(a common phrase heard in
this course)



On to the weak interactions .

Because they are
massive, they
can have three
spin polarizations

Several differences
between W* and Z bosons
and QED/gluons, most

noticeably the fact that W
. (vector boson!),
and Z bosons are quite .
. not just two. So
massive .
we impose
B Lorentz condition
mw = 80.4 GeV
_ but not the
mz = 91.2 GeV
Coulomb gauge
e'p, =0 Lorentz condition

= =l = § ===y = § =Goulomb gauge= - -



Changes to matrix element calculation for weak theory

L]

Weak vector boson
propagator:

"d(QMV'_'qqu/A42)

q? — M? +iMT
Where last term in
denominator is the decay
width of the new object
For g2<< M2 and large M
we can often reduce this
to:

19
M2




Changes to matrix element calculation for weak theory

q q
\Y i
_gw'u 5
1_
2\@7( v?)
q q

What are the two types of terms that we're
adding here”? Anyone remember?



Changes to matrix element calculation for weak theory

q q
\Y i
_gw'u 5
1_
2\@7( v?)
q q

We are adding a vector to an axial vector,
which violates parity! It violates it... maximally,
as we'll see. (\V-A) coupling



Inverse muon decay

(2m)*0%(p2 + q — pa) You might get

Z this from a muon
neutrino beam

d4q hitting a tank of
water

Assume
small
momentum
transfer




Inverse muon decay

Apply Casimir’s trick:

N [a(@)Tru(b)][a(a)Tau(b)]* = Trace[Ty (p, + my)Ta(p. + my)]

spins



Inverse muon decay

M = g T3 (1= O, = 77)u(2)]

4

M| = 65]@% [@(3)y" (1 = ) uW][EA) 7, (1 = y*)u@)][@3)y" (1 = " )u)]* [a@(4)7 (1 — +”)u(2)]*

Apply Casimir’s trick:
Z [w(a)l1u(b)][u(a)lau(b)]® = Trace[I'1 (p, + mp ) Lo (P, + ma)]

64M4 Triy*(1 =) (p, +mai)y” (1= °) Py + ma)|Tr[v,(1 = 2°) (P, + ma)y (1 —~5)(p, + ma)]

M =

Neutrino masses ~0 (m2 = m3 = 0)

M = 649;;4 Trly (1 =), +me)r” (L= D) P11 = 22 (B3 (L= 79) (B, + )]



Inverse muon decay and some gamma matrix math

IMP? = IV ey (1= 25 (p, + me) (T — ) (p)ITr (1= 7°) (p,) 70 (L — 70 (p, + my)]

64M,

,.y5'f' _ _273—{-/721-711-/701-

T = —i(=) (=) (=" ()

5T = 7B 2a1n0
VST = iy 2aBala0 = iy 2a1a340
VBT = iy 2ala0n8 — jyla24043
VBT = iy 2ala0n3 — y240n143

0.2.1_.3 - 0. 1.2 3 __

T = =%y 1y% = iyt =y

7t = A0 = 4
75 _ 7:/}/0’71/72/7/3

Yu7® =7 (7u°)1H°

7® =TI = %A

uY? = =710 = = = °
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Inverse muon decay

IM[* = 6495”4/4 Triy* (1 =) (P, +me)y’ (1 =) P T (1 =) @) (1 = 7°) (B, + my.)]
w

M[* = 649]?;4 Triy* (1 =) (p, +me) (v ="y ) BTy (1 =) (B,) (= 1) (P, + )]
w

Focus on first trace

T,y =1 B P - v“w>§<% —

AP AP, — v%v”p?, + Yy Y,

Tr(v#4"77) =0
Tr(y*~¥~°4*~P) =0 Any odd

v o o number
Tr(y#9" 77 7*%) = 0

5 = O ly2a3

Tr(y°) = Tr(y>y"9") =0

Reminders:



Inverse muon decay

Ty p Y Py — VPV Py — P Py AP

Use: YHy® = =Bt Py =1
Tr[y'p, v By — PPy = P B PP

2T [, 7 P, + VP, B,

-1 for even permutation of 0123
+1 for odd permutation of 0123
Use: / 0 for repeated indices

Tr(y" "y "y ) = die'



Finally getting to the traces:

207 [P,y Py + 7V PP,

Commute ] y . y ]
for nicer  2T7(v'p v Py — VYV PP
ordering

Then we get: \
S(Zﬁpg + plfpléf — "' p1 - p3 — e qupsa)

And
second trace must be:

3(P2uPav + P2vPay — GuwP2 - Pa — ieuvaﬁpgpf )



So total matrix element (almost there)

Finally:

4
g .
‘MF - 64]\V;4 3(P2uPav + P2vPap — JuwP2 " Pa — Ze,uuozﬁpgpf) X
W

S(pYph + piph — g"p1 - p3 — 1€" P piapss)

‘M|2 _ g%/
My,

(ph'pY + pips — g"'p1 - p3 — 1€ prapss)

(p2,up41/ + P2vPap — GuvP2 - P4 — ieul/aﬁpgpf) X



So total matrix element

|M|2 _ g%/
My,

(ph'ph + pYph — g" ' p1 - p3 — 1" piapss)

(p2,up41/ -+ P2vPap — GuvP2 - P4 — ieuyaﬁpgpf) X

4
g
IMI* = M—VZ((pl -p2)(p3 - pa) + (p1 - pa)(p2 - p3) — (P2 - pa)(P1 - p3) + (P2 - p3)(P1 - Pa) + (1 - p2)(P3 - Pa)—
W
(p1-p3)(p2 - pa) — (p1 - p3)(P2 - Pa) — (P1 - p3)(P2 - P1) + 4(p1 - p3) (P2 - Pa)
—i€uroDsD] (PP + PP — 9" p1 - p3)
_Z.EHVAGPIAPBJ <p2,up4u + P2vPap — GuuvP2 - p4)

A VA
_e,uz/)\crp2 pZ€M UPlAPBa)

2 _ Gw
M|” = ML
(p1-p3)(p2 - pa) — (P1-p3)(p2 - pa) — (P1 - P3)(P2 - pa) + 4(p1 - P3) (P2 - Pa)

—i€wapDs Dy (DDY + Piph — " b1 - p3)

—i€"" 2 p1aD3o (PouPav + P2uPay — Guub2 - Pa)

((p1-p2)(P3 - pa) + (P1 - P4)(P2 - P3) — (P2 - P4)(P1 - P3) + (D2 - P3)(P1 - P4) + (D1 - P2)(P3 - Pa)—

_G,uyaﬂp%pzl eluy)\aplkp?m)



Simplifying the mess

G
My,

—i€uapp3 vy (DVD5 + DYDs — 9" D1 - p3)
—i€" " p1Ap3o (P2uPav + D2uPay — Guvb2 * Pa)

_ew/aﬁpgpg €,u1/>\ap1 Ap?)a)

M|? = (2(p1 - p2)(p3 - pa) + 2(p1 - pa)(p2 - p3)

First terms in () the
same, but epsilons have
opposite sign! These all

Look at terms like:
cancel

i€01a5P5 P (PIPs + P1p3) +

i€10a505D4 (P15 + PID3) + ...



Simplifying the mess

4
M =

M—XL/LV(Q(ZH - p2)(p3 - pa) + (P1 - pa)(P2 - P3)

i€ uappSpy ("1 - p3)

‘|‘7;€'uy>\0p1>\p30 (g,ul/p2 'p4)

_E,ul/ozﬁpgpf EHV)\Jpl )\p30)

Terms like
i€ uappSpy ("1 - p3)

Epsilon only non-zero when p!=v, but
term in () only non-zero when p==



Simplifying the mess

4
IM|* = —]\gﬁ (2(p1 - p2)(p3 - Pa) + 2(p1 - pa)(p2 - P3)
W

—€uvapf GW)\apgpfpl APSU)

What is?  €uase’” ™ amustbeAoro
for terms to be

VAo __ ASO  SASO .
€pvape’’ " = Al0g05 — 030, ] non-zero. And it

To find A, let’s try s anti-symmetric
A=2, 0=3 INAand o
€uvape’?? = A[6265 — 6507 Clear?

s — A[625% — 5263] — A \
GMV23€'LW23 = 6012360123 -+ 6102361023 = —|—1(—1) + —1(—|—1) = —2 = A



Simplifying the mess

4
g
M|? = M—VZ(Q(pl - p2)(ps - pa) + 2(p1 - pa)(p2 - p3)
W
—GMVaBGMMUPCQngplAPSJ)
M2 = 9w 9
M= = e (2(p1 - p2)(p3 - pa) + 2(p1 - pa)(p2 - P3)
W

