On to the weak interactions

Because they are
massive, they
can have three
spin polarizations

Several differences
between W* and Z bosons
and QED/gluons, most

noticeably the fact that W
. (vector boson!),
and Z bosons are quite .
. not just two. So
massive .
we impose
mw = 80.4 GeV Lorentz condition
_ but not the
mz = 91.2 GeV
Coulomb gauge
e'p, =0 Lorentz condition

= =l = § ===y = § =Goulomb gauge= = =



Changes to matrix element calculation for weak theory

Weak vector boson
propagator:

L]

"d(QMV'_'qqu/A42)

q? — M? +iMT
Where last term in
denominator is the decay
width of the new object
For g2 << M? and large M
we can often reduce this
to:
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M2




Changes to matrix element calculation for weak theory

q q
\Y i
_gw'u 5
1_
2\@7( v?)
q q

What are the two types of terms that we're
adding here”? Anyone remember?



Changes to matrix element calculation for weak theory

q q
\Y i
_gw'u 5
1_
2\@7( v?)
q q

We are adding a vector to an axial vector,
which violates parity! It violates it... maximally,
as we'll see. (V-A) coupling



Inverse muon decay
(2m)" 0% (p2 + g — pa)

o You might get
Z this from a muon

neutrino beam

4 hitting a tank of

water

Assume
small
momentum
transfer




Inverse muon decay

M = =2 (1 = 7)) o ) =i 2 (1 = 7))

(277)454(191 —q— p3)(27T)454(P2 +q —pa)

M = [ 757" (1= 7 N [ (1 =2 wc2)]

2

M = 8% [@(3)7 (1 — ) u(D)][@)7,(1 - 7%)u(2)]

Apply Casimir’s trick:

N [a(@)Tru(b)][@(@)Tau(b)]* = Trace[T1 (p, + my)Ta(p. + my)]

sSpins



Inverse muon decay

M = g T3 (1= O, = 77)u(2)]

4

M = i T (L= 37 I3 (1= 7" u(@EE) (L= "] [ (1= 7)2))

Apply Casimir’s trick:

N [a(@)Tru(b)][a(@)Tau(b)]* = Trace[Ty (p, + my)Ta(p. + my)]

sSpins

M| = 649]?;4 Tr(y"(1 =) (p, + mu)y’ (1= %) By + ma) | Tr[vu(1 = ") (B, + ma)y (1 —~°) (B, + ma)]
W

Neutrino masses ~0 (m2 = m3 = 0)

M* = 649]\% Tr{y" (1 =) (@, + me)y’ (1 =) (P)ITr 7.1 =) ()7 (1 —2°) (P, + mu)]
w




Inverse muon decay and some gamma matrix math

4

M = Try"(1—=7")(p, +me)y” (1=~

64M 4

BT = BT 21 1101

T = —i(=*) (=) (=" (?°)

5T — B2 1A
V5T = 2084140 — jn 214340
V5T = in2ala 043 — jnla24043
VBT = in2ala 043 — jn 2404143

W5T _ —WOW2W173 270717273

V@I [u(l =) @,) 7 (1 —°)(p, + M)

gt = A0y Ty0 = A
B = 0 l2e3

Yu7® =7 (7u°)1H°

Yuy® =Ty lA° 7075%370

Yu¥? = =710 = =P = °




Inverse muon decay

4

M = Tyt (1 = 92) (p, + me)y (1= D) (It =22 (B, (T =P (B, + )
w

M[* = 649]?;4 Triy* (1 =) (p, +me) (v ="y BTy (1 =) (B,) (o — %°) (P, + )]
w

Focus on first trace

Triy"p, 7Py = VPP @@3 — s P, — P Pyt
AP AP, — v%ﬁﬁg - W“v%f’zﬁg]

Tr(y"9"~7) =
Reminders: Tr(y#9"y7y*y") =0 Any odd
Tr (74777 By 0) = 0 number
7’ =iyt

Tr(y°) = Tr(y>y*9") =0



Inverse muon decay

Tr[v'p, v Py — VPP = VP By AP

Use: YHy® = =Bt Py =1
Tr[y'p, v By — PPy = P B PP

2T [, 7 P, + VP, B,

-1 for even permutation of 0123
+1 for odd permutation of 0123
Use: / 0 for repeated indices

Tr(y" "y "y ) = die'



Finally getting to the traces:

207 [y p Y By + VP P

Commute ] 5 . y ]
for nicer 21'r _W“pﬂ pg — 7"y Plpg_
ordering

Then we get: \
S(Zﬁpg + plfpléf — g""p1 - p3 — " p1ap3s)

And
second trace must be:

3(P2uPav + P2vPay — GuwP2 - Pa — ieuvaﬁpgpf )



