That wasn't so bad, was it?
We will move on to a real
model/theory, namely QED,
but first need to take a (slight)
detour to the Dirac equation



Schrodinger equation

E=T+U=++U
2m

%

— iV, FE — 1—

& LV, Zdt

2

EV—TU+UV =2 w4Uuw
2m

1 s o0V
—— VU U =i—
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_%VQ\IJ = Zad_t (for free particle)

Many problems with
this! Most noticeably:
1) No discussion of
spin

2) Energy is the
classical definition

3) Equations are not
Lorentz invariant
(second order in
position, first order in
time!)



Let’s build in Lorentz invariance

p* = ppt =m’
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Klein-Gordon equation. One major
problem left over - doesn’t account
for spin!



Dirac’s crazy idea )

(") —=m*=0= " +m)(p’ —m) = (E+ m)(F —m) only for p =0
What happens when p is not 07?
p'p, —m® =0 = (B°pr + m)(v*px — m)

Need to find 3 and y (each
have 4 components, so 8
numbers in total)

B v prpx + m(y pa — Bpr) —m?* =0



Dirac’s crazy idea rewritten a bit y
B prpa + m(v pa — B5pr) —m® =0

Why can | rewrite the dummy indices like this? Let’s write out all terms to check...

BEy pepa + m(y* — B¥)pr, — m? = 0

5%%1«%\ + m(Wk — 5k)l?k —m? =0 = P“pu —m?

Note that right-hand side has no p, terms,
which implies...

(Y* = B") =0~ =p"

By prepa = YV prpa = *p,.



Let’s write this out

Ve prpa = pHpy

v o (Vpo — v p1 — ¥Pp2 — °ps) = (0)* — (p1)* — (p2)® — (p3)°
(v*po = v'p1 — ¥?*p2 — ¥°p3) (V0po — v p1 — Y2 — ¥Pp3) = (po)® — (p1)* — (p2)? — (p3)?

p5(V°7°) + i (V') + 03 (%) + p3 (7)) +
Po (—vovlpl — v99%ps — %77 ps) +
p1 (=77 po + ' p2 + 7' ps) +
pz( Y7 po + vy p1 + v ps) +
p3 (=7’ po + 77y pL + v p2) =
)

(po)* — (p1)” — (p2)” — (ps

2



Let’s rewrite that a bit
pe (") + T (') + p3(7P%) + p3(7P) +
po (—°v'p1 — %P2 —1°77ps) +
p1 (—=7"7"po + ' p2 + v'v7p3) +
p2 (—7*7"po + ¥* 7' p1 + ¥ p3) +
p3 (=7°7"po + v y'p1 + 77 p2) =
(Po)® — (p1)? = (p2)® — (p3)°

p5(Y°7°) + pi(v' ) + P (%) + p3 (V31 +

pop1 (="' —+'0) +
pop2 (=" —°7°) +
pops (=77 — %) +
pipz (V' + 7)) +

pips (V' + %91 +

p2ps (V*7° +7°77) =

(Po)” = (p1)* — (p2)? — (p3)°




Our solution :

Does not hold for (v")? =1
ordinary numbers,
but it works if they

(P2 = ()= ()2 = -1

are matrices YA + Ay =0, pu # v

VA = Ay At = 297

0 1 0 i 0 O‘i
T=Vo -1 )T T =6 0



0 1 O i O O'i
T =V o =1 )07 T\ 50
i=1.2.3
0 1 0 —i (1 0
9=\ 1 0 — Lo -1

Pauli spin matrices

Gamma matrices are really 4x4
matrices, easier to write in this
form






Back to Dirac equation




Solution to Dirac equation

"o —mayp =0

If wave function does not depend on
position, then p = 0 (is that clear why?).
Then equation becomes

7 0oy — my = 0 (1 0\ o
iyoad—zf—mw:() Z<O _1>E:m¢



Solution to Dirac equation

(10
Z(o —1)52"””

(1 0 O a /0t B YA

! 0 —1 5@3/875 - wB

Nicely factorizes like this since the
gamma matrix is diagonal

w&)w/@)

Two-component spinors



Solution to Dirac equation

—~——_
-
—
-

Spin up
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Spin down
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Four solution to zero momentum Dirac equation

O a0t = —imapa — Pa(t) = e ™4 (0)
O /0t = imypp — Pp(t) = et Pp(0)

Recall that we object was not moving, so
energy of wa = m, as expected. But energy

of yg = -m!
wa represents particles such as electrons

with mass m and positive energy, ys

represents anti-particles such as anti-
electrons with mass m and negative energy



Let’s try and find generic plane wave solutions

(z) = ae”**u(k)  u(k)is a bi-spinor
o —may =0

Write this way
, to be explicit:
Don't forget: k-1 =k 4 ko 4 ko
0 0 ’
Op = 5— # =——

T Ok 0x,,

k-xz=Fkot'—k-r

Out) = a [ae—i(kott—k-r)u(k)] -V, [ae—i(kott—erw—kyry—kzry)u(k)]

ot
0,0 = —ikoth — ikgth — ikt — ikot) = —ik, 0



Plugging that in

iy (—ik, ) —my =0
v (ky —m)p = (Y*k, —m)ae” " u(k) = 0
(YMky —m)u(k) =

1 0 0 & O k.
H _ 0.0 _ o . _ 1.0 L. _ E
YWk, =7k —v-k k(o_l) k(—ﬁo) (k-& —k0>



Getting there







Getting there




Let’s get back to our solutions

uA

up

Independent solution 1:

k-o

kO +m
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—
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k =ﬁ-5=(

k.
ko + iky

Pick positive

solution so we
don't divide by
zero when p=0

From before:

—k, D + ipy —Dz

)



Let’s get back to our solutions

k& i
“a = ko—muB:E—m
k.o i
BT AT Exm

up

UA

135:;76:(

Independent solution 2:

o

0 k-
ba=1\ 1 ) UB = k0+mUA

k.
ko + ik,  —ks

Pick positive

solution so we
don't divide by
zero when p=0

From before:

D + ipy —Dz

)



Let’s get back to our solutions

o o Pick negative
. 0' p . O’ "
uA = 75 up = = ——up solutlop SO we
o m don’t divide by
k-0 p-o zero when p=0
up = UpsA = u
P k0ym T Eam A

(anti-particles)
From before:

5 o= = = k. ka:_Zky _ Pz px_ipy
k-G =D 0_(kx+iky —k, )_(peripy —p,

Independent solution 3:




Let’s get back to our solutions

k-G 0.

“a = ko—muB: E—muB
k& b

BT AT Erm A

Independent solution 4:

Pick negative

solution so we
don't divide by
zero when p=0
(anti-particles)

From before:

kz ka: o 7fky - P- Pz — ipy
kx + Zky _kz B Px + ipy —DP:z

(0 p-a [0
up = 1 7U’A_E_m 1

0 k&
up = 1 7UA:k0_m

)



On notation

As in Griffiths, we'll
follow notation to
use u for particles
and v for anti-
particles



Normalization of our spinors

Unnormalized 1)

1 k-o 1 D,
A 0 )" P kKirm * Etrm Pz + 1Dy

Unnormalized 2)

0 kg 1 D — Dy
UA_<1)’uB_k:0+muA_E+m( —P- )




Normalization of our spinors

du) = VP (00 (52) (Z22)) |, /(]%’; .

(P +ipy)/ (£ +m)

2 pi pi +py3
u'(1)u(1) = |N| (1 +0+ CEXDE - (E—|—m)2> What do we
want the

) p? .
u! (Lu(1) = |N] (” (E+m)2) spinor to be
JF (D) = [N]? <p2 - f;;?)z) no?rmalized
2 2 2 2 tO.

(1) — o (B —m* + E° +m* +2Em _
(Du(1) = [N] ( (E+ m)? ) Convenient
ul(1)u(1) = |N|? (2E2 i 2Em> choice

(B +m)? -
. (following

ul (L)u(1) = |NJ?

E+m Griffiths) is 2E



Normalization of our spinors

2F
w'(Du(l) = |N|2E - =2E

N=+vVE+m

| leave it to you to check that the same
normalization holds true for u(2), v(1)
and v(2)



How do Dirac spinors transform??

System moving in x direction b — 1p = S
as 0 0 0 10 0 0
S:a+a01:(0+a+0 O\HL 01 0 o\ 0 o,
+ e 0 0 a. O oo -1 o0 0, 0
\ 0 0 0 a ) 00 0 —1)
[ar 0 0 0 ) 10 0 0N/ 0 0 01
o o1 | 0 ar 0 0 01 0 0 0 0 1 0
TTETT = g 0 a0 [T 0 0 -1 0 0 -1 0 0
\ 0 0 0 a ) 00 0 —1/\ =1 0 0 0
a. 0 0 0 0 0 a_
o1 | 0 ar 0 0 0 0 a_ 0
YY1 0 00 a0 [T 0 e 0 0
0 0 0 a a. 0 0 0
a4 O O a_
0.1 0 ar a— 0




Why is that? (Problem 7.11)
o —map =0

0 or¥ 0 ox”

i’y“%@b/ P On = oz OxH Oox¥ Oz O
Y =Sy
o oxY
iyt 0, (SY) —m(Sy) =0
oxH
g1 [v 0 0(St) — m<sw>] _
oxH
5! [v o au(s) - m<sw>] 0= iy — mi
€T

8x”/s | s Lng ox” _

&Qj# &CU'LL

O




Those partial derivatives

Ox° B
&CO/ Y
oz B
PYRL YU
ox! B
@:IZO/ YU
ox! B
axlf T /y
ox?

ox2 =1
a 3

:13/ _

or"”
S—l S = v
Y Py Y

Others are zero (these just come
from the transformation laws)

0 51y oxY 1 1., 02° B oxV oxY
ox0 oxl’ ox? ox

_ - ozl ozl ozl ozl

K K ox0 oxl’ ox2 ox3
ox? ox? ox? ox
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=S s 4+ § 1429~ 4 g7l 35—
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Those partial derivatives

,70
’71

SIS~y + STt Sy
S™1A0Syu + STt Sy
,72 _ S_l”)/QS
,73 _ S—l,y3s

Now multiply by S




Does our solution satisfy these?