+2p5 Py p1apso (9005 — 0367))

4
M =W

27 2(P1-p2)(Ps - pa) + 2(p1 - pa) (P2 - p3) + 2(p1 - 2)(P3 - pa) — 2(p1 - pa)(p2 - p3))
%

’M‘2 _ 49{4/[/

Mév((pl -p2)(p3 - Pa))



Almost done

4g%
2 _ |14
Finally, we want to average over Iinitial spins, but
massless neutrino has only one spin
configuration, so divide by 2:

((p1 - p2)(p3 - pa))

2 4
MP? = W

M—év((pl - p2)(p3 - pa))



As always, pick a frame

IP1|=|P2|=p:
|P3|=|P4|=pr
Ei+E2 = 2E
2E =E3+ E4
pi| =FE

2B =,/ E} —m2 + By
2F — By = B} —m2

AE* + E3 —4AFE, = Ej —
AE? —AFEE, = —m?

n

AEE, = AE® + m,

Ey=E+m;/AE
Es = E—m;/AE

2
my

= W (1 o) (ps - pa)

Assume

massless

electron. P3
Pick center D1 0

of mass > < D2

frame where
Ei=E>=E p4”

P1-pP2 = E? +Pz2 = 2F”
ps-pa = E3Ey + p} = EsBy + E3
p3-ps = (E + mi JAE)(E — mi/4E) + (E — mi/élE)Q




As always, pick a frame

— 1 ((p1-p2)(p3 - pa))

D1 - P2 :EQ%—pZ2 — 2F?
ps-ps = EsEy + p7 = EsEy + E3
ps-ps = (E+m,/AE)(E —m;,/AE) + (E —m, /AE)?
ps-ps = E* —m},/(16E%) + E* + m},/(16E%) — m_, /2
ps - py = 2E% — mi/Q




Differential cross section

2
8L gy My

M3, =15
do 1 M]*  |pyl
dQ  64n2 (B + E2)? |pi

M|* =

do 1 |M]*> E—my2/4E
dQ)  64r2 (2F)2 E

do E%E‘{q%/(1 mi ) 1 1 E—m,/4E
aQ M AE2’ 6412 (2F)2 E




Total cross section

do  8E*gy, . m> 1 1 E—m,/4F

QM3 = 152 G2 (2F)2 E
d_O' _ E29{4/V (1_ mi )E—muz/llE
dQ  32w2ME, AE? E
do E?gt, m2

A 1] — ——)(1 — 2 J4E?
10 327T2M4( 4E2)( 2 [AET)

dQ 327T2M;;/ AE?




Again, let's take a breather

Any suggestions, other
than... PHEW?



Muon decay (something more tangible)

Assume
small
momentum
transfer




But we evaluated this already

u(2) became v(2), which changes the sign on the
mass term of a neutrino, which is zero anyway
One of the delta functions is also different, but it
gets canceled. So at least this part is simple :)

205
M|? =
My,

Let's evaluate in muon rest frame, and assume
zero electron mass (valid vs muon mass) so:

((p1 - p2)(p3 - pa))

p1 = (my,0) — (p1 - p2) = m,F>
p1=p2+ps+ps— (p3+pa)’ = (p1 — p2)°
(p1 —p2)® = p7 + P53 — 2(p1 - p2) = My, — 2m, By
(s +pa)® = p5 + D3 +2(p3 - pa) = 2(p3 - p1) = m’, — 2m,, B

ps - pa =m,/2 —m,Es

26



But we evaluated this already

M? = 2T (1 By (022 — m, )

2

gwm
M = P s (i, — 21 )
W

Way way back we found the decay rate for any
particle from Fermi's Golden Rule:

— P2 — P3ee. — P) X




Fermi’'s golden rule here

If decay products are massless, that simplifies
things a bit. Here n=4 in total, so...

dI = 2mlf|M| (27)*0*(p1 — p2 — P3-.. — D) ¥

ﬁ 1 d°p;
ik 24/pj2 + m? (27m)?

dr = lef\/\/ﬂ (27)*0*(p1 — p2 — p3 — pa) X

d>po d°ps d°pa4
(2m)32|p2| (27)°2|ps]| (27)°2|p4]




Let’s work it out...

6*(p1 —p2 —p3s —ps) = 0(Ey — By — B3 — E,)6°(p1 — P2 — P3 — P4)

p1 =0
Ei =m,
Es = |p2
Fs = |ps
Fy = |pa

6*(p1 — p2 — p3s — pa) = 6(m,, — |p2| — |ps| — |P4])8° (P2 + P3 + P4)

1
dr = p— J\MI (2m)*6(my, — [p2] — |P3| — |p4|)d° (P2 + P3 + Pa) X
d3P2 d3P3 d3P4
(27)32|p2| (27)32|p3| (27)32|p4]

2

4
. g m
with  |[M|? = %ﬂ!pz\(mu—?\m\))
W




Let’s work it out...

1
dr = 5 | |MP(2m) S(m, — [p2| — Ips] ~ [PaD5* (P + Pa + Pa)

d3P2 d3P3 d3P4
(2m)32|p2| (27)32|ps| (27)32|p4|

p3 integral gives
M|
16(27)5my

ir — fam— Ps| — [p2 + pa| — [pal) %

d°pad’py
P2||P4||P2 + P4

Two integrals left. Let’s point p4 along z axis so:

d’py = |pa|*d|p2|sin fd¢dd



Let’'s work it out...
M|?

dl' =

6(my, — — _
16(27-‘-)5m1 J (m,u |p2‘ |p2 + p4| |p4|)><

d3P2d3P4
P2||P4||P2 + P4l

d>py = |p2|?d|p2] sin Odeds
P2+ pal® = [pa|? + |pal? + 2|pal|ps| cos 6 = 2 Define u

2udu = —2|ps||p4| sin O here (to
replace
¢ integral gives 21T %)

|M\2 d3p4 d|P2\

dl' =
16(2m)*my |p4| |pP2 + P4l

p2| J5(mu — |p2| — |P2 + P4| — |P4|) sin 6d6



Let’s work it out...

u = [p2 + p4
2udu = —2|p2||p4| sin 6dO

_ M &ps_dlpo |

a- 16(27)*m |p4| |P2 + P4 P2 J5(m“ — |p2| — |p2 + P4| — |p4]) sin 6d0
—|M[?  d’pa J
dF = d 5 m, — o — du
16(2%)47711 ‘p4’2 ‘pQ‘ ( H ’p2’ ‘p4‘)
Limits of -
j = + |pal® + 2 cos 0

Integration: VIP2|? + [pa? + 2[p2||p4]

0 =0— uy =+/|p2? + [Pa]?> + 2|p2||pPs| = V/(IP2| + |Pal)?
uy = |p2| + |p4l
0 =m — u_ =+/|p2? + [pa]? — 2|p2||psa| = V(|P2| — |P4])?
u_ = |(|p2] — [pal)]




Let’s work it out...

M2 d¥py
dl = M| ~d|p 2|J m, — |p2| — u — |p4|)du

16(27‘(’) m1 ]p4]2

Removed minus |~ _ p2| + |p4l

sign for limit

owap u— = |(Ip2| — [pa)

Does integral

= ?

fur110c:iro(r)1 .cc?r?t?iigteel:[?a " <]p(2\ prl\32<|;‘_p4|) -

Only if ... pal — [p2| < u_
p2| — [Pa| < My — [Pa| — |P2]
P4| — |P2| < my — |P4| — P2



Back to delta function

u_ < (my, — |psl — [pal) < uy
p2| — |pa| S u-

P4| — |P2| < u—
So we get from the [Pz — [Pal < my — |pal — |p2]
u- inequality: p4| — |P2| < my — |Pa| — P2

A

Does integral

=1 or 0? Does delta p2| < m,/2
function contribute? sl < my/2
Only if ...

34
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Back to delta function

u_ < (my, — pa| — |pal) < us

P2| + |Pa| = uy

So we get from the
J m,, — |pa| — |P2| < |pP2| + |P4]

u+ inequality:

Does integral Dol + [pal = s
=1 or 0? Does delta

+ 2
function contribute? (IP2| + [pal) < 1/
Only if ...