So total matrix element (almost there)

Finally:

4
g .
‘M‘Q - 64]\V;4 3(P2uPav + P2uPap — JuuD2 - P4 — ”LGWQBPSPE) X
W

S(plph + pipk — g"Vp1 - p3 — 1€ prapss)

‘M|2 _ g%/
My,

(ph'pY + pips — g"'p1 - p3 — 1€ prapss)

(p2,up41/ + P2vPap — GuvP2 - P4 — ieul/aﬁpgpf) X



So total matrix element

|M|2 _ g%/
My,

(ph'ph + pYph — g" ' p1 - p3 — 1" piapss)

(p2,up41/ -+ P2vPap — GuvP2 - P4 — ieuyaﬁpgpf) X

4
g
MJ” = M—VZ((pl -p2)(p3 - pa) + (P1 - pa)(P2 - p3) — (P2 - pa)(p1 - p3) + (P2 - P3)(p1 - pa) + (P1 - P2)(P3 - Pa)—
W
(p1-p3) (P2 - pa) — (P1 - P3) (P2 - Pa) — (P1 - P3) (P2 - Pa) + 4(p1 - p3) (P2 - Pa)
—i€uroDs D] (PI'DY + PP — " D1 - p3)
_Z.EMVAUPIAPBU (p2,up4l/ + P2vPap — GuvpP2 - p4>

A v
_e,w//\ap2pz eﬂ UPlAPSa)

4
g
MI* = S5 (o1 - p2)(ps - pa) + (1 Pa) (P2 P3) = (P2 Pa)(P1 - P3) + (2 P3)(p1 - Pa) + (P1 - P2) (P - )=
%%
(p1-p3)(P2 - Pa) — (P1 - P3)(P2 - P4) — (D1 - P3)(P2 - P4) + 4(p1 - P3) (D2 - P4)
—i€uwappS Pl (PDY + DD — g™ p1 - p3)
— €™ 1AD36 (P2pPay + P2vPay — GuuD2 - Da)

_euyaﬁpgpél GNV/\Up1>\p3U)



Simplifying the mess

G
My,

—i€uapp3 vy (DVD5 + DYDs — 9" D1 - p3)
—i€" " p1Ap3o (P2uPav + D2uPay — Guvb2 * Pa)

_ew/aﬁpgpg €,u1/>\ap1 Ap?)a)

M|? = (2(p1 - p2)(p3 - pa) + 2(p1 - pa)(p2 - p3)

First terms in () the
same, but epsilons have
opposite sign! These all

Look at terms like:
cancel

i€01a5P5 P (PIPs + P1p3) +

i€10a505D4 (P15 + PID3) + ...



Simplifying the mess

4
M =

M—XL/LV(Q(ZH - p2)(p3 - pa) + (P1 - pa)(P2 - P3)

i€ uappSpy ("1 - p3)

‘|‘7;€'uy>\0p1>\p30 (g,ul/p2 'p4)

_E,ul/ozﬁpgpf EHV)\Jpl )\p30)

Terms like
i€ uappSpy ("1 - p3)

Epsilon only non-zero when p!=v, but
term in () only non-zero when ==



Simplifying the mess

4
g
M|? = M—VZ(2(p1 - p2)(p3 - pa) + 2(p1 - pa)(p2 - p3)
W
_euyaﬁeuyAapgp§p1Ap30)
What is?  €uase’” ™ amustbeAoro

for terms to be

VAo A SO A SO _
€uvap€’"? = Al0505 — 0504 ] non-zero. And it

To find A, let’s try s anti-symmetric
A=2, 0=3 INnAand o
€pvape’? = A[6265 — 6500] Clear?

e = A[5353 — 5363) = A \
EM,/23€’LW23 = 6012360123 + 6102361023 = —|—1(—1) + —1(—|-1) =-2=A



Simplifying the mess

4
g
M|? = M—VZ(Q(pl -p2)(p3 - pa) + 2(p1 - pa)(p2 - p3)
W
—GMVaBGMMUPCQngplAPSJ)
4
g
M|? = M—VZ(Q(m - p2)(p3 - pa) + 2(p1 - pa)(p2 - p3)
W

+2p5 Py p1apso (9005 — 0367))

‘MP: g%/V

27 2(P1-p2)(Ps - pa) +2(p1 - pa) (P2 - p3) + 2(p1 - p2)(p3 - pa) = 2(p1 - pa) (P2 - p3))
W

’M‘2 _ 49{4/[/

Mév((pl -p2)(p3 - Pa))



Almost done

4g%
2 _ |14
Finally, we want to average over initial spins, but
massless neutrino has only one spin
configuration, so divide by 2:

((p1 - p2)(p3 - pa))

2 4
MP? = W

M—év((pl - p2)(p3 - pa))



As always, pick a frame

IP1|=|P2|=pi
|P3|=|pP4|=ps
Ei1+E2 = 2E
2E =E3+ E4
|Pz" = b

Pyl = A/ B} —m2 = By

2F = /E} —m2 + By
2F — By = /E} —m2

AE* + E? —4AFE, = E5 —
AE? —AFEE, = —m?

n

AEEy = 4E® + m},

Ey=E+m/AE
Es = E —m; [AE

2
my

= W (1 o) (ps - pa)

Assume

massless

electron. P3
Pick center D 0

of mass > < D2

frame where
Ei=E>=E p4“

p1-p2 = E? + p; = 2E°
ps-ps = EsEy +p} = EsEy + E3
ps-ps = (E+m,/AE)(E —m. /AE) + (E —m;, /AE)?




As always, pick a frame

— 1 ((p1-p2)(p3 - pa))

p1-p2 = E? + p; = 2F°
ps-ps = EsEy + p7 = EsEy + E3
ps-ps = (E+m,/AE)(E —m;,/AE) + (E —m, /AE)?
ps-ps = E* —m},/(16E%) + E* + m},/(16E%) — m_, /2
ps - py = 2E% — mi/Q




Differential cross section

2
8L gy My

M3, =15
do 1 M|*  |py]
dQ 647’(’2 (E1 -+ E2)2 |pz|

M|* =

do 1 |M]*> E—my2/4E
dQ)  64r2 (2F)2 E

do E%E‘{q%/(1 mi ) 1 1 E—m,/4E
aQ M AE2’ 6412 (2F)2 E




Total cross section

do  8E*gy, . m> 1 1 E—m,/4F

QM3 = 152 G2 (2F)2 E
d_O' _ E29{4/V (1_ mi )E—muz/llE
dQ  32w2ME, AE? E
do E?gt, m2

— = 1 — —2Y1—=m, 2/4E?
10 327T2M4( 4E2)( My [AE7)

dQ 327T2M;;/ AE?




Again, let's take a breather

Any suggestions, other
than... PHEW?



Muon decay (something more tangible)

Assume
small
momentum
transfer
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But we evaluated this already
u(2) became v(2), which changes the sign on the
mass term of a neutrino, which is zero anyway
One of the delta functions is also different, but it
gets canceled. So at least this part is simple :)

’M‘Q _ 29%/1/

M ((p1 - p2)(p3 - pa))

Let's evaluate in muon rest frame, and assume
zero electron mass (valid vs muon mass) so:

p1 = (my,0) — (p1-p2) = m, F>
p1=p2+ps+ps— (p3+pa)’ = (p1 — p2)°
(p1 —p2)® =i + P53 — 2(p1 - p2) = My, — 2m, By
(s +pa)® = p3 + D3 +2(p3 - pa) = 2(p3 - p1) = m’, — 2m,, B

ps - pa =m,/2 —m,Es



But we evaluated this already

M? = 2T (1 By (022 — m, )

2

gwm
M = P s (i, — 21 )
W

Way way back we found the decay rate for any
particle from Fermi's Golden Rule:

— P2 — P3ee. — P) X




Fermi's golden rule here

If decay products are massless, that simplifies
things a bit. Here n=4 in total, so...

dI = 5 f|/\/l| (27)*0*(p1 — p2 — P3-.. — D) ¥
mi

ﬁ 1 d°p;
ik 24/pj2 + m? (27m)?

dr = ST f\/\/ﬂ (27)*0*(p1 — p2 — p3 — pa) X
mi

d>po d°ps d°pa4
(2m)32|p2| (27)°2|ps]| (27)°2|p4]




Let’'s work it out...

6*(p1 —p2 —p3s —pa) = 0(Ey — By — B3 — E4)8°(p1 — P2 — P3 — Pa)

p1 =0
Eiy=m,
Es = |p2
Fs = |ps
Fy = |pa

6*(p1 — p2 — p3 — pa) = 6(m, — |p2| — |P3| — [P4])d” (P2 + P3 + P4a)

1
dr = o [ 1MP(27) 00, — 2|~ [ps] — [p1)0% (b + P + p)
d>p- d°ps d°pa4
2m)2lpa] 2m)2lps] (2r)?2Ipa

2

4
. gwm
with  |M|? = ]‘/\24“’1)2\(77%_2‘1)2‘))
W




Let’'s work it out...