Useful relation: we've seen
it, please remember !):

= e# Y
Ensures that last two
equations hold (see why?)

o, 0 0 0 0 0 0 a_
0 a, 0 0 0 0 a0
. 0.1 +
S=ar+aeyv = o 0 a4 0o |T| 0 a o0 0
0 0 0 a, a. 0 0 0
a4 O O a_
O a4 a_ O



First equation

SAY = AVS~y + 4L Sy
(ar + a9 7" =" (ar +a-y"y") v + 9" (ay + anyh) o

Yt =1p=0
VY = -1 p#0

Another useful relation:

G S e e I e I e e I i T W (VI e B i e 1)

0,041 0.0.1

a7y’ —a_y' 'yt = a’ +asyy 'y + eyt —acyuy iyt

a7’ —a_y' = ayyy? +a vy +apyvyt + a_yuy”
ay’ —a_y' = (ayy + a_y)2’ + (a—y + ayyv) Y



Rewriting

ayy’ —a_n' = (apy + a_y) 7’ + (a—y + ayyv) v

y=(1-v?) " ()2 = —
1 —v° = 1
(7)
02:1_L: (v)? — 1
(v ()7




Rewriting

ay’ —a_y' = (ayy +a_yw)2’ + (a—y + ayyv) Y

—

ary +a_yv="m]5(v+1)—~

\/1(7_ 1)\/(7"" 1)(7_ 1)

()

a+y +a-yv = ’Y\/%(v +1) — \/§(v —1D)\/(y+ Dy = 1)

Aty + a_yv = 7\/%(”% 1) —(v— 1)\/%(7+ 1)

1
ary+a—qu=4/5(v+1)(y=7+1)

1
a+'y+a’yv=\/§(”y+1)=a+ /




Now the second part

ayy’ —a_' = (agy + a_yv) 7y’ + (a_y + ayyv) v

M Vo +DO =1

v+ = ~(y-1 —(y+1
a7y + a0 = =714/ 5 (7 5 (7 +1) S

Y-y VAT DA D

l\Dlr—\

a_7y +ayyv = 7\/

a—7y + ayyv = —v\/Q(v— 1)+ (v + 1)\/%@— 1)

1
a7y +apyo =4z (y =D (=y+7+1)

1
a_vy+ a,yv = \/§(w—1) = —a_ /




Second equation

Sy =428y + v Syw

Syt = 4Syv + 41 Sy S=ay +a_y"y
Sv* = %S
S~3 =~38

Syt = AYS~vu + 41 Sy
(a+ +a_"7") v =307 (as +a-"7") + 97" (ag + a—y"y')
aryt — a7y’ =quay” +va-y +yay +ya-y
ayy' —a_v’ =4 (yway +va_) + v (a_yv + agy)

These are the exact conditions we already just
worked out!



Phew! Is this an invariant?

[ 1)
Wt = WIsvsel) [ 42 | = [l + el + el + ol
\ 1/ NO!

() = (¢"0) = (59) 59 = 91STSy # (v10)
B Let’s check this:
But define: ¢ = ¢'% = () (¥3) (=) (—v]))

Part of your
§19°8 =4 homework

() = (17%) = (' )10 ‘/

() = (S)T4PSy = T ST708Sy = T~ = (Yo))




What about parity transformation?

Our iy
" —1 8x 1%
earlier S™'4y*S— =4
v=—my = -y = -2 Do we see why?
t=1
62" SIS =97 =y"S = 877
653310/ —S_l’}/ls _ ,,Yl N ,,YlS
a;:l/ — 1 —S_l’)/2S=’)/2—>’}/2S
o> _ —S71438 =~ 51488
02
3
ox o
ox3

All other partial derivatives are zero



How does our spinor transform under P?

Y — Y

(W) = (WT%) = (1) A% = (7°1%)T104 %

() = 172" 709% = (¥T~0) = (Py)

So it transforms like a scalar
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Can we make a pseudoscalar?

(07°0) = (pT7045) = " 7Y%y’

. ahA? — /
Deflge. 1.070@01 - (¢75¢) :¢T70T70’7570¢
7 =iy 7y — 5 N/
(py°0) = 177"
B0 = A0 2300 a0, 12,0.3 4 00,1,0,2.3

VBWO _ —i707071W2V3 _ —WOVB

(9759 = —¢Ty09% = — (")

Pseudoscalar



Similarly

Vector yY~y*y
Pseudovector y¥y"~y°v



OK, let’s get to QED. A useful table from Griffiths

Eledrons Positrons
¥ (%) = ae” MUl (p) ¥(%) = aet/Py 0 p) (7.94)

wheres = 1,2 forthe twospin states. The sp'inors u'¥ and v!*) satisfy the momentum
space Dirac equation(s):

(v*pu — meju =0 (rpu + mejp =0 (7.95)
their adjoints, % = ufy?, 7 = vTy?, satisfy
w(y py —me) =0 vy p + me) =0 (7.96)

They are orthogonal,
wMu® =0 7@ =0 (7.97)

normalized,

uu = 2me v = —2mc (7.98)



Example QED diagram

Here we have one
of the diagrams
contributing to
electron-positron
scattering into
muon+antimuon
pairs



Feynman rules for QED (1)

Label all incoming
and outgoing lines
with p1, p2, ... pn
Internal lines can
go either way

Use arrows to
keep track of what
IS going in and out
(of course we have
arrows on the anti-
particles, but that
s different)



Feynman rules for QED (2)

Incoming (outgoing)
electrons/muons
get a factor of u(u),
outgoing (incoming)
anti-electrons/anti-
muons get a factor
of v(v). Incoming
(outgoing) photons

get a factor of €, gy



Feynman rules for QED (3)

Add factors of
leyH at each vertex




Feynman rules for QED (4)

For each internal
photon line add a
factor for the
propagator

i (vMq,, +m)

for internal electrons/positrons

q2_m2



Feynman rules for QED (5)

Impose
conservation of
energy and
momentum at
each vertex with
4d Dirac Delta
function (with
appropriate 2pi
normalization)




Feynman rules for QED (6)

N Integrate over

et H 4-momentum

p1\4 / of internal
lines with
appropriate
2pI
normalization
factor




Feynman rules for QED (7)

Cancel
remaining
delta function
and add a
factor of i, and
you have the
matrix
element




Feynman rules for QED (8)

Add minus sign
between diagrams
differing only in
exchange of two
Incoming or two
outgoing
fermions, or
incoming fermion
and outgoing anti-
fermion (or vice
versa)



One thing to be careful of

We'll call the E&M
coupling “e” and
not ge so as not to
get confused
(Griffiths has “g’s

all over the place!)