So putting limits together

2

3

—

4
—

2 gets half of

9
energy P2 <mu/

P4l < my/2
(Ip2| + [pal) < my/2

4 gets half of
energy

4 gets less than half of

energy, 2+3 get a bit more



Going back to the integral

2 3
T M| d°p J

d
( )ml \P4\2 ‘ 2|

Becomes ...
|./\/l|2 d3
dl' = d
16(2m) iy [pa2 P!
with ...
4 2
gy m
MP? = 2 po|(my, — 2[pa))
W

— |p2| —u — |p4|)du

Now be Careful to include |[M|? in integral

gW ,u
I —
16(27 ) my M2, f'pQ‘

o 2‘p2|) ‘p4|2d|p2|



Evaluating integrals

gW ,LL d3p4
I' = — 2 d
|p2‘<mﬂ/2 mu ‘ ‘<’ ‘<m,u
pal| < mﬂ/g So 9 P4 P2 5
(Ip2| + [Pal) < m/2
 gwmy d>pa [mM:L‘2 2x3]x7
16(27T)4M‘%V |p4|2 2 3 ZUZ%—|I)4|
_ gé{/mu Paf="" d°py m,u‘p4|2 B g‘p ‘3
6m) MY Jpgco P\ 2 3



Evaluating integrals

ghym, (P Bpy (mulpa® 2
9 3’P4|
|

- 16(2m)AMyy Jp, =0 [Pal?

d’py = 4r|pa|?d|pyl
For massless electron, Ee = |p4

="
_ _gwmy f 2 m“E2—gE3 dE
647T3M€/LV E=0 2 3

dl’ g{‘;vmu m,, F? B gES
dE 643 M3\ 2 3




A nice plot from Griffiths

dl’ g‘vlvmu

dE ~— 64m3 M3,

L ] J | I | ! | 3| |
.
‘l’

15 X 10° |— —
L
>
O
s
(Ve
o~
o
o

a8 10x10% -
bt
g
S

s i
5
£
£
=
2

5X 102 |- —

-

| L | ! | \ | ! 3 k

L
0 10 20 30 40 50
Positron momentum (MeV/c)

Fig. 91 Experimental spectrum of positrons
in pt — et + ve + v,. The solid line is
the theoretically predicted spectrum based
on Equation (9.33), corrected for electro-
magnetic effects. (Source: Bardon, M. et af.

at TRIUMF, Vancouver, BC.}

{(1965) Physical Review Letters, 14, 449. For
the latest high-precision data on muon de-
cay go to the TWIST collaboration web site

(%2 -2x)
2 3
Note: In the SM,
there are no muon
decays without
neutrinos. But that
might happen in BSM
theories! What would
we see if muons
could occasionally

decay directly to
electrons”? muZ2e!



Total decay width

E="1n
T — g%ﬁ/mu J ? <mME2 o 2E3> dE

64T M g, 2 3
4
T — Gy My M,
6473 M, 96

1 6144m3 M3,
T === 1 5
I’ gw ™,
Plugging in numbers... muon lifetime is 2.2
microseconds, but that is in muon rest frame.

BIG time dilation factors



As Griffiths points out

Weak fine structure constant/weak coupling
Is LARGER than EM coupling by ~x5! It is
weak due to the massive nature of W/Z
bosons



Decay of the neutron

In principle (as Griffiths does) we could use

the same formalism to calculate the lifetime

of the neutron. We know of course that this
will not be the full story, since the decay

involves quarks, and not protons. Reminder

that neutron lifetime (15 minutes!) is so long
because of phase space considerations:

masses of neutron and proton are so close

together



Decay of the pion

U

N

44

Decay of charged pion
to leptons. Note that
we skipped the
discussion of form
factors earlier. General
problem: We don't
know the overlap
between the wave
functions of the quark
(if they are far apart in
the pion bound state,
then decay via this
mode is less likely)



What can we do instead?

We know the
coupling of the
W to the
leptons. Let's
try and be as
general as
possible on the
coupling of the
pion to the W

“Form factor” describing the blob must be a
4-vector (has to contract with y,)



What form can F take?

(27T)454 (p — p2 — p3) V 3 ’
—igW Z
p__3v2 |
- =======- (1-+) d*p
(2m)*
Ny
p3 u =

F must be be of form (Fv), but what must it
be? Only quantity it can depend on is p, so
it must be of form fpH, where f is the pion
decay constant (this is the unknown that we
get instead of the wave function overlap)



The matrix element

(27T)454(p—p2 _pS) V 7 Z.
—tgw
p__3v? !
M =======- -7 4
(1-197) (27T)4d D
N\
p3 U l_

d*p
(2m)*

M = [ 2 (1= A ) e (<02 £ 2m) (0= p2 = )



The matrix element

Sum over outgoing spins
and apply Casimir tricks.
Also, we know that m2 =0

<IMP = (BI) el (- el

[[@(3)][* (1 = A2 [w(2)]p,]”



The matrix element

< IMP > (L9 e (- 1) )n.

[[@(3)][v"(1 — )] [0(2)]pu]”

Z [w(a)T1u(b)][u(a)lau(b)]* = Trace[I'1 (p, + my )L (P, + ma)]

spins

<IMP = (B0 ) ol (1= 97)p, — mayP (T3, + ma)

<IMP 2= () ol (1= 27) (0 = ), + )

S(plips + pYpk — g" ' p1 - p3 — i€ Piapss )
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The matrix element

< IMP = (B i e (1= 27) )0 (=) + )

hankfully, we calculated that trace
already...

< IMP = (FE) 5y T (=)0 = ), 4 )

2

fﬁg2 1 v v - UVAC

< [M|? >= (8M‘§V 8pupy (Phps + PEDS — 9" (P2 - p3) — i€ parpss)
1%

P =DpP2 +pP3 —
(p-p2) =p3 + (p2-p3) = (p2 - p3)
(p-p3) =p3+ (p2-p3) = (p2 - p3) +m;
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The matrix element

2

f7T92 v 1% v - [V

< [MJ? >= <8M§V 8pupy (Phps + PEDS — 9" (P2 - p3) — i€ parpso)
W

(p-p2) = p5 + (p2 - p3) = (p2 - p3)
(p-p3) =p3+ (p2-p3) = (p2 - p3) + m;

p* = (p2 +p3)° =m?

p3 + p3 + 2(p2 - p3) = m; + 2(p2 - p3)

2 2
ms —m
(p2'p3)= 9 l =(p°p2)
2 2
m2 +m
(p'ps) = 9 l
f?TgIz/V ’ 2 . A
< M[|? >= (8M2 ) 8((p-p2)(p-p3) + (p-p2)(p-p3) — p*(p2 - p3) — i€"" 7 pLpLP2:P3s)
%74

Using earlier trick, epsilon terms will cancel...

"N p DL PaAD3e = €N DD1DoAD3s + €0 Dop1D2AP3s ..
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The matrix element

< |MJ? >= (gﬁ‘;") 8((p-p2)(p-p3) + (p-p2)(p-p3) — p°(p2 - p3))

M2 = fr s m?2 mlm +ml m%—m%m%%—m%_ 5 M2 — M3
< IM|* >= SMZ, m

2 2 " 2
2
< ‘MP > fWgI%V g mjlr_m;l _m_le_I_m?rle
-\ 8M32, 2 2 2

2
frg? m2m? —m;
< M|* >= (8 ol CE
My

2 fr9iv ’ 2, 2 4
< M|* >= e (mimj —m})
%




What is pion decay rate?

Recall for a matrix r_ P M2

element that factorizes: ~ 8mm?

2 f?TQXQ/V i 2 2 4
< |M|* >= T2 (mimj —m})
1%

And we even calculated the momentum
way back then:

1
r=|p2| = %\/m‘f + m5 + m3 — 2m3m3 — 2mim3 — 2mims3
1 4 g 2 0 2
r=|pz2| = 5 mi 4+ m; — 2mZm;
My
Here: 1
2 2
r=|p2| = 5—(mz —mj)

2m, =



What is pion decay rate?




We can’t calculate absolute rate, but we can do ratios

Agrees with experiment, but that is odd,
because phase space arguments would
predict the opposite! What is going on?

Note that if lepton mass is zero, decay rate
Is predicted to be zero! Why is that? Must
have something to do with V-A coupling...



On V-A coupling and pion decay

Pion Is spin zero, so in its rest frame its
decay products must have opposite spin

But anti-neutrino is always right-handed,
which means the electron must be right-
handed too

If electron had zero
mass, it would only be
[, Jeft-handed. Helicity

suppression

(Aside: What about decays to taus?)



W bosons in top quark decays

Top quarks provide a source of polarized W
bosons! In the limit of mp = 0, there are no
positively polarized W bosons produced in

top quark decays (at leading order).

