp4⌫ ` p4µp3⌫ ´ gµ⌫pp3 ¨ p4qq
`8iCf

V C
f
A✏µ�⌫↵p

�
3p4↵sˆ

r4ppCe
V q2 ` pCe

Aq2qpp1µp2⌫ ` p2µp1⌫ ´ gµ⌫pp1 ¨ p2qq
`8iCe

V C
e
A✏

µ�⌫�p1�p2�s



97Turning the crank some more (lots of cranks in this course)

† |M|2 °“ g4z
64pq2 ´ M2 ` iM�q2 ˆ

r4ppCf
V q2 ` pCf

Aq2qpp3µp4⌫ ` p4µp3⌫ ´ gµ⌫pp3 ¨ p4qq
`8iCf

V C
f
A✏µ�⌫↵p

�
3p4↵sˆ

r4ppCe
V q2 ` pCe

Aq2qpp1µp2⌫ ` p2µp1⌫ ´ gµ⌫pp1 ¨ p2qq
`8iCe

V C
e
A✏

µ�⌫�p1�p2�s
† |M|2 °“ g4z

64pq2 ´ M2 ` iM�q2 ˆ r

16ppCf
V q2 ` pCf

Aq2qppCe
V q2 ` pCe

Aq2qrpp1 ¨ p3qpp2 ¨ p4q ` pp2 ¨ p3qpp1 ¨ p4q ´ pp1 ¨ p2qpp3 ¨ p4q
`pp1 ¨ p4qpp2 ¨ p3q ` pp2 ¨ p4qpp1 ¨ p3q ´ pp1 ¨ p2qpp3 ¨ p4q

´pp1 ¨ p2qpp3 ¨ p4q ´ pp1 ¨ p2qpp3 ¨ p4q ` 4pp1 ¨ p2qpp3 ¨ p4qs
`4ppCf

V q2 ` pCf
Aq2qp8iCf

V C
f
A✏µ�⌫↵p

�
3p

↵
4 qpp1µp2⌫ ` p2µp1⌫ ´ gµ⌫pp1 ¨ p2qq

`4ppCe
V q2 ` pCe

Aq2qp8iCe
V C

e
A✏

µ�⌫�p1�p2�pp3µp4⌫ ` p4µp3⌫ ´ gµ⌫pp3 ¨ p4qq
´64Ce

V CAC
f
V C

f
A✏µ�⌫↵p

�
3p

↵
4 ✏

µ�⌫�p1�p2�s

As 
before



98Turning the crank some more (lots of cranks in this course)

† |M|2 °“ g4z
64pq2 ´ M2 ` iM�q2 ˆ r

16ppCf
V q2 ` pCf

Aq2qppCe
V q2 ` pCe

Aq2qr2pp1 ¨ p3qpp2 ¨ p4q ` 2pp2 ¨ p3qpp1 ¨ p4qs
´64Ce

V CAC
f
V C

f
A✏µ�⌫↵p

�
3p

↵
4 ✏

µ�⌫�p1�p2�s

✏µ���✏µ⌫�↵ “ p´✏µ��� ´ ✏µ�⌫↵q “ ✏µ���✏µ�⌫↵ “ ´2p��⌫ ��↵ ´ ��↵�
�
⌫ q

Recall:

† |M|2 °“ g4z
64pq2 ´ M2 ` iM�q2 ˆ r

16ppCf
V q2 ` pCf

Aq2qppCe
V q2 ` pCe

Aq2qr2pp1 ¨ p3qpp2 ¨ p4q ` 2pp2 ¨ p3qpp1 ¨ p4qs
`128Ce

V CAC
f
V C

f
Appp1 ¨ p3qpp2 ¨ p4q ´ pp1 ¨ p4qpp2 ¨ p3qs



99Almost there

Assume massless 
fermions and 
electrons. Pick center 
of mass frame where 
E1 = E2 = E3 = E4 = E 
and |pi| = E

p1

p3

p4

θ p2

pp1 ¨ p3q “ E1E3 ´ p1 ¨ p3 “ E2 ´ E2 cos ✓ “ E2p1 ´ cos ✓q
pp2 ¨ p4q “ E2E4 ´ p2 ¨ p4 “ E2 ´ E2 cos ✓ “ E2p1 ´ cos ✓q
pp2 ¨ p3q “ E2E3 ´ p2 ¨ p3 “ E2 ` E2 cos ✓ “ E2p1 ` cos ✓q
pp1 ¨ p4q “ E1E4 ´ p1 ¨ p4 “ E2 ` E2 cos ✓ “ E2p1 ` cos ✓q



100Almost there

q=p1+p2 
and need to be a bit more careful about the 
magnitude of the imaginary number!