Electron-muon scattering example

if[ﬂ(sg) (p3)(i67“)u(51)(p1)]%[ﬂ(s‘” (p4) (ier” )ul*? (p2)](27) 6% (p1 — q1 — p3) (2m) 134 (P2 + @1 — pa) 2n)

(2m)*6* (p2 + @1 — pa)
bop2 T~ ey H
u

T _/I:gLLV p;' 1

Let’s examine the order of
things. What order matters?
What order doesn’t matter?




Electron-muon scattering example

i f [a(3) (p3)(i67“)u(51)(p1)]%[ﬂ(‘#) (p4) (iey")u? (p2)](27) 6% (p1 — a1 — p3)(27) 8" (P2 + @1 — pa) (273)4

Matrix element (let's check why together) =

62

M = — = [a¥) (p3)y*ul*Y (p1)] [@*? (p4)7,u"™? (p2)]
(p1 — p3)

Doesn’t look very insightful or useful, but
this is a number that you can calculate
given some initial-state and final-state

Kinematics



Electron-Electron scattering

e~ P2~ P4 e

/
Matrix element
ey ~. (let's check together) =
e e
2
M = = 9 () ) () 2]

62

- ~[a(3)y*u(1)][a(4)y,u(2)] Slightly simpler
(P1 = ps) notation




Electron-Electron scattering, second diagram

= P4 [wisted/crossed
e~ P2
- / diagram! Rule 8 says

they get a relative
minus sign

D3
- Total matrix element =

————— [a(3)y"u(1)][1(4)y,u(2)] +
(P1€2 " Slightly simpler
A D] [EE) ()] + notation




Electron-Positron scattering, first diagram

Note that we must
follow fermion lines
backwards to get the
matrix algebra right




Electron-Positron scattering, second diagram

1 i, Similar to when
(2m)* we wrote down
the rules




Electron-Positron scattering, second diagram

(2m)*6*(p1 + p2 — q1)

[ ) e o4 [ (2) ey (D) 2m) 5" (1 + p2 = 00)(27)*5 a1 — s = ) 5 0



Electron-Positron scattering, second diagram

j J [@(3) (ier* Jo(4)] ‘qg [72) e ()] (2)"6" (1 + p2 — )(2) 0" (a1 = s — 1)




Electron-Positron scattering, second diagram

—(277)462 J[ﬂ(3)(7“)v(4)]%[5(2)(7%(1)]54(2?1 +p2 — Q1)54(Ql —P3 — P4)d4Q1




Electron-Positron scattering, both diagrams

¢ U Hu v v © U v
T O] e S R 0 (D] ER) (V)]

If we swap p2 (incoming positron) and p3
(outgoing electron) in first diagram, we get the
second diagram! Need relative minus sign



Electron-Positron total matrix element




Compton scattering

y pZ\‘ o Y pz\A e
‘\/\’\’\'\/pél/ u W D4 n




Let’s start with first diagram




Let’s start with first diagram

Ji(27r)454(p1 —q1 —p3)(2m)* 0% (p2 + @1 — pa)en(2)u(4) (ier™) .

i eupz\\ e__
\»\,\,\/\/Wu
[ 8q:
N

e
U i

Ny f54 )
) (p1 —aq1 — p2 +q1 — pa)eu(2 (7 D)
R0 (B)d

_ (7
W (2 7 )u(l)e; (3)




So first diagram matrix element is




Let’s introduce some (more!) notiation

“Slash” notation is very useful:

¥ ="y,



Rewriting first diagram matrix element ...

2 0L PINTI) o) () (47 (1) (3)

(p1 — p3)? — m?
e’ (p/l__ ]%j_m)g en(2)u(4)(v") (v )u(l)e; (3)
(p1 — p3) m

(0t — ps + m)
(p1 — p3)? —m?

62

¢(2)u(4)u(1)¢*(3)



72

Now the second diagram

i(2m)*6* (p1 + p2 — q1)(2m)*6* (q1 — p3 — pa)

AN

u efjv

f H(2m) 5 (pr + ps — 1) (27) 403 (g1 — ps — pa)en(2)T(A) (ier)"

Can proceed in same way, and total
matrix element is sum of the two



On traces and matrices and spins

Potentially want to calculate processes
with given initial and final state spins
and polarizations, but more often than
not we don't specify either: average
over initial state configurations and
sum over final state configurations



Back to electron-muon scattering

62

M= [u'*) (p3)y#ut*V (p1)] [ (p4)y,u'*? (p2)]

!
(pl - p3)4

MP = [ (p3)yuD (1)) [3Y (p4) (32 ()] [ (3w (1) [ () (2 (p2)]*

So how to calculate (for example): ?77?
[@?) (p3)y*u (p1)][a? (p3)7*ul*V (p1)]*

Or more generally
G = [u(a)I1u(d)][u(a)T2u(d)]”



Evaluating G

G = [u(a)T1u(b)][u(a)Tou(b)]*
Reminder that @ = a'+’

For 1dx1d

G = [u(a)Tyu(b)][u(a)T2u(b)]* , Matrix, dagger
: 0 - and star are
the same

701‘ _ 70



Continuing with G

Ty =~°T1~° For a matrix
a=a'yY For a spinor T = (a™~ ><70rw‘)> _ T
CAREFUL - New definitions!