Negative Zero Positive
helicity helicity helicity

1—>1
11 "

http://www.scholarpedia.org/article/File:Whelicity.png



W bosons in top quark decays

Top quarks provide a source of polarized W
bosons! In the limit of mp = 0, there are no
positively polarized W bosons produced in

top quark decays (at leading order).

1 d 3 3 3

;dcozg” o (1 — cos® 0*) Fo + g(l —cos8*)? FpL + 3 (1 +cos6*)* Fr
2 oAgETTT T ———  (* is the angle between the W
g ol wmenaner wws” | boson decay product and the
Som) reversed flight direction of the

0.1 '

b quark from the top quark

llllllllllllllllll|lll

gigj decay, in the W rest frame (not
o021 e that we must pick which b

T Y Sy R R R PR R quark is the right one, then!)

arXiv: 1612.02577 cos 6



W bosons in top quark decays

https://twiki.cern.ch/twiki/bin/view/LHCPhysics/LHCTopWGSummaryPlots#W_boson_helicity

ATLAS+CMS Preliminary November 2017
LHCtopWG total stat
B Theory (NNLO QCD

PRD 81 éo(m)msos (R) ) FR FL FO

—o—#—— Data (FR/FL/FO)

—c

1

ATLAS 2010 single lepton, s=7 TeV, L =35 pb”
ATLAS-CONF-2011-037

H—e—H
ATLAS 2011 single lepton and dilepton, Ys=7 TeV, L =1.04 fo! He g
It
e
Il
L

JHEP 1206 (2012) 088

CMS 2011 single lepton, {s=7 TeV, L _=2.2fb" *
CMS-PAS-TOP-11-020

LHC combination, {s=7 TeV
LHCtopWG

ATLAS-CONF-2013-033, CMS-PAS-TOP-12-025

ATLAS 2012 single lepton, s=8 TeV, L _=20.2 fio!
EPJC 77 (2017) 264

CMS 2011 single lepton, Ys=7 TeV, L _=5.0fb”
JHEP 10 (2013) 167

[ |
s
CMS 2012 single top, Ys=8 TeV, L _=19.7 fb fe- Fof
JHEP 01 (2015) 053
i
el

CMS 2012 single lepton, s=8 TeV, L _=19.8 fb”
PLB 762 (2016) 512

CMS 2012 dilepton, {s=8 TeV, L _=19.7 fb” He-
CMS-PAS-TOP-14-017

* superseded by published result | | 1 | |

0 0.5
W boson helicity fractions




On to charged weak interaction of quarks

In lepton sector, W couples only within a
lepton generation (this is why electron
number, muon number and tau number are
conserved).

Wt set +u,

Lt

€

_)7-



On to charged weak interaction of quarks

In quark sector, might expect something
analogous to hold

Coupling is
B4 predominantly but
= ot entirely within
a generation
(there is no
“conservation of
1st generation of
quarks”)

o I

Three Generations of Matter



On to charged weak interaction of quarks

This is how 2nd and 3rd generations of
quarks can decay to the lighter 1st
generation quarks

As we have

mp] discussed, the mass

= cigenstates that we

] know of are not the

Td same eigenstates of
& the charged weak
Interaction, but

instead are slightly

H HI I rotated

Three Generations of Matter




Charged weak interaction vertices

d u S u

1 — cos 0,
vz ) (1=7°) /2

6. (Cabbibo angle, after Nicola
Cabibbo, who proposed it), is
small (13°), so that

strangeness-violating decay is
weak




Example usage

%%

d u S u
. _igW 5\ -
—igw _, 5 (1 =77) sin b,

1 — cos 0,
vz ) (1—=97) /2
DK™ > 1—47) i, oy (mx)’ mi(mi —mi)’
D(r= =1~ +1)  f2 tan e (mK) mi(m2 —m7)?

Let’'s assume form factors for
kaon and pion are ~the same

K™ -1 —+1;) 5 M, gm%(m%(—mff
—~ = tan“ 6,
(= -1~ 4+ 7))




Pion vs Kaon leptonic decays

Charged kaon mass ~0.494 GeV
Charged pion mass ~0.140 GeV
Electron mass ~ 0.0005 GeV
Muon mass ~0.106 GeV

_ _ 3
NK~ — 11— +7) a2 B (m7T ) (m?% — ml2)2

(= — - + 1) mg ) (m2 —m?)?2

Without Cabbibo angle:  With Cabbibo angle:
electron ratio: 3.5 electron ratio: 0.19
muon ratio: 17.6 muon ratio: 0.96

Observed (0.26/1.34)



More complicated decays




More complicated decays

e IS
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Kaon decays

Kaon decays to muons observed to occur at
a much much lower rate than observed.

Why might that be?
S W-
T —g~ g
M
KO . A ‘ Vu
/d'MVX;\/\‘\S‘\“



Kaon decays

Glashow, lliopoulous and Maiani proposed the
“GIM” mechanism - a new 4th quark comes in
with opposite sign and cancels the diagram!

S W- S W-

T S—p T TS~
M M

Ko A Avw KOCQ A v,




W couplings to new charm quark

d u S u

: _igW 5\ -
—igw _, 5 (1 =77) sin b,

1 — cos 0,
vz ) (1 =) /2
w W

d C s c
g | .

w (1 —=~°)(—sin6,) AL (1 — ) cos O,




Kaon decays

Terms cancel!
(Up until charm mass effects, so not identically)

_2%‘/ Y (1 — ~4°) sin 0, _Qig/g YH(1 — ~4°) cos 6,
> W S W
T —~ \‘\'\/\/W\J/ATJ




Interpretation

W bosons couple to u
and c quarks, but to
linear combinations
d and s’, notd and s

d \ cosf. sind. d
s )] \ —sinf. cosé. s
U c
(#)(v) or

U C
( dcosf,.+ ssin b, ) ( —dsinf,. + scosb, )

d = dcosf,. + ssinf,

s’ = —dsinf. + scosé.



Expanding to the CKM matrix (we saw this already!)

Maskawa
d’ 0.97434 0.22506 0.00357 d
s | = 022492 0.97351 0.0411 s

b’ 0.00875 0.0403 0.99915 b



Expanding to the CKM matrix

CKM matrix V has in general 3 "angles” and one
phase (which allows for CP violating effects!) Lots
of efforts to probe and test the CKM matrix and
look for new physics (for example, is it unitary?)

CKM Fitter collaboration

http:/ckmfitter.in2p3.fr/ www/results/plots summer19/ckm res summeri19.htmi

p-value
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F 1 |—o.8 fd®
0.0050 [HV.l,, (dashed) =
C 3 — 0.7 I
0.0045 | . N
. ; 3 — 0.6
T a = - r
>=o.oo4o - |V"°|a ~ |05 1= 00
0.0035 P @ = |04 L 2 o
g Vol 1 = -05 : 7
: 1 Bos r : ]
0.0030 [~ NollVas 3 L E i
- b b i : :
r s, 1 02 10 - EI!%% 5 &
0.0025 ; % —: 0.1 : Surtninerl;
[ Summerts excluded area has CL > 0.95 | | | ' !
20020 T R S e 0.0 _1_51 01 L1 |05| L1 1001 11 1051 L1 1101 L1 1151 11 120
0.032 0034 0.036 0.038 0.040 0.042 0.044 0.046 0.048 o - ' ' ' ' -
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http://ckmfitter.in2p3.fr/www/results/plots_summer19/ckm_res_summer19.html

Expanding to the CKM matrix

CKM matrix V has in general 3 "angles” and one
phase (which allows for CP violating effects!) Lots
of efforts to probe and test the CKM matrix and
look for new physics (for example, is it unitary?)