† |M|2 °“ g4z
64pq2 ´ M2 ` iM�q2 ˆ r

16ppCf
V q2 ` pCf

Aq2qppCe
V q2 ` pCe

Aq2qr2pp1 ¨ p3qpp2 ¨ p4q ` 2pp2 ¨ p3qpp1 ¨ p4qs
`128Ce

V CAC
f
V C

f
Appp1 ¨ p3qpp2 ¨ p4q ´ pp1 ¨ p4qpp2 ¨ p3qs

q2 “ pp1 ` p2q2 “ p21 ` p22 ` 2pp1 ¨ p2q “ 4E2

pp1 ¨ p3q “ E1E3 ´ p1 ¨ p3 “ E2 ´ E2 cos ✓ “ E2p1 ´ cos ✓q
pp2 ¨ p4q “ E2E4 ´ p2 ¨ p4 “ E2 ´ E2 cos ✓ “ E2p1 ´ cos ✓q
pp2 ¨ p3q “ E2E3 ´ p2 ¨ p3 “ E2 ` E2 cos ✓ “ E2p1 ` cos ✓q
pp1 ¨ p4q “ E1E4 ´ p1 ¨ p4 “ E2 ` E2 cos ✓ “ E2p1 ` cos ✓q



101Almost there

† |M|2 °“ g4z
64p4E2 ´ M2q2 ` 64M2�2

ˆ r

16ppCf
V q2 ` pCf

Aq2qppCe
V q2 ` pCe

Aq2qr2E4p1 ´ cos ✓q2 ` 2E4p1 ` cos ✓q2s
`128Ce

V CAC
f
V C

f
ApE4p1 ´ cos ✓q2 ´ E4p1 ` cos ✓q2qs

† |M|2 °“ g4zE
4

2p4E2 ´ M2q2 ` 2M2�2
ˆ r

ppCf
V q2 ` pCf

Aq2qppCe
V q2 ` pCe

Aq2qrp1 ´ cos ✓q2 ` p1 ` cos ✓q2s
`4Ce

V CAC
f
V C

f
App1 ´ cos ✓q2 ´ p1 ` cos ✓q2qs

† |M|2 °“ g4zE
4

2p4E2 ´ M2q2 ` 2M2�2
ˆ r

ppCf
V q2 ` pCf

Aq2qppCe
V q2 ` pCe

Aq2qr2 ` 2 cos2 ✓s
`4Ce

V CAC
f
V C

f
Ap´4 cos ✓q



102A bit of simplification

† |M|2 °“ g4zE
4

2p4E2 ´ M2q2 ` 2M2�2
ˆ r

ppCf
V q2 ` pCf

Aq2qppCe
V q2 ` pCe

Aq2qr2 ` 2 cos2 ✓s
`4Ce

V CAC
f
V C

f
Ap´4 cos ✓q

† |M|2 °“ g4zE
4

p4E2 ´ M2q2 ` M2�2
ˆ

”
ppCf

V q2 ` pCf
Aq2qppCe

V q2 ` pCe
Aq2qr1 ` cos2 ✓s ´ 8Ce

V CAC
f
V C

f
A cos ✓

ı



103Differential cross section

† |M|2 °“ g4zE
4

p4E2 ´ M2q2 ` M2�2
ˆ

”
ppCf

V q2 ` pCf
Aq2qppCe

V q2 ` pCe
Aq2qr1 ` cos2 ✓s ´ 8Ce

V CAC
f
V C

f
A cos ✓

ı

d�

d⌦
“ 1

64⇡2

|M |2
pE1 ` E2q2

|pf |
|pi| Equal

d�

d⌦
“ 1

256⇡2E2

g4zE
4

p4E2 ´ M2q2 ` M2�2
ˆ

”
ppCf

V q2 ` pCf
Aq2qppCe

V q2 ` pCe
Aq2qr1 ` cos2 ✓s ´ 8Ce

V CAC
f
V C

f
A cos ✓

ı



104Differential cross section to total cross section

d�

d⌦
“ 1

256⇡2E2

g4zE
4

p4E2 ´ M2q2 ` M2�2
ˆ

”
ppCf

V q2 ` pCf
Aq2qppCe

V q2 ` pCe
Aq2qr1 ` cos2 ✓s ´ 8Ce

V CAC
f
V C

f
A cos ✓

ı

d�

d⌦
“ 1

256⇡2

g4zE
2

p4E2 ´ M2q2 ` M2�2
ˆ

”
ppCf

V q2 ` pCf
Aq2qppCe

V q2 ` pCe
Aq2qr1 ` cos2 ✓s ´ 8Ce

V CAC
f
V C

f
A cos ✓

ı

Φ
� “ 2⇡

256⇡2

g4zE
2

p4E2 ´ M2q2 ` M2�2
ˆ

ª ✓“⇡

✓“0

”
ppCf

V q2 ` pCf