1
ar - 2my J M| (2m)*6(m,, — |p2| — |p3| — [P4])d® (P2 + P3 + Pa) X

p3 integral gives
M]?
16(27)5m,

ir — fam— Ps| — [p2 + pa| — [pal) %

d°pad’py
P2||P4||P2 + P4

Two integrals left. Let's point p4 along z axis so:

d’py = |pa|*d|p2|sin fd¢dd



Let’'s work it out...
M|?

dl' =

6(my, — — _
16(27-‘-)5m1 J (m,u |p2‘ |p2 + p4| |p4|)><

d3P2d3P4
P2||P4||P2 + P4

dP’py = |p2|?d|p2]| sin Odpdo

P2+ pal® = [pa|? + |pal? + 2|pal|ps| cos§ = 2 Define u
2udu = —2|ps||p4| sin O here (to

. _ replace

¢ integral gives 21T %)

|M‘2 d°pa4 d|p2|

dl' =
16(2m)*my |p4| |pP2 + P4l

p2| J(S(mu — |p2| — |pP2 + P4| — |P4|) sin 6d6



Let’'s work it out...

u = [p2 + p4
2udu = —2|p2||p4| sin 6dO

__IMP d’ps_ dlpy| |

o= 16(27T)4m1 |P4‘ |p2 + p4| |p2‘ J5(m“ B |p2‘ - |p2 + P4| — \p4|) sin 6d0
—|M|*  d’p4 J
CZF = d 5 o B o d
T62n)imy paz 2! | 00 = [Pel = u = PaDdu
Limits of -
j = + |pal® + 2 cos 6

Integration: VP22 + [paf? + 2|p2[p4l

0 =0— up =+/|p2]? + |Pal? + 2|P2||Ps] = V/(|P2| + |P4|)?
uy = |p2| + |p4
0 =m — u_ =+/|p2? + [Pa]? — 2|p2||ps| = V(|P2| — |P4|)?
u_ = |(|p2| — |pal)|




Let’'s work it out...

M2 d¥py
dl = M| ~d|p 2|J m, — |p2| — u — |p4|)du

16(27‘(’) m1 ]p4]2

Removed minus uy = |p2| + |p4l

sign for limit

owap u- = |(Ip2|  [pa)

Does integral

= ?

fU;C?III;)?] C([))r?t?ﬁ:)gteelt?a h <]p(2‘ ]pL1\32<|;‘_p4|) -

Only if ... pal — [pal < u_
p2| — |Pa| < my — |pa| — P2
P4| — |P2| < my, — |P4| — P2
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Back to delta function

u_ < (my, — p2| — [pal) < us
’P2| — !P4| < U—

P4| — |P2| < u—
So we get from the [Pz2| — [pa| < m, — [pa| — P2
u- inequality: p4| — [P2| < my — |pal — P2

A

Does integral
=1 or 0? Does delta p2| <m,/2

function contribute? pa| < my/2
Only if ...
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Back to delta function

u_ < (my, — pa| — |pal) < us

P2| + |P4a| = uy

So we get from the
my — |pa| — [P2| < |p2| + |p4

U+ inequality:

Does integral
=1 or 0? Does delta

function contribute?
Only if ...

P2| + |Pa| = uy
(|Ip2| + |pP4|) < my/2



So putting limits together

2

3

—

4
—

2 gets half of

energy P2 < my/2

P4l < my/2
(Ip2| + [pal) < my/2

4 gets half of
energy

4 gets less than half of

energy, 2+3 get a bit more



Going back to the integral

2 3
T M| d°p J

d
( )ml \P4\2 ‘ 2|

Becomes ...
2 d3
dl’ = M d\ 5|
16(27)4my |pa4l?
with ...
4 2
gy m
MP? = 2 pa|(my, — 2/pal)
W

— |p2| —u — |p4|)du

Now be Careful to include |M|? in integral

gW ,u
I —
16(27 ) my M2, f'pQ‘

o 2‘p2|) ‘p4|2d|p2|



Evaluating integrals

gW ,LL d3p4
[' = — 2 d
P2 < mﬂ/z m, m,
|p4\ < mu/Q So 9 \P4\ < !Pz\ < 5
(Ip2| + [Pal) <my/2
B G M, d>py [mM:L‘2 2x3]x7
g (P s (el 2
6Cm Jpymo PP\ 2 3



Evaluating integrals

M

r— gévm“ fp42 d3p4 (mﬂ\m\z B 2’p4|3)
62m) MY Jpy—o PP\ 2 3

d’py = 4m|pa|*d|p4]
For massless electron, Ee = |p4

="
I = g‘évgmﬁ J 2 (m“E2 - EE?)) dE
643 My, JE—o 2 3

ar  gym, [(muE? 2E3
dE 643 M3\ 2 3




A nice plot from Griffiths

Number of events per 06825 MeV/2

4
dl’  gymy
= Ty
db 64w My,
I N RN R
1
4,-'
¥

|
20
Positron momentum MeV/c)

rg 91 Experimental spectrum o fpo
» #% 4 ve + v,. The solid line is the latest high
h theoretically predicted spectrum ba ed
on (quat‘on (9.33), corrected fo« electr
magnetic effects. (Source: Bardon, M, et of

s [1965) Physcal Review Letters, 14, 445, For
sision data on muon de-
y g0 to the TWIST collaboration web site
t TRIUMF, Vancouver, BC )}

muE2 B gES
2 3

Note: In the SM,
there are no muon
decays without
neutrinos. But that
might happen in BSM
theories! What would
we see if muons
could occasionally
decay directly to
electrons? muZ2e!