ATLAS+CMS Preliminary Omeas November 2020
LHCtopWG If, Vil = oo S from single top quark production
: NLO+NNLL MSTW2008nnlo
°*'PRD 83 (2011) 091503, PRD 82 total theo
(2010) 054018,
PRD 81 22010; 054028’
Ac theo’ : scale ® PDF
My, = 172.5 GeV
If, V! = (meas) = (theo)
t-channel: .
ATLAS+CMS 7+8 TeV" e 1.020 = 0.040 = 0.020
JHEP 05 (2019) 088
CMS 13 TeV* —ti— 0.98 + 0.07 = 0.02
PLB 800 (2019) 135042 (35.9 fb™)
ATLAS 13 TeV*® ——t—— 1.07 = 0.09 = 0.02
JHEP 04 (2017) 086 (3.2 fb™)
tw:
ATLAS+CMS 7+8 TeV" —t——] 1.020 = 0.090 = 0.040
JHEP 05 (2019) 088
ATLAS 13 TeV*® } ; ' 1 1.14 +£0.24 + 0.04
JHEP 01 (2018) 63 (3.2fb™")
CMS 13 TeV —t——— 0.94 = 0.07 = 0.04
JHEP 10 (2018) 117 (35.9 fb™) :
s-channel:
ATLAS+CMS 8 TeV"™ —_—t— 0.970 = 0.150 = 0.020
JHEP 05 (2019) 088
all channels:
ATLAS+CMS 7+8 TeV" - 1.020 = 0.040 = 0.020
JHEP 05 (2019) 088 :
ncluding top-quark mass uncertain
% Gyeo: NLO PDF4LHC11 (NPPS ( 10) 10, CPC191 (2015) 74)
| | | ' 8 includir}g beam energy u I rt ty | |

0.4 0.6 0.8 1

1.2 1.4 1.6 1.8

ATLAS+CMS Vi
measurements from single
top quark production

https://twiki.cern.ch/twiki/bin/view/

LHCPhysics/
LHCTopWGSummaryPlots#Single Top Quar

k_Production




On to neutral weak interactions

Electroweak unification (as we’ll see)
requires the existence of neutral weak

Careful: 2 vs
2*sqrt(2)!

sin 0,, cos 6,,
w = 28.75°

sin? 6, = 0.2314

Processes
f Cy
VeyVps Vr %
e, L, T _71 + 2sin” 0,
1 4
u,c,t 5 — 3 sin 20,
d,s,b =14z = Sin 20,



Neutrino-electron scattering

Careful
about “nu” In
numerator!
Not an index

Assume
small
momentum
transfer




Neutrino-electron scattering matrix element

M = [ [EE)=ZA" (e = ean®lu(1)] 5 b [T =%y () = ¢4y [u(2)]

d4
()46 (1 — g = ps)(2m) 1642 + 4 — pa) oy

Know that we can use earlier result
(with appropriate substitution, and
being careful about sqrt(2) difference in
coupling) and ignoring electron mass

MP = i T (€ = CiP) ()07 (CF = Cir®) )]

Tr[v.(CY — Cav°)(p,) (= ((CF — Cav°) (p,)]




Neutrino-electron scattering matrix element

Let’s focus on second trace
Tr[v.(CY — Cav°)(p,) (e (CY — Cav°) (p,)] =
Tr[v.Cy1ps 7o Cyvaps — 1uCy 1 Ps Yo Cay Yabi —
YuCaAY WwP57eCV VPt + 1uCay 1P Ve Cay Yapi]

Tr[v,(Cy — Cav°)(B,) (7 (CF — C4v°) (B,)] =
Tr[v.Cy 1 ps 7o Cvvaps + Y vuCo 1 p5 e Covabs +
VY. Cav P Vo Cyvals + YuCar 5o Covabi ]



Neutrino-electron scattering matrix element

Tr[vu.(Cy — Cav°)(B,) (7o (C5 — C4°) (B,)] =
Ir [VMCXG/VVPZ Yo 0\6/704172 + 757%0\6/7@195 Yo CaYaPs +
’757/LC§1’VVP570 CyYaDg + ’VMCEVVPSVU ChYaPd |
Tr[v.(CY — Cav°)(p,) (7 (Cy — Cav°) (p,)] =

4(C)°p5pS (Guvoa — GuoGva + Juagve) + 4iCEC% € poaPy DS+
4iC%C% € uoapypy + 4(CO)* P55 (9uv9oa — JuoGnua + Guavo)]

Tr[v,(Cq — Cv°) (B,) (1 (Ca — C57°) ()] =
4((CE)? + (COHPYPY (Guv9oa — GuoGva + Jualve) + 8iCHC4 € pvoals DS



Neutrino-electron scattering matrix element

Tr[v,(Cq — Cv°) (B,) (1 (Ca — Cyy°) (p,)] =
4((C7)? + (C)*)Psps (9uw9oa = GuoGva + Guadve) + 8i1CTCh€moaps Pl

— 4((0‘6/)2 + (02)2)(]?2#]940 — g,ua<p2 ' p4) + p20p4,u) T SiC\c}Czeuyaapgpéolé

And then first trace is
= 4((C%)2 + (C)H (AP — g"7 (p1 - p3) + pIph) + 8iCHCLe" 7 p1gpsy

Multiplying them and contracting gives

= 16((Cv)? + (C2)*)((CF)? + (C7)?) %
((p1 - p2)(P3 - pa) — (p2 - pa)(P1 - P3) + (p1 - Pa) (P2 - P3) — (p1 - P3) (P2 - pa) + 4(p1 - p3) (P2 - Pa)—
(p1 - p3)(p2 - pa) + (P2 - p3)(p1 - pa) — (P2 - pa)(p1 - p3) + (p1 - p2)(P3 - pa))
—640% CHCYCL "7 D1 sP3r€euvoaPy Dy
+32iCy, Ch€pnoapspy (P1PS — g7 (p1 - p3) + PTP3)
+32iC‘ZCZe”BJAp15P3A(pzupzla — Guo (P2 P4) + D20Day)



Neutrino-electron scattering matrix element
= 16((CY)? + (C))((CF ) + (C5)*) %
((p1-p2)(03 - pa) — (P2 - pa)(P1 - p3) + (P1 - P4) (P2 - P3) — (P1 - P3)(P2 - Pa) + 4(p1 - P3) (P2 - Pa)—
(p1 - p3)(P2 - Pa) + (P2 - p3)(P1 - Pa) — (P2 - Pa)(P1 - P3) + (P1 - P2)(P3 - D4))

—64CY CLCy CeP 7 prgparepvoaly Dy Pairs of 1st and
+32iCy, Ch€pvoapsps (ppps — 9K (p1 - p3) +>"@§ ) 3rd terms cancel
—1—32730"’/01’516“/30)‘]915]?3)\(]?2 10 —Xuo (P2 - Da) "’%4#) as we saw
earlier (anti-

g terms require y=0  symmetry)
but then € Is zero

= 16((C7)* + (C)CY)* + (C2)*) x (2(p1 - p2)(p3 - pa) + 2(p1 - pa) (P2 - P3))
——64(?6(?2(76CIZGMBUAP15P3AEHVJQPSPE

Recall:

Moo (—eHloPA — €pova) = e“"mewm = —2(5553 — 6555‘)

Cuvoa



Neutrino-electron scattering matrix element

= 16((C7)” + (C2)*)((CF)* + (C9)?) x (2(p1 - p2)(p3 - pa) + 2(p1 - pa) (P2 - p3))
-64(76(?2(76(IZGMﬁaAplﬁp3A€uuaapgpg

eHPoA Q—GMUBA ::Euaﬁkeuava ::__2(5553'_'5g53)

_'Euaya)

Cuvoa

= 16((CV)* + (CR)P)(CF)* + (C2)?) x (2(p1 - p2)(p3 - p4) + 2(p1 - pa) (P2 - P3))

—128C% CL CY.CGpr1span(Dhpd — pipy)

= 32((Cv)? + (C))((CF)? + (C2)?) x ((p1 - p2)(p3 - pa) + (1 - pa) (P2 - P3))
+128CY, CLCyC% ((p1 - p2)(p3 - pa) — (p1 - p4)(p2 - p3))
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Almost there
= 32((CV)* + (CA*)((CV)* + (C2)?) x ((p1 - p2) (D3 - pa) + (p1 - 1) (P2 - P3))
+128CT,CLCyCG((p1 - p2)(p3 - pa) — (p1 - Pa) (P2 - P3))

Divide by two to average over electron spins
= 16((Cv)* + (C))CV)* + (C2)?) x ((p1 - p2)(ps - pa) + (p1 - pa) (P2 - p3))
+64Cy CACYVCo((p1 - p2)(ps - pa) — (1 Pa) (P2 - P3))

Add in missing terms from matrix element

- J\gf4 (Cy)* + (CA*UCY)* + (C2)7) x ((p1 - p2)(p3 - Pa) + (1 a) (P2 - P3))

;l\jiCVCACVCA((pl - p2)(p3 - pa) — (p1 - pa) (P2 - p3))

Lets plug in C terms for neutrino (both 1/2)

— (5 + () % (0120 + (o122 )

M4 2 CVCo((pr - p2)(p3 - pa) — (p1 - pa) (P2 - D3))



Let’s get some kinematics in CoM frame

= (€0 + (C5) % (1220 p1) + (1 92) 2
M4 2 CVCo((pr - p2)(p3 - pa) — (p1 - pa) (P2 - D3))