We were looking at: ¢ = [@(a)I u(b)]|[@(a)lou(b)]*
[@*? (p3)yul*D (p1)][a*? (p3)y"ul*Y (p1)]*



So now we have G

We were looking at:

[@) (p3)y# ™D (p1)][w* (p3)y"u* (p1)
And defined G = [u(a)T1u(b)][u(a)Cou(b)]*
And found that G = [u(a)T1u(b)][u(b)Tou(a)]

S

We are interested in summing over spins s1 and
s3 since we are not isolating any particular spin

G=u(a)l1 ) [u(b)u(b)]Tru(a)

b—spin
Now we have a new problem (it is progress, |
promise). Need to find N [u(bya(h)]

b—spin



Aside: The completeness relation

>, [u)a(d)]

b—spin
Reminder of our two solutions for u (not v),
appropriately normalized

/\/Eer\ / 0 \

0 VE+m
u(l) = p- u(2) = Px—ipy
Vo tiny =
\ E+m ) \ VE+m /



The completeness relation

> [u(b)u(b)] !
A 1 0 0 0
P dl o1 0 o
_ _ 00 -1 0
Minus signs 00 0 -1
But also Minus
extra -1 on :
every | SIgns
E+m 0
0 —P=z —Pzx +7;py> VE+m ( —Pzx _ipy Pz )
- vVE - 0vVE +
\/b]:,}ﬁ ( +m0\/E+m vVE +m - T\)/EJF% " VE+m VE+m
Pax T1Dy —D-
JErm VB
E+m 0 —p. —ps + 0Py 0 0 0 0
0 0 0 0 0 E+m Pz — z’zpy D=
o0 g g b | 0opin D e
Po +ip, 0 “Debe—tubz PPy 0 —p, R



The completeness relation

>, [u®ya®)] = u(l)al) + u(2)a(2)

b—spin
E+m 0 —Pz —Px + ipy 0 0 0 . 0
O O O O 0 E +m —Pz — Zpy Pz
—p? _wziyz ) _pi_p'z :cz_lyz
Pz 0 o : %jmp : T 0 Pz —ipy E+m : pE+1§L .
. —PxPz—1 yrz _ i_ ?2J — pmpz—i_ipypz >
Pz T+ WDy 0 . ]Z?_,_mp £ % 0 Pz E+m E+m
/ E+m 0 —D, —Pa T 1Py \
0 E+m  —p, —ipy, j
2 2 2
L ° _pgj _py _pz O
pz px Zpy E_|_m 5 5 5
—py—D,—P-

\ Px + ipy —Pz O E+m /



The completeness relation

>, [u®ya®)] = u(l)al) + u(2)a(2)

b—spin
/ E+m 0
0 E+m
Pz Pz — ipy
\ Px -+ ipy —Pz
/' E+m 0
0 E+m

Pz Px — ipy
\ Px T ipy —Pz

—Pz

—Px — 1Py
—p2—p.—p>

E+m
0

—Pg T ipy \
Pz

—p2—p.—p> )

—Pg T ipy \
Pz
0
.2



The completeness relation

>, [u®ya®)] = u(l)al) + u(2)a(2)

b—spin
E +m 0 —DPz —DPx -+ ipy
0 E+m  —pz —ipy D
) 2
Pz Pz — 1Dy E—|I—)m 0
. 2
Pz -+ LDy —Pz 0 E—Em

—p? 2 _ E? —E)m+E
p°_m _ (m—E)(m + )=m—E

0 1 E+m E+m E+m
(Vo)




The completeness relation

0 m-FE )



The completeness relation (phew)




Continuing on with G

G =u(a)l'1(p, + mp)2ula)

Now let's sum over a spins

Z G = Z u(sa)l' (p, + my)ou(sa)

a,b spins sa=1,2 T

Scalar /
guantity

, |
we're x4 matrix 4,

: matrix

calculating matrix
(sum of 4 (spinor)

numbers)



Continuing on with G

Z G = Z ﬂ(sa)Fl(prrmb)fgu(sa)

a,b spins sa=1,2
S G= 33 atsa g, + ma] atsa),
a,b spins sa=1,21,57=1 (]
Z G = Z [Fl + mp)Ls ] Z u(sa);u(sa);
a,b spins 1,7=1 *J sa=1,2

4

Z G = Z [Fl + )T ] (P, + ma)ji = Trace[I'; (p, + mb)fg(pa + mg)]

a,b spins 1,7=1 &



In summary

Z [u(a)L1u(b)][u(a)T2u(b)]* = Trace[T'1(p, + me)T2(p + ma)]
If u is replaced by v, the
mass gets a minus sign
(as we saw before)

Did this really gain us anything except for
a headache?!?!

LZL [@3) (p3)y*uH (p1)][@*? (p4)y,u ™ (p2)] [ (p3)7"u*V (p1)[* [@ (p4) (w2 (p2)]*

M|? =
| | (pl—p3)



Electron-muon scattering

N [a(@)Tru(b)][a(a)Tau(b)]* = Trace[Ty (p, + my)Ta(p. + my)]

spins
M= - 7] [t (p3)y#ul*D (p1)][uY (p4)y,ut? (p2) 1[ut (p3) 7" utD (p1)*[ut (p4) (v, u**) (p2)]*
2 e’
IM|* = 4(p1 p3)4Trace[7“(p + ml)ﬁ’/(p + 7713)]Trace[qfu(p2 + 7)7,2)7,/(,3ﬁ4 + my)]

1/4 / M1 = M3 = Me
to average m2 = m4 =My
over

initial /FYM

spins



One missing piece

70 =7"717% =797%90 =4

i = A0nifa0 — 40 (

i:,yo( 0 —o )‘To Obvious?