Aq2qppCe

V q2 ` pCe
Aq2qr1 ` cos2 ✓s ´ 8Ce

V CAC
f
V C

f
A cos ✓

ı
sin ✓d✓



105Total cross section

� “ 1

128⇡

g4zE
2

p4E2 ´ M2q2 ` M2�2
ˆ

ª ✓“⇡

✓“0

”
ppCf

V q2 ` pCf
Aq2qppCe

V q2 ` pCe
Aq2qr1 ` cos2 ✓s ´ 8Ce

V CAC
f
V C

f
A cos ✓

ı
sin ✓d✓

ª ✓“⇡

✓“0
sin ✓d✓ “ 2

ª ✓“⇡

✓“0
cos2 ✓ sin ✓d✓ “ 2

3
ª ✓“⇡

✓“0
cos ✓ sin ✓d✓ “ 0

We just evaluated 
these a handful of 
slides ago

� “ 1

48⇡

g4zE
2

p4E2 ´ M2q2 ` M2�2
ˆ

”
ppCf

V q2 ` pCf
Aq2qppCe

V q2 ` pCe
Aq2q

ı



106On Z boson width

� “ 1

48⇡

g4zE
2

p4E2 ´ M2q2 ` M2�2
ˆ

”
ppCf

V q2 ` pCf
Aq2qppCe

V q2 ` pCe
Aq2q

ı

Z boson mass = 91.2 GeV 
Z boson width = 2.5 GeV 
If E not near MZ, width term is negligible (at Z 
pole, it’s needed - otherwise we end up with 
infinite cross section!) Reason width is there is 
that Z has a finite lifetime (so it’s not a stable 
particle). EM (photon-mediated) contribution to 
the process is much bigger than neutral current 
process, except at Z pole

Predictions for
branching ratios 
to specific final 
states!



107CMS dimuon data

https://twiki.cern.ch/twiki/bin/view/CMSPublic/PhysicsResultsMUO#Invariant_mass_spectra_of_opposi



108Last comment on weak vector bosons

W

e
�

⌫ µ

⌫ e

µ
�

W e�

⌫µ

⌫e

µ� W

e
�

⌫µ

⌫e

µ
�

We �

⌫
µ

⌫
e

µ �

W+ W-

Z Z W

e
�

⌫ µ

⌫ e

µ
�

W e�

⌫µ

⌫e

µ� W

e
�

⌫µ

⌫e

µ
�

We �

⌫
µ

⌫
e

µ �

W+ W-

W+ W-
W e�

⌫µ

⌫e

µ� W

e
�

⌫µ

⌫e

µ
�

W

e�

⌫µ

⌫e

µ�W+ W-

Z

W

e
�

⌫ µ

⌫ e

µ
�

W e�

⌫µ

⌫e

µ� W

e
�

⌫µ

⌫e

µ
�

We �

⌫
µ

⌫
e

µ �

W+ W-

𝛾 Z W

e
�

⌫ µ

⌫ e

µ
�

W e�

⌫µ

⌫e

µ� W

e
�

⌫µ

⌫e

µ
�

We �

⌫
µ

⌫
e

µ �

W+ W-

𝛾 𝛾
W e�

⌫µ

⌫e

µ� W

e
�

⌫µ

⌫e

µ
�

W

e�

⌫µ

⌫e

µ�W+ W-

𝛾

We won’t study these vertices, but they exist, 
too!



109On to electroweak unification

Long history of unifying forces in physics. Most 
famous example is electricity and magnetism 
(Maxwell). Einstein (SR) then showed that they 
are one and the same thing, differing only in 
reference frame. Wouldn’t it be great to unify the 
weak force and E&M? 