Assume massless P3
electron. Pick center of 0

of mass frame where > < P2

Ei=Ex=E3z=E4s=E
and |pi| = E D4

(p1-p2) = E1Ey —p1 - p2 = E* + E? = 2F°
(p3 -pa) = F3Ey —p3 -pa = B> + E* = 2F”
(p1-ps) = E1E4s — p1 - Pa = E? + E*cosf = E*(1 + cos )
(p2 - p3) = FaE3 —py-ps = E* + E?cosf = E*(1 + cos )



Let’s get some kinematics in CoM frame

— 2@ (C9)? + (CF)?) % ((p1 - p2)(p3 - pa) + (p1 - Pa) (P2 - P3))
+]L\Z_Z§CZC€/((Z?1 - p2)(P3 - p4) — (P1 - Pa) (P2 - P3))

(Pl 'pz) = L1by —p1-p2 = E? + E? = 2F*
p3-ps) = E3E4 —p3-ps = E° + E* = 2F7
F1E,—p1-ps=FE*+ E?cosf = E2(1 + cos 0)

(
(p1 - p4)
.p3) = EyEs —pa -ps = E? + E*cos = E*(1 4 cos )

P3

4
= 2‘?\54 ((C9)* + (CS)?) x (AE* + E*(1 + cos 6)?)
A4
4
+9Z e e (4B — BA(1 + cos0)?)
MZ



Let’s get some kinematics in CoM frame

IZ_(C5)? + (C5)2) x (4B + E*(1+ cos6)?)

~ oM
4
+%C§C€/(4E4 — E*(1 4 cos6)?)
Z
x 1 +cosx
Use half angle formula cos 5 = \/ >
B g%E4 6 g%E4 v

_ e \2 e \2 4 4 4 Y
(O + (0 = (1 deos' )+ 228

C5C% (4 — 4 cos’ 5)



Simplifying further

gr B4 v
< IM|? >=2Z I ((C9)? + (CE)*) (2 + 2cos* =)
M7 2
4 104
g E 4 0
ﬁ% C5C% (4 — 4 cos? 5)
2 29%E4 e e 49 e\2 e \2 e /e
< M7 >= M ((C2)* + (C7)* + 2C4CY) + cos® S((CR)” + (C7)* = 2C5CY)
29, E% 0 .
< [MJ? >= ]@4 (C4 + CF)?) + cos® 5(Ca — Cy)?)
A
do 1 MPpy]
df) 647’(’2 (E1 + E2)2 ‘pz’
do 1 1 297 E* 0

— — € e \2 4 Y e o\ 9
dQ ~ 64m2 4E2 M2 ((CS + C)?) + cos 2(0A Ce)?)
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Differential xsection to xsection
do 1 1 2g7,FE* v

= € e \2 4 Y e rvenN2
df) 647-‘-2 A2 Mg ((CA + Cv) ) + COS Q(CA CV) )
do 1 gz E? . o 0 .
dQ 12872 M% ((Cq + C§)7) + cos §(CA — C%)%)

2T 94 E? (™ . . 0 ) . |
2877 A L [((C4 + CV)7) + cos (T4 — CF)7)] sin 6o
Z

0O =

First piece of integral (sin theta) gives 2

7 1 7
f cos™ o sin 0df = - J (1 + cos ) sin 6d#H
0 2 4 Jo

1 (" 2
= ZJ [sin 6 4 2 cos 0sin  + cos? @ sin #]df
0



Differential xsection to xsection

1 (" 1 T
1 f [sin @ + 2 cos @ sin @ 4 cos” O sin H]dH = 1[2 + J 2 cos 0 sin 0d + cos” O sin OdH]
0 0

u = cosf,du = —sin 6dO
1 "
"2+ ] (—2u— u?)du]
4 Jo

—cos” 0/3]5=F =

1 2
—(2) = 2
" 3() 3

NG

1
2




Moving on to the Z boson

Z boson not discovered until 1983! Why? Most
of the interesting processes are masked by
electromagnetism. Need lots of energy to reach

masses where you are near Z pole (near Z
resonance)...



Studying the Z pole (Z mass at resonance)

The LEP collider!
electron-positron
i collisions

Do NOT
assume small
momentum
transfer! But
assume fermion
mass =0

M= [ (e, — o)) (e ) @I = )]

(2m)* 6 (p1 + p2 — @)(2m) " 6% (3 + pa — q) (524
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New term in propagator

M= [ ], — hallea)] (e ) (@17 — )]

d4
(2m)1

(2m)*6* (p1 + p2 — ) (2m)*6* (ps + ps — q)

(4] () — LA guar = [@@)][d(ch, — L A)[0(B3)]g, =
[@(4)][(p,, + p,) () — ci7")][v(3)]a

BUT 01, =0 torm =0

Why? Recall Dirac equation...

~

(vMk,—m) =0

Plug in m=0
v(Yk,+m) =0



New term in propagator

M= [ ], — hallea)] (e ) (@17 — )]
(2m)*6% (p1 + p2 — @) (2m)*6* (ps + ps — q) (334

[ (e — ey )][ (3)]guan = [@(4)][g(c), — 0%5)][ (3)]a. =
[@(4)][(p, + ) () — ™)) = [@(A)][(c + cl7°)p,[v(3)] g
pslo@) =u4)p, =0 form =0

e .9z 5 _igw/ _ 92 L/ e e 5
M= [ e, = M) (ot ) %~ cn®)lfu)]
d*q
2r)!

(2m)* 8% (p1 + p2 — q)(27)* 6% (ps + pa — q)

M =~ = FOIDw (el — Mo @NPE)I (e — e ”)u)]



Turning the crank

M =~y POl — @I (e — chy )]

After averaging over spins

4
2 9.
< >=
M 64(q2 — M2 +iMT)2

Tr[v.(CY — CAv™ )b (el — 4™ )p, ] %
Try"(CY, — CIy°)p, 4" (5 — cay”)p, ]

Thankfully, we calculated this before...

Tr[v,(Cq — Cv°) (B,) (1 (Ch — C5°) ()] =
4((C%)? + (C2)*) (p2upao — Guo (P2 - Pa) + P20Pan) + 8iCHCY €uvoaly P



Turning the crank some more (lots of cranks in this course)

4
2 L 9.
<M== G = e

Tr[v.(C = CAP)p v (el — 4°)p 1%
Try"(CY, — CIy°)p, 7" (5 — cav°)p, ]

4
2 9.
< > =
M| 64(q2 — M2 + iMT)2 "

[4((CL)% + (CH)?) (D3,uPav + Papbse — G (P - 1))
+87JC{;C’£ewmpgp4a] X

[4((CE)? + (C)) (PruP20 + PouP1e — Guw (D1 - D2))
—I—8iC’6C’je“>"/ﬁp1>\p25]



Turning the crank some more (lots of cranks in this course)

[4((CL)% + (CH)?) (D3,uPav + Papbse — G (P - a))
+82’C‘J;C£6me§p4a] X

[4((CE)? + (C)) (PruP2s + PouPry — Guw (D1 - D2))
+8iC’{}C’je“>"/ﬁp1>\p25]

4
2 o g,
<M==z = ez <!

16((C)? + (CHP(CH)? + (CDP(pr - ps3)(p2 - pa) + (P2 - p3)(p1 - pa) — (p1 - p2)(p3 - pa)
+(p1 - pa)(p2 - p3) + (P2 - pa)(P1 - p3) — (P1 - P2)(P3 - P4)
—(p1 - p2)(P3 - pa) — (p1 - P2)(P3 - P4) + 4(p1 - P2)(P3 - Pa)]
H4(C)? + (C)*) BICY Cheuorap§pd) (putor + p2x01, — 90 (p1-p2)) AS
+4((C%)? + (C9)*)(8iCE CG " P p1ap2s (p3xar + PIXD3w — Wew (D3 - Pa)) before
—64C CaCY Chepovap g e P piapas]



Turning the crank some more (lots of cranks in this course)

4
2 _ 9.
<M==z e v |

16((C)% + (CHHCE)? + (CO[2(p1 - p3)(p2 - pa) + 2(p2 - p3) (p1 - pa)]
—64C5CACT O €uovapS s e P piapas)

Recall:

G’LLBGAGW/OQ = (—EMGBA — GIU,O'I/O{) — GMUBAG,U,JVQ — _2(5552 _ 5555\)

4
2 gz
> =
<M==z = vz <!