: 0 —o 0 o’ :
—i 0 | 0_ _ .0 | 0_ 0.0
’Y-’Y(Uz 0 )’Y ’Y(_Uz O)’Y Yy



Electron-muon scattering

64

MJ? =
| ‘ 4(]?1 —p3)4

Trace[y"(p, + m1)7" (p, + ms)|Trace[v,(p, + m2)7, (p, + ma4)]

64

M? =
M 4(p1 — p3

i Trace[y"(p, + m1)v"(p, + ms)|Trace[,(p, + m2)v (P, + ma4)]

Griffiths has a number of “Trace
theorems” in Chapter 7.7. Please look
at them (don’t want to spend time
deriving them all, but we’'ll go over a
couple)



Trace theorems from Griffiths

Tr(A+ B)=Tr(A)+Tr(B)
Tr(aA) =adr(A)
Tr(AB) =Tr(BA)

Guvg"” =4
VYT A =29
dh + bt = 2a - b
YY" =
Yyt = =297
PheW Vufy" = =24

VY Y = 49"

”Yu?ibfyu = 4(a - b)
WYY YIA = =27y A
Vusthf = —2¢bd
Tr(y#9"y*) =0
Tr(y"y") = 4g™
Tr(dh) = 4(a - b)
Tr(y'y"y™7) = 4(g"g™ — g"g"" + g"7g")
Tr(ghid) = 4(a-bc-d—a-cb-d+a-db-c)



Some trace theorem proofs

Tr(A) = ) Ay

1

Tr(A+ B) = Y (A+B)y = Y Ay + Y By = TrA+TrB
Tr(ad) = Y (ad); = ) (ady) = oTr(A)
Tr(AB) = Z (AB);; ZZ AiiBj;) = ZEBJZAU — Z BA);; = TR(BA)

Tr(ABC) = Tr(CAB) = Tr(BCA) but this is
not the same as Tr(BAC)



Some trace theorem proofs

Guwg"" = go0g™" + gorq"" + go2q"” + gozd -+
Q}@lo +9119"" + g}@m + 9134+
9@{20 + %21 + 922922 +g 23_|_

30 31 32 33
g3pg~ + g3xg" + g329”" + G339

9uv g™ = g00g™ + g119"" + g229”* + g339™ = (1)(1) + (=1)(=1) + (=1)(=1) + (-1)(=1) = 4



Some trace theorem proofs
db + b = (a,7")(0A") + (b)) (apy™)
db + bd = (aub,) (V" + ")
dp + ba = (a,b,)(2g"") = 2a,b" = 2a - b

VYT T = 29"
G (VY + ") = 91 (26"7)
WY+ =20y = 299"
YWY = Gug"”
v =4 VY'Y = v (29" = 477Y)
YV Y = 29,9" — vt
VY =29 —4y”
Yy A = =297



Some trace theorem proofs

Tr(v*4"~7) = Tr(v*+"v77°7°)

Tr(yy"y7) = (=)' Tr(v"4"7°77%°)
Tr(y*~4"v7) = (=1)*Tr(v"7°7"77~°)
Tr(y*4"y7) = (=1)°Tr(v°y"~4"77~°)

vV_o_b V.o 5.5

1)’Tr(v°y#4"777°) = (=1)°Tr(v*4"v7~v°+°)
7°4°) = Tr(v"4"77) = 0

/

True for any odd number of
gamma matrices

Tr(AB) =Tr(BA) - Tr(y"4"~4%) = (—
Tr(v#a"y7) = (=1)°Tr(v*+"y



Some trace theorem proofs

[

Tr(l) =Tr

o O O =

1
Tr(v'y") = 5Tr(2¢"") = ¢""Tr(1) = 4™

Tr(y°) = Tr

o O = O

—

-~

o = O O

174 174 174 1 174 v 1 174 174
Tr(v'y") = Tr(y™") = Tr(v"9") = 5 [Tr(y"y") + Tr(y™")] = 5 Tr(y"y" +979%)

o = O O

— O O O

_— O O O

o OO =

—1+141+1=4

0
1

o O

N—

)




OK, back to Electron-muon scattering

Phew. Again. Are we
ready to calculate
some matrix elements
again? (It's been
awhile since we've
calculated any, and for
sure been a long
detour)



Back to Electron-muon scattering

64

4(291 — D3

IM|? = )4Trace[fy“(p1 + ml)fy”(pg + 7713)]Trace[7u(;z§2 + mg)%(p4 + my)]

Try"(p, +ma)y" (P +ma)] =
Tr(y"p, 7 Pl + Triymin"pyl + Triy"p v ms] + Tr[y*miy"ms] =
Tr[(y"y7p1,e7 v Pan] + Tr{y*miy v psa] + Tr[v*y7p10y"ms] + Tr(y"miy"ms]



Electron-muon scattering

64

4(291 — D3

IM|? = )4Trace[fy“(p1 + ml)fy”(pg + 7713)]Trace[7u(;z§2 + mg)%(p4 + my)]

Try"(p, +mi)y” (P, +ms)] =
Tr[v" Y p1 oy v p3x] + Tr[y"miy"ms]

/

Tr(y"~") = 49"
Tr(yHy"yy7) = 4 ("9 — g g" + g7 g"?)
Tr{y"(p, +ma)y” (P, +ms)] =
TT[W“WUPLUVVVAPS,/\] + Trly*miy"m3] =