First problem - their strength is very different! 
Solution (Glashow): Give masses to W/Z bosons 
and not to photon 

New problem - why are the masses so different? 
Solution: next chapter 



110Next problem with EW unification

Weak forces contain both axial and vector 
components, E&M contains a pure vector 
component 
New solution: redefine our spinors

 1 “ e´imt

¨

˚̊
˝

1
0
0
0

˛

‹‹‚, 2 “ e´imt

¨

˚̊
˝

0
1
0
0

˛

‹‹‚

 3 “ e`imt

¨

˚̊
˝

0
0
1
0

˛

‹‹‚, 4 “ e`imt

¨

˚̊
˝

0
0
0
1

˛

‹‹‚

Electrons

Positrons

Spin up

Spin down Spin up

Spin down
Remember the Dirac equation solutions:



111What are the eigenvectors of helicity?

Reminder that helicity h of a particle is the 
normalized dot product of its spin and direction of 
flight (h=+1 if spin is in same direction as motion 
and h=-1 if in opposite direction) 
Also remember - helicity is NOT Lorentz invariant 
(can always change direction of motion in 
different reference frame unless m = 0)

Spin matrix

ĥ “ ⌃̂ ¨ ~p
|~p| “ 1

|~p|

ˆ
~�¨~p 0
0 ~�¨~p

˙



112What are the eigenvectors of helicity?

Let’s find the eigenvalues of the helicity 
operator

Way back  
when ...

p� ¨ p̂quA “ p�uA

p� ¨ p̂quB “ p�uB

~p ¨ ~� “ px

ˆ
0 1
1 0

˙
` py

ˆ
0 ´i
i 0

˙
` pz

ˆ
1 0
0 ´1

˙
~p ¨ ~� “

ˆ
pz px ´ ipy

px ` ipy ´pz

˙

p~p ¨ ~�q2 “
ˆ

pz px ´ ipy
px ` ipy ´pz

˙ ˆ
pz px ´ ipy

px ` ipy ´pz

˙

p~p ¨ ~�q2 “
ˆ

p2z ` ppx ´ ipyqppx ` ipyq pzppx ´ ipyq ´ pzppx ´ ipyq
pzppx ` ipyq ´ pzppx ` ipyq ppx ` ipyqppx ´ ipyq ` p2z

˙

p~p ¨ ~�q2 “ p21

1

p

ˆ
�¨~p 0
0 �¨~p

˙ ˆ
uA

uB

˙
“ �

ˆ
uA

uB

˙



113What are the eigenvectors of helicity?

p� ¨ p̂quA “ p�uA

p� ¨ p̂quB “ p�uB

p� ¨ p̂qp� ¨ p̂quA “ p�p� ¨ p̂quA

p� ¨ p̂qp� ¨ p̂quB “ p�p� ¨ p̂quB Helicity 
eigenvalue = 

+/- 1

p2uA “ p2�2uA

p2uB “ p2�2uB



114What else can we say?

Also way back when 
we had for spinor 
components

�5 “

¨

˚̊
˝

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

˛

‹‹‚uB “ ~p ¨ ~�
E ` m

uA

�5u “

¨

˚̊
˝

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

˛

‹‹‚

ˆ
uA

~p¨~�
E`muA

˙

uA is a 2-component spinor



115Back to our favorite matrix 

�5u “

¨

˚̊
˝

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

˛

‹‹‚

ˆ
uA

~p¨~�
E`muA

˙

�5u “
ˆ

~p¨~�
E`muA

uA

˙

˜ p~p¨~�q
E`m 0

0 p~p¨~�q
E´m

¸
u “

˜ p~p¨~�q
E`m 0

0 p~p¨~�q
E´m

¸ ˆ
uA

p~p¨~�q
E`muA

˙
“

˜
~p¨~�

E`muA
p~p¨~�q2
E2´m2uA

¸
“

˜ p~p¨~�q
E`muA
p2

p2uA

¸

˜ p~p¨~�q
E`m 0

0 p~p¨~�q
E´m

¸
u “

ˆ p~p¨~�q
E`muA

uA

˙
“ �5u

What if the particle is massless?

Try this:



116In certain limits

�5u “
˜

p~p¨~�q
E 0

0 p~p¨~�q
E

¸

If m small (or E>>m)

But in that case, we get back helicity operator! 