Total decay width

E="1n
T — g%ﬁ/mu J ? <mME2 o 2E3> dE

64T M g, 2 3
4
T — gévmu my,
6473 M, 96

1 61447 My,
T === R
I’ gw ™,
Plugging in numbers... muon lifetime is 2.2
microseconds, but that is in muon rest frame.

BIG time dilation factors



As Giriffiths points out

Weak fine structure constant/weak coupling
iIs LARGER than EM coupling by ~x5! It is
weak due to the massive nature of W/Z
bosons



Decay of the neutron

In principle (as Griffiths does) we could use

the same formalism to calculate the lifetime

of the neutron. We know of course that this
will not be the full story, since the decay

iInvolves quarks, and not protons. Reminder

that neutron lifetime (15 minutes!) is so long
because of phase space considerations:

masses of neutron and proton are so close

together



Decay of the pion

U

N

736

Decay of charged pion
to leptons. Note that
we skipped the
discussion of form
factors earlier. General
problem: We don't
know the overlap
between the wave
functions of the quark
(if they are far apart in
the pion bound state,
then decay via this
mode is less likely)



What can we do instead?

We know the
coupling of the
W to the
leptons. Let’s
try and be as
general as
possible on the
coupling of the
pion to the W

“Form factor” describing the blob must be a
4-vector (has to contract with y,)



What form can F take?

(27T)454 (p — p2 — p3) V 3 ’
—igW Z
p__3%V2 |
- e h et e e oo . 4
T (1-") (27T)4d D
Ny
P3 u -

F must be be of form (FV), but what must it
be? Only quantity it can depend on is p, so
it must be of form fp¥, where f is the pion
decay constant (this is the unknown that we
get instead of the wave function overlap)



The matrix element

(27‘(‘)454 (p — D2 — pS) V 3 Z'
—tgw
p__3v?2 |
T =======- -7 4
(1-7°) (27T)4d D
N\,
p3 U l_

d4p
(2m)*

M = [ 2 (1= A ) o (<025 £ 2m) (0= 2 = )



The matrix element

Sum over outgoing spins
and apply Casimir tricks.
Also, we know that m2 =0

<IMP = (BI) el (- el

[[@(3)][* (1 = A2 [w(2)]p,]”



The matrix element

< IMP > (L9 e (- 1) )n.

[[@(3)][v"(1 — )] [0(2)]pu]”

Z [w(a)T1u(b)][u(a)lau(b)]* = Trace[I'1 (p, + my) o (P, + ma)]

spins

<IMP = (T 0 o (), — a7 (=, + ma)

<IMP = (B T (4= )1 =27 + )

S(plips + pYpk — g" ' p1 - p3 — i€ Piapss )



742

The matrix element

<IMP = (B T (1= 27) )0 (= 2°) )

Thankfully, we calculated that trace
already...

< IMP = () T (= )01 = 2*) i + )

2

fﬁg2 1% 1% 1% . v

< [M|? >= (8MZV 8pupy (P15 + PEDs — 9" (2 - p3) — i€ parpso)
W

P =DpP2 +pP3 —
(p-p2) =p3 + (p2-p3) = (p2 - p3)
(p-p3) =p3+ (p2-p3) = (p2 - p3) +m;
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The matrix element

2

fﬂ'gQ 1% v 1 . VUAC

< [M|? >= (SM?/ 8pupy (Phps + Piph — 9 (P2 - p3) — 1€" 7 parpss )
W

(p-p2) = p5 + (p2 - p3) = (p2 - p3)
(p-p3) =p3+ (p2-p3) = (p2 - p3) + m;

2

p?> = (pa +p3)° =m2 =p5+p; +2(p2 - p3) = mj + 2(p2 - p3)

2 2

(pz 'p3) = 9 = (p°p2)
2 2
m_. +m
(p ' p3) = 9 l
2 2
< |MJ? >= (g\%v) 8((p-p2)(p-p3) + (p-p2)(p-p3) — P*(p2 - p3) — i€""* pupup2ap3o)
%4

Using earlier trick, epsilon terms will cancel...