Ap1,op3x (97797 — g" g7 + g" g7V | + dmimzgh”



Electron-muon scattering

64

M|? =
| | 4(291—]?3

)4Trace[fy“ (p, + ma)y” (p, + ms)|Trace[v,(p, + ma)v. (P, + ma)]

Careful of M1 =MmM3 = Me
U index vs muon object! M2 = Mmg = my

Tr{y*(p, + mi)y"(p, + ms)| =

Ap1.op3n [947 97 — 9" g7 + g" g7V | + dmimaght =
A[p'ps — g" ' p1 - p3 + PYPE + mimsgh’] =

A[p'pY + pYph + g (mZ — p1 - p3)]



Electron-muon scattering

64

4(291 — D3

IM|? = )4Trace[fy“(p1 + ml)fy”(pg + 7713)]Trace[vu(;z§2 + mg)%(p4 + my)]

Triy*(p, + mi)y"(p, + ms)| =

v v v M1 =M3=M
A[pYph + piph + g" (m2 — p1 - p3)] ©

M2 = M4 = My
Trlvu(p, + m2)v (P, + ma)] =
A[p2ppay + P2uPap + Guw (M7 — P2 - pa)]

e4

4(2?1 — D3

M|? = )4TT[W“(p1 +ma )y (P + ma) [Ty (py, + m2)v (P, + ma)| =

64

4(p1 — p3)*
4[p2,u,p41/ -+ p21/p4,u -+ g,ul/( Z — P2 p4)]

AlpYps + piph + g""'(mZ — p1 - p3)] ¥



Electron-muon scattering

4e?

M|? =
(Pl — P3

)4 [PY'P5 + pivs + g™ (m? — p1 - ps3)] X [PapPav + P2vpap + Guw (M, — P2 - pa)]

4et
(p1 — ps3)*
mi(pl -p3) — (p1 - p3)(p2 - pa) + (P1 - pa) (P2 - P3) + (P1 - P2)(P3 - Pa)+
m2 (p1 - p3) — (p1-p3) (P2 - pa) + mZ(p2 - pa) — (P2 - pa)(p1 - p3)+
mZ(p2 - pa) — (p2 - pa)(p1 - p3) + 4(mZ — (p1 - p3))(m> — (p2 - pa))]

IM|? = [(p1 - p2)(p3 - pa) + (p1 - pa) (P2 - p3)+

4e?

(p1 — P3

2,2

M[? = E (2(p1 - p2)(p3 - pa) + 2(p1 - pa) (P2 - p3) — 2m:. (p1 - p3) — 2mZ(pa - pa) + 4mZms)




Electron-muon scattering (getting there, | promise)

8¢t

(pl — D3

E ((p1 - p2)(p3 - pa) + (p1 - pa) (P2 - p3) — mi(p1 - p3) — mZ(p2 - pa) + 2mZm:,)

M =

do 1 M2 |pyl?

dQ ~ 64n2 (By + E2)? |pil?

What if muon is stationary and we neglect its
recoil? (Even better - protons are heavier than
muons, have same |g|, and don’t decay!)



Electron-proton scattering

do 1 M2 |pyl?
dﬂ 64’7’(’ (E1 —|-E2)2 |]_Z)7j|2

When electron scatters off of a proton (we're
assuming we're not so energetic that the
electron sees the quarks!), the proton doesn't

budge. It's an elastic collision and |pi| = |pil.
Ei+E2=E1+ mp =mp

d_a_ 1 |M|?
dQ) 6472 m?2

p




Electron-proton scattering

(E,p3
E,
(E,p1) ) o 0.
Before After
p1 = (E,p1) p1l= [p3l
P2 = (mp,O)
p3 = (E,p3)
p4 = (mp,O)



Electron-proton scattering

(E,ps3 p1 = (E,p1)

(E,p1) ., ® o~ --- _e"_ P2 = E?p,()))
P3 = (E,P3

Before After 04 = (Mo, 0)

P1-P3 = p’cosf
(p1 —p3)® = (E—E)? — (p1 — p3)® = —pi — P3 + 2p1 - P3
(p1 — p3)? = —2p* + 2p* cos = —2p*(1 — cos H)

8e?

(pl — D3

IM[* =

E ((p1 - p2)(p3 - pa) + (p1 - pa) (P2 - P3) — mfa(]h ' p3) — mg(pg " pa) + 2mgm}29)

P1 D2 =DP3 P4 =DpP1-Ps=p2-p3=Em,
p1-ps = E° —py-ps = E° — p’cosf

D2 - P4 Zmzzg



Electron-proton scattering

8et

M|? =
| | (pl—p3)4

((p1 - p2)(p3 - pa) + (p1 - pa)(p2 - p3) — mo(p1 - p3) — mZ(p2 - pa) + 2m7m)

P1-P2 = P3Py =DP1-Ps=Dp2-D3 = Em,
p1-p3 = E* —p1-ps = E* — p?cosf
(p1 — p3)* = —2p*(1 — cos H) Do - Py = 777/12j

8e?

2 _
M = 4p4(1 —0089)2(

E*m; + E*m; — m.(E® — p®cos0) — mZm_, + 2mZm.)
2e*m?
IM|* = P (E? + p*cos +m?)
4 2 e
p*(1 — cos0)

E? =p* +m?
2etm?

IM|? = il _0589)2 (p2(1 + cosf) + 2mg)




Electron-proton scattering

d_a 1 | M|?
dQ) 6472 m?2

p

do e

o 32m2p2(1 — cos b

E (p*(1 + cosf) + 2m;)

If electron is not relativistic, me >> p2 and

p4 — (mev)4
do et
A — 9 2
dQY  32m?mivt(1 — cos6)? (2me)
do et

o 16m2m2v*(1 — cos #)?