E “ |~p| Ñ �5u “
ˆ pp̂ ¨ ~�q 0

0 pp̂ ¨ ~�q
˙



117Let’s define another two operators

Left-/right-handed projection operators

P˘ “ 1

2
p1 ˘ �5q

What is p⌃ ¨ p̂qpP˘uq if E>>m?

p⌃ ¨ p̂qpP˘uq “ 1

2

ˆ p� ¨ p̂q 0
0 p� ¨ p̂q

˙
p1 ˘ �5qu

“ 1

2

„ˆ p� ¨ p̂q 0
0 p� ¨ p̂q

˙
u ˘

ˆ p� ¨ p̂q 0
0 p� ¨ p̂q

˙
�5u

⇢

“ 1

2

“
�5u ˘ p�5q2u

‰
“ 1

2

“
�5 ˘ 1

‰
u “ ˘1

2
p1 ˘ �5qu “ ˘P˘u



118Algebra of projection operators

pP`P`qu “ 1

2
p1 ` �5q1

2
p1 ` �5qu “ 1

4
p1 ` 2�5 ` p�5q2qu

pP`P`qu “ 1

2
p1 ` �5qu “ P`u

pP´P´qu “ 1

2
p1 ´ �5q1

2
p1 ´ �5qu “ 1

4
p1 ´ 2�5 ` p�5q2qu

pP´P´qu “ 1

2
p1 ´ �5qu “ P´u

pP`P´qu “ 1

2
p1 ` �5q1

2
p1 ´ �5qu “ 1

4
p1 ´ �5 ` �5 ´ p�5q2qu “ 0

pP´P`qu “ 1

2
p1 ´ �5q1

2
p1 ` �5qu “ 1

4
p1 ` �5 ´ �5 ´ p�5q2qu “ 0

P´ ` P` “ 1

2
p1 ´ �5q ` 1

2
p1 ` �5q “ 1



119Algebra of projection operators

In massless limit, P- picks out the left-handed 
component of helicity and P+ picks out the right-

handed component of helicity 

If we’re not in the massless limit, can still define 
these operators and refer to them as the chiral 

components, even if helicity is not unique. Only in 
massless limit are the two equivalent



120Using these operators in electroweak unification

uLppq “ 1

2
p1 ´ �5quppq

uRppq “ 1

2
p1 ` �5quppq

vLppq “ 1

2
p1 ` �5qvppq

vRppq “ 1

2
p1 ´ �5qvppq



121What about the adjoints?

uLppq “
„
1

2
p1 ´ �5quppq

⇢:
�0 “ u:ppq1

2
p1 ´ �5:q�0

uLppq “ u:ppq1
2

p1 ´ �5q�0 “ u:ppq1
2

p�0 ´ �5�0q

uLppq “ u:ppq1
2

p�0 ` �0�5q “ u:ppq�0 1

2
p1 ` �5q

uLppq “ uppq1
2

p1 ` �5q

Similarly... uRppq “ uppq1
2

p1 ´ �5q

vLppq “ vppq1
2

p1 ´ �5q

vRppq “ vppq1
2

p1 ` �5q
<latexit sha1_base64="ZV9/8Nzx/+alWLNWyENa++Ksrw4="></latexit><latexit sha1_base64="ZV9/8Nzx/+alWLNWyENa++Ksrw4="></latexit><latexit sha1_base64="ZV9/8Nzx/+alWLNWyENa++Ksrw4="></latexit><latexit sha1_base64="ZV9/8Nzx/+alWLNWyENa++Ksrw4="></latexit>



122How does this help us?

W

e�

⌫µ

⌫e

µ�

e 𝜈e

9 ⌫�µ
1 ´ �5

2
e

Recall that we had this interaction….

Call this the weak current j+µ

ˆ
1 ´ �5

2

˙2

“
ˆ
1 ´ �5

2

˙

�µ

ˆ
1 ´ �5

2

˙
“

ˆ
1 ` �5

2

˙
�µ

Ñ �µ

ˆ
1 ´ �5

2

˙
“

ˆ
1 ` �5

2

˙
�µ

ˆ
1 ´ �5

2

˙

<latexit sha1_base64="fCSpnZKNjwKvlJx+QxSlW6CDPJU="></latexit><latexit sha1_base64="fCSpnZKNjwKvlJx+QxSlW6CDPJU="></latexit><latexit sha1_base64="fCSpnZKNjwKvlJx+QxSlW6CDPJU="></latexit><latexit sha1_base64="fCSpnZKNjwKvlJx+QxSlW6CDPJU="></latexit>

“Bar” is not anti-
particle,  
but adjoint!