"N p DL PaAD3e = €N DD1DoAP3s + €0 Dop1D2AP3s T ..
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The matrix element

< MJ? >= (é}j‘f) 8((p-p2)(p-p3) + (p-p2)(p-p3) — p°(p2 - p3))

2 2 2 2 2
M2 == fﬁgW m2 mlm —I—ml mi—mlmWerl_ o My — My
< IM|* >= SM2, m

2 2 " 2
2
< ‘MP > fWgI%V g mjlr_m;l _m_le_I_m?rle
-\ 8M32, 2 2 2

2\ 2 2.2 4
oo (Letie) s (it )
11,7

2 fr9iv ’ 2, 2 4
< M|* >= e (mimj —m})
%




What is pion decay rate?

Recall for a matrix r_ Pl

element that factorizes:  8mm

5| MJ?
1

2 f?TQXQ/V i 2 2 4
< |M|* >= T2 (mimj —m})
1%

And we even calculated the momentum
way back then:

1
r = |pz2| = ST \/mjl + m5 + m3 — 2m3m3 — 2mim3 — 2mims3
1 4 4 22
r=|pz2| = 5 mi 4+ m; — 2mZm;
on
Here: |
2 2
r=|pz| = (mz —mj)

2m, =



What is pion decay rate?




We can’t calculate absolute rate, but we can do ratios

Agrees with experiment, but that is odd,
because phase space arguments would
predict the opposite! What is going on?

Note that if lepton mass is zero, decay rate
Is predicted to be zero! Why is that”? Must
have something to do with V-A coupling...



On V-A coupling and pion decay

Pion is spin zero, so in its rest frame its
decay products must have opposite spin

But anti-neutrino is always right-handed,
which means the electron must be right-
handed too

If electron had zero
mass, it would only be
A AN left-handed. Helicity

suppression

(Aside: What about decays to taus?)



On to charged weak interaction of quarks

In lepton sector, W couples only within a
lepton generation (this is why electron
number, muon number and tau number are
conserved).

Wt set +u,

Lt

€

_)7-



On to charged weak interaction of quarks

In quark sector, might expect something
analogous to hold

. Coupling is

24 predominantly but

not entirely within
a generation
(there is no

“conservation of

1st generation of

quarks”)

I 11 III

Three Generations of Matter



On to charged weak interaction of quarks

This is how 2nd and 3rd generations of
quarks can decay to the lighter 1st
generation quarks

As we have
=] discussed, the mass
g™ cigenstates that we
] know of are not the
— K same eigenstates of
2 the charged weak
Interaction, but

! *M instead are slightly

H II11 rotated

llnu Generations of Matter



Charged weak interaction vertices

6. (Cabbibo angle, after Nicola
Cabibbo, who proposed it), is
small (13°), so that

strangeness-violating decay is
weak




Example usage

1174 W

d u S u

. _igW 5\ -
—igw _, 5 (1 =77) sin b,

1 — cos 0,

vz ) (1—=7°) 21/2

DK™ > 1—47) i, oy (mx)’ mi(mi —mi)’

D >l +m) 2 QC(mK) m3(m2 — m3)?

Let's assume form factors for
kaon and pion are ~the same

(K™ -1 —+4p;) 5 M, s m%(m%( — m%)2
I(r= -1~ +7;)




Pion vs Kaon leptonic decays

Charged kaon mass ~0.494 GeV
Charged pion mass ~0.140 GeV
Electron mass ~ 0.0005 GeV
Muon mass ~0.106 GeV

_ _ 3
K™ —l—+m) _ an g (m7T ) (m3, — m3?)?

(= — - + 1) mg ) (m2 —m?)?2

Without Cabbibo angle:  With Cabbibo angle:
electron ratio: 3.5 electron ratio: 0.19
muon ratio: 17.6 muon ratio: 0.96

Observed (0.26/1.34)



More complicated decays




More complicated decays

et U
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Kaon decays

Kaon decays to muons observed to occur at
a much much lower rate than observed.

Why might that be?
S \W-
T S—g g
M
KO U A ‘ Vu
/d'/'\/\/vl/;\/\a\s‘\“
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Kaon decays

Glashow, lliopoulous and Maiani proposed the
“GIM” mechanism - a new 4th quark comes In
with opposite sign and cancels the diagram!