Renormalization

Leading order
electron-muon
scattering

Vacuum
polarization
diagram modifying
effective charge of
electron



Renormalization

Difference is modifying
the photon propagator
term. Naively, this leads
to infinities! But we have
tricks to deal with them



Cheated a bit here and
already applied some
delta functions!

Let’s see if we can calculate it

(27)*8% (p2 + 4= i)
u \ ) u o
p2 ) Tq p4 / Z

q2 leyX
7;(75]{5 =+ m)k Tq_k i(’ya(QQ — koz) + m)
k2 —m? - i (g —k)? —m?
| v Uy
g S )
/V pgk (2’7'(')4 (27T)4



Let’s see if we can calculate it

i | @) ey =2

q
ie’yyi(f}ﬁké) + m) i(fya (ch — koz) T m) ie/yﬁ; _7;9/0\
k.2 _ m2 (q _ k)Q _ m2 q2
[w(4) (iey™ )u(2)]
d*q d*k

(2m)* 6% (p1 — q1 — p3)(2m)* 6% (p2 + ¢ — pa) (27)1 (27)3



Some cleanup

i f [@(3) (e yu(1)] 2

q
en” i(vks) +m) i(v*(qa — ka) +m) e —ig
k.Z L mZ (q L k)2 L m2 q2

[@(4) (ier™)u(2)]

d* d*k
(27)454 (p1 — q1 — p3) (27) 264 (P2 + ¢ — pa) ——2

(2m)* (2m)*

f [a(3) (7" yu(1)] 222

q
”YV (/75’165) + m) (’YQ(QQ — koz) T m) w Yr

12 _ 2 (q — k)2 — m? i 7

[@(4)(v*)u(2)]

(2m)*6*(p1 — 1 — p3)(27)*6* (p2 + ¢ — p4)

diq  d*k
(2m)* (2m)*




Some cleanup




Time to use those delta functions
ie* [ [@@n)u(w)

v (k+m) (d—Kk+m) 4,

¢* k* —m? (¢ — k

diq  d*k
(2m)* (2m)4

(2m)*6* (p1 — ¢ — p3)(2m)* 6 (p2 + ¢ — pa)

f [(3) (7 )u(1)]

ot (F+m) (;m—p5—Fk+m) Y d*k
(p1 — p3)? k2 —m? (p1 —p3s — k)? —m? (p1 — p3)? (2m)*
[@(4) (v )u(2)]

(2%)454(192 + p1 — D3 — D4)




Almost there

f @(3) (7 )u(1)]

v (F+m) (-5 —k+m) YA d*k
(p1 —p3)?2 k2 —m? (p1 —p3 — k)2 —m? (p1 — p3)? (2m)*
[@(4)(v)u(2)]

(2m)*6* (p2 + p1 — p3 — pa)

et [ [@®n)u(w)

v)
ot By +m (o —nps — k) + YA d*k
(p1 —p3)? k* —m? (p1 —p3 — k) — m2 (p1 — p3)? (2m)4

[@(4) (v )u(2)]

Cancel
M)




M = ie*[a(3) (v u(1)]* [a(4) (10 )u(2)]

Y — ,y,u %""m g/l_g/B_k"'_m ’YV d*k
- (p1 4

—p3)2 k? —m? (p1 — ps — k)2 —m? (p1 — p3)? (2m)

If we compare this new matrix element to the
leading order one, we see that it is a
modification to the photon propagator! Note that
it depends on (p1-p3), or g, as we might expect.
Why?



What does integral look like?

IHV:J 0l %_I_m p/l_p/S_k_'_m Y d*k
(p1 —p3)? k? —m? (p1 —ps — k)? —m? ¢ (2m)*

Iocf—d4

Toc J —k3dk

I — oo for kK — o0



Renormalization

“Infinity” can be removed if we include it in the
definition of electron charge, ie the renormalized
electron charge. That seems odd, but is OK - the
renormalized charge (these diagrams, plus others

up to infinite order) are really what we measure in
the lab, not the bare value of e!



Renormalization

When we renormalize the electric charge there is
a leftover term that is finite, but depends on g2.
This is as before the running of the coupling
constant. One way to think of this - the larger g2
the closer the particles can get, which changes
the effective electromagnetic screening. A small
but measurable effect!



Of course, those were two terms... there are an infinite number!




On renormalization

This onion won't
make me cry

It’s OK to

cry
sometimes

You will never
understand
renormalization
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Some homework for you

7.6,7.13,7.18,7.48,7.49 (use your answer to 6.8 for part e)
due 1 week from today

Also, send me:

1) An outline of your presentation (can just be in an email,
but it should be a complete outline). Looking for roughly
one item per slide, and remember that a good rule of thumb
Is one slide per minute (remember, it's a 20 minute
presentation)

2) At least two references that you are going to use for
material and/or background information and/or reading to
prepare for your talk, NOT including the ones that are the
main paper you are presenting. Also tell me what you are
using them for. A good starting point is some references or
links from that paper, however you can also use textbooks
or other papers. Wikipedia doesn’t count :)



Some homework for you

7.6,7.13,7.18,7.48,7.49 (use your answer to 6.8
for part e) due 1 week from today

Also, before class that day, send me at least two
references that you are going to use for material

and/or background information and/or reading to

prepare for your talk, NOT including the ones that
are the main paper you are presenting. Also tell

me what you are using them for. A good starting

point is some references or links from that paper,

however :)