123Weak current

W

e�

⌫µ

⌫e

µ�

e 𝜈e

j`
µ “ ⌫�µ

ˆ
1 ´ �5

2

˙
e “ ⌫

ˆ
1 ` �5

2

˙
�µ

ˆ
1 ´ �5

2

˙
e “ ⌫L�µeL

So vertex couples left-handed electrons to left-
handed neutrinos. This is now purely a vector 

coupling, just like in E&M



124What about electricity+magnetism?

Here, EM current is�

e�

⌫µ

e�

µ�

eR�µeL “ eL�µeR “ 0Since, as we saw:

Is it clear why that is?

jEM
µ “ ´e�µe “ ´peL ` eRq�µpeL ` eRq
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125Other weak current process

W

e�

⌫µ

⌫e

µ�

e𝜈e

j´
µ “ e�µ

ˆ
1 ´ �5

2

˙
⌫ “ eL�µ⌫L

�L “
ˆ

⌫e
e

˙

L

⌧` “
ˆ

0 1
0 0

˙

⌧´ “
ˆ

0 0
1 0

˙

Define:

j˘
µ “ �L�µ⌧

˘�L

Conveniently then write:

⌧˘ “ 1

2
p⌧1 ˘ i⌧2q

Just like Pauli spin matrices!



126What about neutral current?

W

e�

⌫µ

⌫e

µ�

e𝜈e

j´
µ “ e�µ

ˆ
1 ´ �5

2

˙
⌫ “ eL�µ⌫L

�L “
ˆ

⌫e
e

˙

L

⌧` “
ˆ

0 1
0 0

˙

⌧´ “
ˆ

0 0
1 0

˙
j˘
µ “ �L�µ⌧

˘�L

Conveniently then write:

Reminds us perhaps  
of isospin? Maybe current from 
Z boson is then... ⌧3 “

ˆ
1 0
0 ´1

˙

j3µ “ �L�µ
1

2
⌧3�L “ 1

2
⌫L�µ⌫L ´ 1

2
eL�µeL



127Not quite

NOPE!  Need neutral current to couple 
to right-handed components, too...



128“Weak hypercharge” current, instead

SUp2qL b Up1q

jµ “ 1

2
�L�µ⌧�L

In total we have three 
“weak 
isospin” currents

jYµ “ ´2eR�µ⌫R ` �L�µ�L

And weak  
hypercharge  
current in  
addition

Let’s check this definition of Y (weak hypercharge):

Symmetry of our new, combined theory!

jYµ “ 2jEM
µ ´ 2j3µ “ ´2eR�µeR ´ eL�µeL ´ ⌫L�µ⌫L “ ´2eR�µeR ` �L�µ�L
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129Glashow/Weinberg/Salam theory

Have three weak isospin currents coupling 
with the same strength to a “weak isotriplet” 
of vector bosons W (coupling gW), and an 
isosinglet vector boson B coupled to the 
weak hypercharge current (coupling g’/2). 
Write as:

´i

„
gW jµW

µ ` g1

2
jyµB

µ

⇢



130Expanding out

jµW
µ “ j1µW

µ1 ` j2µW
µ2 ` j3µW

µ3

jµW
µ “ 1?

2
j`
µ Wµ` ` 1?

2
j´
µ Wµ´ ` j3µW

µ3

W˘
µ “ 1?

2
pW 1

µ ˘ iW 2
µqW bosons 

observed

´i

„
gW?
2
j`
µ Wµ` ` gW?

2
j´
µ Wµ´ ` gW j3µW

µ3 ` g1

2
jyµB

µ

⇢
Plugging in to the interaction:



131What is this vertex then?

´i

„
gW?
2
j`
µ Wµ` ` gW?

2
j´
µ Wµ´ ` gW j3µW

µ3 ` g1

2
jyµB

µ

⇢

W

e�

⌫µ

⌫e

µ�

e 𝜈e

Back to when we first 
studied this, we get a term 
in matrix element from 
vertex of:

´igW
1

2
?
2
�µp1 ´ �5q

This is the term  
of interest (have 
W+) j`

µ “ ⌫L�µeL “ ⌫�µ
p1 ´ �5q

2
e

Vertex factor agrees!