W couplings to new charm quark

d u S u

. _igW 5\ -
—igw _, 5 (1 =77) sin b,

1 — cos 0,
vz ) (1—77) 24/2
W W

d C s c
—q | .

o (1 —~°)(—sin6,) W Y (1 — ~4°) cos 0,




Kaon decays

Terms cancel!
(Up until charm mass effects, so not identically)

_Q%V’Yﬂ(l —7°) sin 6, _Qig/g/v“(l —7°) cos b,
S W- S W-
i SN N NNy \‘\'\/\/\/W/ATJ




Interpretation

W bosons couple to u
and c quarks, but to
linear combinations
d ands’, notdand s

d \ cosf. sind. d
s )] \ —sinf. cosé. s
U c
(#)(v) oR

U C
( dcosf,.+ ssin b, ) ( —dsinf,. + scosb, )

d = dcosf,. + ssinf,

s’ = —dsinf. + scosé.



Expanding to the CKM matrix (we saw this already!)

Maskawa
d’ 0.97434 0.22506 0.00357 d
s | =1 022492 0.97351 0.0411 s

b’ 0.00875 0.0403 0.99915 b



Expanding to the CKM matrix

CKM matrix V has in general 3 "angles™ and one
phase (which allows for CP violating effects!) Lots
of efforts to probe and test the CKM matrix and
nysics (for example, is it unitary?)

look for new p
CKM Fitter co

http:/ckmfitter.in2p3.fr/'www/results/plots_summer18/ckm_res_summer18.html

laboration

p-value

0.0060 T T T A 1.0

| l‘t | ) v l ) dasrod) |

[ Vv, ]
0.0055 | Valy | o°

| 0.8
o_oow : ‘._' ) 30 e

' 0.7

0.0045 -

B = 0.6
‘o%. -
> 0000 EIVL 0.5
0.0035 t 1.l -1 0.4
r : 0.3
0.0030 | | -
E IVellVal, 0.2
oouss - e i 2
[ S excluded area has CL > 0.95 -

0.032 0.034 0.036 0038 0.040 0.042 0.084 0046 0.048

IV,

ATLAS+CMS Vi, measurements
from single top quark production

ATLAS+CMS
LHCIOPWG
‘Ovvr|\
RVl = \ d from single-1op-quark production
Pec

O, - NLO (r and schanno), NLO+NNLL (W)

30, :scale ®POF @ o, @m S €
m = 1725 GeV { V.| £ (meas.) + (theo.)
ATLAS+CMS trcaopwG . .
r<channel, 13 « 7.8 TeV 1.02 +0.04 + 0,02

ATLAS+CMS LcpwG
W. 15«7 8TeV

—t———e 1.02 £0.09 £ 0.04

ATLAS+CMS LicipwG | - "
schannel 13 - 8 /

ToV 0.97 +0.15 + 0.02

1902.07158 "%



On to neutral weak interactions

Electroweak unification (as we'll see)

requires the existence of neutral weak

4
f f
—197
5" (el — k)
_Ye
Y siné,
Careful: 2 vs Je

2*sqrt(2)! 9= =
6, = 28.75°
sin? 6, = 0.2314

sin 6,, cos 6,

Processes
/ Cy CA
e, L, T _71 + 2sin” 0, _71
u,c,t % — %sm 0. %
d,s,b =14z = Sin 20, =



Neutrino-electron scattering

Careful
about “nu” In
numerator!
Not an index

Assume
small
momentum
transfer




Neutrino-electron scattering matrix element

M = [ia@ 22 (e — ey [u(1)]) 22 [a(@)][ 1227 (e, — ci®)][u(2)]

(2m)*6*(p1 — ¢ — p3)(2m)*6* (p2 + q — pa)

(2m)

Know that we can use earlier result
(with appropriate substitution, and
being careful about sqrt(2) difference in
coupling) and ignoring electron mass

MP = e Tl (€ = CiP) )07 (CF = Cir) ()]

Tr[v.(CY — Cav°)(p,) (e ((CF — Cav°) (p,)]



Neutrino-electron scattering matrix element

MJ* = IZTr[y(CY — C42°) () (7 ((CY — O ()] %
Tr[v,(Cy — Cav°) (B,) (1 ((C5 — Cay°) ()]
Let’'s focus on second trace
Tr[v.(CY — Cav°)(p,) (e (Cy — Cav°) (p,)] =
Tr[7.Cy v Ps Ve CoYapi — YuCy 1wy Yo Car’ Yapi —
YuCaAY WP5YeCV VPt + 7uCar’ 1P Ve Cay Yapi]

Tr[vu.(Cy — Cav°)(B,) (7 (C5 — C47°) (B,)] =
Tr[v.Cy v ps Yo C5vapy + 7 7uCor 5o Cavaps +
V’YuCav P57V Covaps + 1uC o P57eCavaps]