16((05)2 + (Cﬁ)z)((cﬁ)Q + (CDH)[2(p1 - p3)(p2 - pa) + 2(p2 - p3)(p1 - pa)]
+128C5,CACY,CH ((p1 - p3)(p2 - pa) — (p1 - pa)(p2 - p3)]



Almost there

Assume massless
fermions and
electrons. Pick center
of mass frame where
Ei=Ex=E3s=E4=E
and |pi| = E

— E1F5 —p1-ps = E? —

)

.py) = FyEy —py-py = E?
)
)

/p3
P1 S

=E2E3—p2°p3=E2—|—E2(ZOSH—

(
— E?cos = E*(1 — cosd
(
=E1E4—p1-p4=E2+E2COSH— (

> < D2

A

E?cosf = E*(1 — cos0

l\D

1 4+ cosb
1 4+ cosb

)
)
)
)



Almost there

q=p1tp2

and need to be a bit more careful about the
magnitude of the imaginary number!

g4
< IMP >= : < [

16((C1)? + (CH)H((CF)? +

+128C%.C4CY.CY,
(p1-p3) = E1E3 — p1
(P2 - pa) = E2Ey — P2
(p2 - p3) = E2E3 — po
(p1-pa) = E1Ey — p1

p3s =F?+ F?cosf=FE
ps=F?+ FE?cosf=FE

64(q2 — M2 + iMT)?
+ (COH[2(p1 - p3)(p2 - pa) + 2(p2 - p3)(p1 - pa)]
((p1 - p3)(p2 - pa) — (1 - pa)(p2 - p3)]

. p3 = E? — E*cosf = E*(1 — cos
ps = E? — E*cosf = E*(1 — cos ¥
(
“

l\D

1 4+ cosb
1 + cosf

)2 =pi +p5+ 2(p1 - p2) = 4E7



Almost there

4
2 o P
<IMI">=GraEr e 1 eanrere < |

16((CL)?2 + (C)H(CH)? + (CDH[2E* (1 — cos0)? + 2E*(1 + cos 0)?]
+1280‘€/CAC‘];C’£(E4(1 —cos0)? — E*(1 4 cos6)?)]

2 94E4
<MIm>=SaEe — a2 anere <!

(CL)? + (CDCH)? + (CHP(1 — cosh) + (1 + cos6)?]
+4C€/CAC{;C£((1 —cos0)? — (1 +cos6)?)]
gz B
D2 = M2+ 2aere < L
(C)? + (CH)*)(CF)? + (C2)*)[2 + 2 cos® ]
+4C€/CAC’{;C£(—4 cos )

< |M|? >=




A bit of simplification

g. B*
2(4E% — M2)2 4 2M2T2 |
(CL)? + (CHHCH)? + (C9)P)[2 + 2 cos® 0]
+4C€/CAC‘J;C’£(—4 cos )

< |M|? >=

gz E”

2
= MP>= G e e

[((05)2 + (C£)2)((Cx€/)2 + (C))[1 + cos? 0] — SC'{}C'AC"];C';Q cos 9]




Differential cross section

gz " s
(4E2 — M2)2 + M?2T2

[((05)2 + <C£>2)((C\e/)2 +(CO?1 + cos? 0] — SC{}CAC’{;CZ; cos 9]

do 1 M |? \Tpﬁ/

dQ 6472 (B + E»)?

< |M|? >=

do 1 grE* y
dQ)  256m2E2? (4E2 — M?2)2 + M?2T2

[(C)? + (CH(CH) + ()DL + cos? 0] - 8CHCaCH T cos )




Differential cross section to total cross section

do 1 g4E4

z

dQ ~ 25672EZ? (AEZ — M2)2 4 M2T2
[((0\5)2 + (C)?)((CE)? + (CH1 + cos? ] — 8CLC4CLCY, cos (9]

d_U 1 giE? y
dQ 25672 (4E2 — M?)2 + M2T?

[((05)2 + (CHH(CE)? + (C9P)[1 + cos? 8] — 8CEC4CY,CY, cos 9]

O ~
2T giE?

77 956m2 (4B — M2)2 + M2T2

O=m
J [((05)2 + (CHHCH)? + (C9)*)[L + cos® 0] — 8C CACYCY cos @] sin 0df
6=0



Total cross section

B 1 ng2 9
1287 (4E2 — M2)2 4 M?2T?

o

O=m
f (C))? + (CDACH) + (CHD + cos? 0] - 8C5 CaCl O cos | sin 06
0=0

O=m
in0df = 2 .
J o We just evaluated

f: 2aanam— 2 these a handful of
i slides ago

D

3

O=m

J cosfsinfdf = 0

=0

D

o

(CD? + (EHH((Cs)? + (o)D)



On Z boson width

Predictions for
branching ratios
to specific final
states!

(CD? + (D) + (€a)H)]

Z boson mass = 91.2 GeV

Z boson width = 2.5 GeV

If E not near Mz, width term is negligible (at Z
pole, it's needed - otherwise we end up with
infinite cross section!) Reason width is there is
that Z has a finite lifetime (so it's not a stable
particle). EM (photon-mediated) contribution to
the process is much bigger than neutral current
process, except at Z pole



CMS dimuon data
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trigger paths
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https://twiki.cern.ch/twiki/bin/view/CMSPublic/PhysicsResultsMUO#Invariant_mass_spectra_of_opposi




L ast comment on weak vector bosons

+ W W+

e Y

We won't study these vertices, but they exist,
too!

+ W W+

Y



On to electroweak unification

Long history of unifying forces in physics. Most
famous example is electricity and magnetism
(Maxwell). Einstein (SR) then showed that they
are one and the same thing, differing only in
reference frame. Wouldn't it be great to unify the
weak force and E&M?

First problem - their strength is very different!
Solution (Glashow): Give masses to W/Z bosons
and not to photon

New problem - why are the masses so different?
Solution: next chapter



Next problem with EW unification

Weak forces contain both axial and vector
components, E&M contains a pure vector
component

New solution: redefine our spinors

Remember the Dirac equation solutions:
Spinup { (1) \ Spin down

Electrons  ¢1 =e "™ Ry ——
\
[

—~—~
_—

Spin down
Positrons 4, — ¢+imt

Spin up

¢4 _ e—l—imt
’

/
)

N

_o O o O O = O

N—

N

O = O O O O

\
-



What are the eigenvectors of helicity?

Reminder that helicity h of a particle is the
normalized dot product of its spin and direction of
flight (h=+1 if spin is in same direction as motion
and h=-1 if in opposite direction)

Also remember - helicity is NOT Lorentz invariant
(can always change direction of motion in
different reference frame unless m = 0)

/Spin matrix

ﬁ_ : _i<5’ﬁ ())
pl I\ 0 P

>
Sl




What are the eigenvectors of helicity?

Let’s find the eigenvalues of the helicity
operator

1L fop 0 uaA \ UA
D 0 J-ﬁ up N up

Way back (c-P

when ...

ﬁ-f?:px(? é)ﬂ?y(g _()i>+pz(
)

> =\2 Pz Px — ipy
-0) = :
(p ) < Dz T LDy —Pz

—1 Px + Zpy —Pz

1
0
( Pz Px — ipy )
Px + Z.py —Pz
P2+ (pe —ipy) (pe +ipy)  P2(Px — ipy) — P2 (Dx — iDy)

e = . . . .
- 9) ( Pz(Px +ipy) — pz(pe +ipy)  (De + ipy) (P2 — ipy) + D3 )
(p-5)" = p’1



What are the eigenvectors of helicity?

2 232y, , | He|I|C|ty
eigenvalue =
pzuB — p2>\2UB +/- 1



What else can we say?

Also way back when
we had for spinor

components (O 0 1 O\
up =z ua 7 1 0 0 0
\ 0 1 0 0
/0010\
- [ oo 01 ua
P10 0o |( g )
\0 1 0 0

ua Is a 2-component spinor



Back to our favorite matrix

o OO -

What if the particle is massless?



In certain limits




Let’s define another two operators

Left-/right-handed projection operators



Algebra of projection operators




Algebra of projection operators

In massless limit, P- picks out the left-handed
component of helicity and P picks out the right-
handed component of helicity

If we're not in the massless limit, can still define
these operators and refer to them as the chiral
components, even if helicity is not unique. Only in
massless limit are the two equivalent






What about the adjoints?

Similarly... “r(p) =u(p)

(1+7°)
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How does this help us?

Recall that we had this interaction....

W

e Y¢  Call this the weak current I

1_5
oL VY 276

(11 9 " . —_ 5
Bar” is not anti- (1 gl
particle, E

but adjoint! (1—75> B <1+75>
T = T




Weak current

14

v 1—v5 _ 1+75 1—75 B
Ju = V"V > e =71 > o > € =ULYueL

So vertex couples left-handed electrons to left-
handed neutrinos. This is now purely a vector
coupling, just like in E&M



What about electricity+magnetism?