132Neutral states

They mix! One of them is 
massless (photon) and 
other is the massive Z 
boson

Aµ “ Bµ cos ✓W ` W 3
µ sin ✓W

Zµ “ ´Bµ sin ✓W ` W 3
µ cos ✓W

Rewrite:
pAµ sin ✓W ` Zµ cos ✓W q “ W 3

µpsin2 ✓W ` cos2 ✓W q
Aµ sin ✓W ` Zµ cos ✓W “ W 3

µ

pAµ cos ✓W ´ Zµ sin ✓W q “ Bµpcos2 ✓W ` sin2 ✓W q
Aµ cos ✓W ´ Zµ sin ✓W “ Bµ



133Neutral states

´i

„
gW?
2
j`
µ Wµ` ` gW?

2
j´
µ Wµ´ ` gW j3µW

µ3 ` g1

2
jyµB

µ

⇢

Aµ sin ✓W ` Zµ cos ✓W “ W 3
µ

Aµ cos ✓W ´ Zµ sin ✓W “ Bµ

Neutral pieces:
´i

„
gW j3µ pAµ sin ✓W ` Zµ cos ✓W q ` g1

2
jyµ pAµ cos ✓W ´ Zµ sin ✓W q

⇢

´i

„
Aµ

ˆ
gW j3µ sin ✓W ` g1

2
jyµ cos ✓W

˙
` Zµ

ˆ
gW j3µ cos ✓W ´ g1

2
jyµ sin ✓W

˙⇢



134Electromagnetic coupling

´i

„
Aµ

ˆ
gW j3µ sin ✓W ` g1

2
jyµ cos ✓W

˙
` Zµ

ˆ
gW j3µ cos ✓W ´ g1

2
jyµ sin ✓W

˙⇢

jemµ “ j3µ ` 1

2
jYµ

Relates the 
electromagnetic 
and weak 
couplings!

gW sin ✓W “ g1 cos ✓W “ ge
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135Neutral current coupling

´i

„
Aµ

ˆ
gW j3µ sin ✓W ` g1

2
jyµ cos ✓W

˙
` Zµ

ˆ
gW j3µ cos ✓W ´ g1

2
jyµ sin ✓W

˙⇢

jYµ “ 2jEM
µ ´ 2j3µ

`
gW j3µ cos ✓W ´ g1jEM

µ sin ✓W ` g1j3µ sin ✓W
˘

j3µ
`
gW cos ✓W ` g1 sin ✓W

˘
´ g1jEM

µ sin ✓W

gW “ ge{ sin ✓W
g1 “ ge{ cos ✓W

j3µ

ˆ
ge

cos ✓W
sin ✓W

` ge
sin ✓W
cos ✓W

˙
´ gej

EM
µ

sin ✓W
cos ✓W

gW sin ✓W “ g1 cos ✓W “ ge
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136Neutral current coupling

j3µ

ˆ
ge

cos ✓W
sin ✓W

` ge
sin ✓W
cos ✓W

˙
´ gej

EM
µ

sin ✓W
cos ✓W

Define: gZ “ ge
sin ✓W cos ✓W

gZ
“
j3µ

`
cos2 ✓W ` sin2 ✓W

˘
´ jEM

µ sin2 ✓W
‰

gZ
“
j3µ ´ jEM

µ sin2 ✓W
‰



137Now we’re getting somewhere...

Couplings to 
Z boson are  
of the form:

j3µ “ �L�µ
1

2
⌧3�L “ 1

2
⌫L�µ⌫L ´ 1

2
eL�µeLRecall:

⌫L�µ⌫L “ ⌫
1

2
p1 ` �5q�µ

1

2
p1 ´ �5q⌫

⌫L�µ⌫L “ 1

4
⌫p1 ` �5q�µp1 ´ �5q⌫

⌫L�µ⌫L “ 1

4
⌫�µp1 ´ �5qp1 ´ �5q⌫

⌫L�µ⌫L “ 1

4
⌫�µp1 ´ 2�5 ` p�5q2q⌫

⌫L�µ⌫L “ 1

4
⌫�µp1 ´ 2�5 ` 1q⌫

⌫L�µ⌫L “ 1

2
⌫�µp1 ´ �5q⌫

j3µ “ 1

4

“
⌫�µp1 ´ �5q⌫ ´ e�µp1 ´ �5qe

‰
So:

´igZ
“
j3µ ´ jEM

µ sin2 ✓W
‰



138Now we’re getting somewhere...

Couplings to 
Z boson are  
of the form:

j3µ “ 1

4

“
⌫�µp1 ´ �5q⌫ ´ e�µp1 ´ �5qe

‰

jEM
µ “ ´e�µe

Compare with 
Neutral weak 
vertex factor:

´igZ
2

�µpcfV ´ cfA�
5q

´igZ
“
j3µ ´ jEM

µ sin2 ✓W
‰

´i
gZ
4

“
⌫�µp1 ´ �5q⌫ ´ e�µp1 ´ �5qe

‰
` igZ sin2 ✓W e�µe
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139Now we’re getting somewhere...

Couplings to 
Z boson are  
of the form:

Compare with 
Neutral weak 
vertex factor:

´igZ
2

�µpcfV ´ cfA�
5q

For neutrinos: ´igZ
2

�µpcfV ´ cfA�
5q “ ´i

gZ
4
�µp1 ´ �5q

cV = 1/2, cA = 1/2

´igZ
4

“
⌫�µp1 ´ �5q⌫ ´ e�µp1 ´ �5qe

‰
´ i sin2 ✓W e�µe



140Now we’re getting somewhere...

Couplings to 
Z boson are  
of the form:

Compare with 
Neutral weak 
vertex factor:

´igZ
2

�µpcfV ´ cfA�
5q

For electrons:

cV = -1/2+2sin2θw , cA = -1/2

´igZ
4

“
⌫�µp1 ´ �5q⌫ ´ e�µp1 ´ �5qe

‰
´ i sin2 ✓W e�µe

´igZ
2

�µpcfV ´ cfA�
5q “ `i

gZ
4
�µp1 ´ �5q ´ i sin2 ✓W �µ



141Let’s try this out for quarks

Couplings to 
Z boson are  
of the form:

´igZ
“
j3µ ´ jEM

µ sin2 ✓W
‰

� “
ˆ

u
d

˙

j3µ “ �L�µ
1

2
⌧3�L “ 1

2
pu dqL�µ

ˆ
1 0
0 ´1

˙ ˆ
u
d

˙

L

j3µ “ 1

2
pu dqL�µ

ˆ
u
-d

˙

L

j3µ “ 1

2
puL�µuL ´ dL�µdLq

j3µ “ 1

2

ˆ
u

p1 ` �5q
2

�µ
p1 ´ �5q

2
u ´ d

p1 ` �5q
2

�µ
p1 ´ �5q

2
d

˙
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142Let’s try this out for quarks

Couplings to 
Z boson are  
of the form:

´igZ
“
j3µ ´ jEM

µ sin2 ✓W
‰

jEM
µ “

ˆ
2

3
u�µu ´ 1

3
d�µd

˙
and

j3µ “ 1

2

ˆ
u

p1 ` �5q
2

�µ
p1 ` �5q

2
u ´ d

p1 ´ �5q
2

�µ
p1 ´ �5q

2
d

˙

j3µ “ 1

8

`
up1 ` �5q�µp1 ´ �5qu ´ dp1 ` �5q�µp1 ´ �5qd

˘

j3µ “ 1

8

`
u�µp1 ´ �5qp1 ´ �5qu ´ d�µp1 ´ �5qp1 ´ �5qd

˘

j3µ “ 1

4

`
u�µp1 ´ �5qu ´ d�µp1 ´ �5qd

˘
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143Let’s try this out for quarks

Couplings to 
Z boson are  
of the form:

´igZ
“
j3µ ´ jEM

µ sin2 ✓W
‰

jEM
µ “

ˆ
2

3
u�µu ´ 1

3
d�µd

˙
j3µ “ 1

4

`
u�µp1 ´ �5qu ´ d�µp1 ´ �5qd

˘

Compare with 
Neutral weak 
vertex factor:

´igZ
2

�µpcfV ´ cfA�
5q

For up quarks:
cV = 1/2-(4/3)sin2θw  
cA = 1/2

For down quarks:
cV = -1/2+(2/3)sin2θw  
cA = -1/2



144That is what we wanted!

f cV cA

⌫e, ⌫µ, ⌫⌧
1
2

1
2

e, µ, ⌧ ´1
2 ` 2 sin2 ✓w

´1
2

u, c, t 1
2 ´ 4

3 sin
2 ✓w

1
2

d, s, b ´1
2 ` 2

3 sin
2 ✓w

´1
2



145You might be asking

The symmetries we examined are clearly not 
intact in the final results (they are ‘broken’) - why 
is the photon massless but the W and Z bosons 
are not? Are we ready for your (presumably) first 

introduction to field theory? :)



146But first some homework

9.5, 9.16, 9.29, 9.30, 9.31 (you may want to use 
the results from problem 9.1, which you do not 

need to prove) 

And you should have a close to final 
presentation already by now!