~ Here, EM current is

€ €

jEM = —ey,e = —(er + er)vuler + er)

Since, as we saw: ERVueL = €rVuer =0

Is it clear why that is?
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Other weak current process

’75
W Ju = €V ( > > V = €erY.VL
Ve e
: Ve
Define: xr = ( . )
L
Conveniently then write: A+ (01
L 0 0
+_ _+
],u XL’Y,LL XL o 0 0
Tl 1 o0

Just like Pauli spin matrices!

1
T+ = Z (7!



What about neutral current?

N
Sl
|
|
)
=
N\
[—
|
Ot

Y > B
UV = eL’Y,uVL

1
0
0
0

Ve e

Conveniently then write:
]:Ir = YL”YMTJLXL <

3
)
°)

Reminds us perhaps
of isospin”? Maybe current from

Z boson is then... 3

S = _—a O O

4 1, 1_ 1

Ju = XLVn5T XL = SVLVVL = 5ELVuCL



Not quite

NOPE! Need neutral current to couple
to right-handed components, too...



“Weak hypercharge” current, instead

Symmetry of our new, combined theory!
SU(2)r, @ U(1)

Let’s check this definition of Y (weak hypercharge):

gy = 2j0M —25% = —2egy,er —Enyuer

In total we have three
“weak

Isospin” currents

And weak

hypercharge Ju =~
current in

addition

—VUrLYuVL = —28RrVueR + X1, VuXL

1

Ju = §YL%TXL

26RVuVR + X1 YuXL



Glashow/Weinberg/Salam theory

Have three weak isospin currents coupling
with the same strength to a "weak isotriplet”
of vector bosons W (coupling gw), and an
iIsosinglet vector boson B coupled to the
weak hypercharge current (coupling g'/2).
Write as:

/
o, [ngMW“ 4 % ng“]



Expanding out

juWH = j}bW“‘ +]MW“ +]MW“

1 1
JuWH = — jFWHt ¢ — Wk +33W“

et T

1
i Wl 2

Plugging in to the interaction:

/
z[gW +W“++9WjMW“ +ngMW“ +9—ng“]

V2 V2 2



What is this vertex then?

W Back to when we first
ve Studied this, we get a term
in matrix element from

vertex of: 1 s
_Z _— N

|
This is the term Vertex factor agrees!

of interest (have (1=~

W) \ Ju =VLWer = v 5  ©

/
—z[gW W“++ngMW“ —I—ngMW“ +9—ng“]

NP V2 2




Neutral states

They mix! One of them is
massless (photon) and
other is the massive Z
boson

A, = B, cosbOw + WS sin Oy
Z,, = —B, sinfy + WEZ cos Ow
Rewrite:
(A, sinfy + Z,, cos Oy ) = VVg’(sin2 0w + cos® Oyy)
Ay sinbw + Z,, cos Oy = W},

(A, cosby — Z,sinfy ) = BM(COS2 Ow + sin” Oyy)

A, cosbw — Z,sinby = B,



Neutral states

A, sinOy + Z,, cos Oy = Wi
A, cosbw — Z,sinby = B,

/
Z[QVI; +W“++9V;jMW“ + gwin W +g—jﬂB“]

Neutral pieces:

/
—1 [gwjf’b (A sin Oy + Z* cos Oy ) + %jﬁ (A* cos Oy — Z* sin QW)]

/ /
—1 [A“ (gwjg sin Oy + %]z COS HW) + ZH <ng2 cos Oy — %]z sin HW)]



Electromagnetic coupling

/

/
—1 [A“ (gwjfz sin Oy + %]z COS HW> + ZF (gwjg cos Oy — %]z sin HW)]

. 3 1
G = G Sd
gw sin Oy = ¢’ cos Oy = g
Relates the
electromagnetic
and weak

couplings!



Neutral current coupling

/ /

—1 [A“ (gwju sin Oy + %]u COSHW —|— Z“ QW]M cos Oy — g—]u smHW

Jp =23, = 24,
gw sin Oy = ¢’ cos Oy = g,
agw = ge/ sin HW
g = g/ cos Oy

(gw i3 cos Oy — g5 5 sin Oy + ¢33 sin Oy )

]u (gw cosOw + ¢ sinfy ) — g’]EM sin Oy

(g cos Oy g sin Oy _ngMSiHHW
#\ 7 sin Oy “cos Oy I




Neutral current coupling

, cos Ow sin Oy , sin Oy
]2 <ge : T Je ) _geij
sin Oy cos Oy cos Ow
ge

Define: 92z = sin Oy cos Oy

gz [32 (COS2 Oy + sin? HW) — jEM sin? HW]

9z gy — g sin® Oy |



Now we're getting somewhere...

Couplings to ot EM . 9
Z boson are 9z [J, — ;" sin” 0w |
of the form:

1, 1_ 1

=XV sTOXL = SULYVL — SELVueL
Recall: 9 9 9

_ 1 1
v = V(L4975 (1= ")
_ 1_
Vi = 771+ 9771 = ") So:
_ 1_ 1
VLYWL = ZVW(l — )1 =)y ji =7 (77, (1 =)y — &y, (1 —7°)e]
_ 1_
VLYWL = 77 W(1=29"+ ()

1

ULYuVL = 1 vy, (1 —27° + v
1
VLYuVL = 2 VY (1_7 )



Now we're getting somewhere...

Couplings to 13 EM .2
—1 — sin“ 6
Z boson are 92 du = Jn w)
of the form: 1
3 _ Il (1 -~y — 5y (1 — A5
ij _ _zye I =7 [P =) =2y (1 =7)e]
97z r— 1 5V, = 1 _ 5 : : 2(9 _

—i7 [77,(1 —¥°)v — &y, (1 —v°)e| + igz sin® Owey,e
Compare with gy

5)
Neutral weak 5 W(C{/ — Cfiw )
vertex factor:



Now we're getting somewhere...

Couplings to g
Z boson are — |71 =7y =91 = 7°)e] — isin® hyere
of the form:

Compare with

97 f f .5
Neutral weak — Yu(cy —cq7”)
vertex factor:

—197 9z

4

For neutrinos:

cv=1/2,ca=1/2

Vel — cy®) = =72y, (1 — 4°)




Now we're getting somewhere...

Couplings to g
Z boson are — |71 =7y =91 = 7°)e] — isin® hyere
of the form:

Compare with

97 f f .5
Neutral weak — Yu(cy —cq7”)
vertex factor:

For electrons: ‘ggzw(c{/ = h®) = #1221 =7) — isin? Oy,

cv = -1/2+2sin20,, ca = -1/2



Let’s try this out for quarks

Couplings to | 5 mn . o u
Z boson are 9z [J, —J, sin"Ow |  x = ( d )
of the form:

. - 1 1 — 1 0 u
=t = Jaan (1 0) ()
L




Let’s try this out for quarks

Couplings to e
Zboson are 9z |, —Ju " sin® Ow|
of the form:
a2 1/ _(1+7° 14 ~° —(1—7~° 1 —~°
32:§<u( 27)%( QW)U_d( 27)%( 27)d
1 _
g = 5 @1 +7")3 (1 =77)u = d(1 +97)7.(1 = 77)d)
1 _
g = 5 @0 (1 =) (1 =) = dyu(1 =7°)(1 = 77)d)

. 1, —
ji = 7 (@ (1 - v )u — dy, (1 —~°)d)

2 1—
and jﬁjM = <§ﬂvuu — gd%Ld)

)



Let’s try this out for quarks

Couplings to e
Z boson are 9z [, — Ji " sin” Ow |
of the form: P

Ju = 7 (@ (1 =~")u = dy, (1 = 7)d)

. 2 1—
]EM _ <§u%u — §d%d>

Compare with

97 f f .5
Neutral weak — Yu(cy —cq7”)
vertex factor:

For up quarks: For down quarks:

cv = 1/2-(4/3)sin28,, Ccv = -1/2+(2/3)sinZBw
ca = 1/2 ca =-1/2







You might be asking

The symmetries we examined are clearly not
intact in the final results (they are ‘broken’) - why
Is the photon massless but the W and Z bosons
are not? Are we ready for your (presumably) first

introduction to field theory? :)



But first some homework

9.5, 9.16, 9.29, 9.30, 9.31 (you may want to use
the results from problem 9.1, which you do not
need to prove)

And you should have a close to final
presentation already by now!