Neutrino-electron scattering matrix element

Tr[vu.(Cy — Cav°)(B,) (7o (C5 — C4°) (B,)] =
Tr[7uCy P31 Cvvaps + 7 1OV 1P ve Cavapi +
757LLC§17VP570 067ap$ + VMCEZX/VVPZVO C’j*yapﬁf]
Tr[vu,(Cy — Cav°)(B,) (1o (CF — Cav°) (B,)] =

4(06')2]95192 (gw/gaoz — JuoGra T+ guagurI) + 42'0‘3036“,/0&]95}92—%
47:0‘6/CZEMVJQPZPZ + 4(02)2]05]?2 ((guvgaa _ guagnuoé + gMOégVU)]

Tr[v.(CG — Co7°) (p,) (1 (Ch — Cvy°) (B,)] =
4((CE)* + (COHP5PS (GuvIoa — GuoGva + Guadve) + 8iICECY € pvoaPy Dy



Neutrino-electron scattering matrix element

Tr[v.(Cq — Co7°) (p,) (1 (Ch — Cv°) (B,)] =
4((C%)? + (C)* )50 (Guvboa = GuoGva + Guadve) + 81CTCh€umoabs s

= 4((C)? + (C2)?) (P2pPao — Guo (P2 - P1) + P20Pap) + 8iCY Ch€pvoaphpl

And then first trace is
= 4((CH)? + (C*)(PPE — 9" (p1 - p3) + pTph) + 8iCY-Che" p1gpan
Multiplying them and contracting gives

= 16((CY)* + (C1)*)((CF)* + (C5)?)
((p1 - p2)(p3 - pa) — (P2 - pa)(p1 - p3) + (p1 - pa)(P2 - P3) — (P1 - P3)(P2 - Pa) + 4(p1 - P3)(P2 - Pa)—
(p1 - p3)(p2 - pa) + (P2 - p3)(P1 - pa) — (p2 - pa)(p1 - p3) + (P1 - p2)(P3 - Pa))
—640% CHCYLCSe*P7 D1 sP3r€euvoaPs Dy
+32iCy Ch€pvoarspy (P1 D5 — 97 (1 - p3) + PID)
+32iCY C4 "7 p1gpsx (D2pPao — Guo (P2 - Pa) + D2oPay)



Neutrino-electron scattering matrix element
= 16((C7)* + (C2)*)((CF)? + (C9)?) x
((p1 - p2)(P3 - pa) — (P2 - pa)(P1 - p3) + (P1 - P4) (P2 - P3) — (P1 - P3)(P2 - P4) + 4(p1 - p3) (P2 - Pa)—
(p1 - p3)(P2 - pa) + (P2 - p3)(P1 - Pa) — (P2 - Pa)(p1 - p3) + (P1 - P2)(P3 - P4a))

—64C5, CLCyCRe" 7 p1gpareuvoaly Dy Pairs of 1st and
+32iC5, Ch€uvoapspy (D03 — K (P1 - p3) +>J@§ ) 3rd terms cancel
+32iCYCL "7 p1 spsx (Podlao —Muo (P2 - Pa) + ]><p4u) as we saw
earlier (anti-

g terms require y=g  symmetry)
but then € Is zero

= 16((CY)* + (CR)*)((CF)* + (C2)?) x (2(p1 - p2)(p3 - pa) + 2(p1 - pa) (P2 - P3))
-—64(75(72(76(IZEHBUAplﬁp3keuvaapgpg

Recall:

— eHaPA — —2(6P6) — §969)

pBoA
¢ UV~ (6 %4

C_GMGBA'_'EMJVQ) Cuova

Cuvoa



Neutrino-electron scattering matrix element

= 16((CY)* + (CR)*)((CF)* + (C2)?) x (2(p1 - p2)(p3 - pa) + 2(p1 - pa) (P2 - P3))
——64(75(?2(75(IZG”BUAP15P3A€uyaaPZPE

P (—eH7P = 7P = —2(8,05 — 656,)

_'Euaya) Cuova

Cuvoa

= 16((Cy)* + (CA))CY)? + (C2)") x (2(p1 - p2)(p3 - pa) + 2(p1 - pa) (P2 - P3))

—128C5, C4CY CGp1apsa(Papd — pipl)

= 32((CY)* + (CDH(CY)® + (C2)?) x ((p1 - p2)(p3 - pa) + (p1 - pa)(p2 - P3))
+128Cy,CLCyCG((p1 - p2)(p3 - pa) — (p1 - Pa) (P2 - P3))
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Almost there

= 32((CV)* + (C*)(CV)* +(C2)?) x ((p1 - p2) (3 - pa) + (p1 - 1) (P2 - P3))
+128CY, CACyCA((p1 - p2)(p3 - pa) — (p1 - pa) (P2 - P3))
Divide by two to average over electron spins
= 16((CV)* + (C))(CV)* + (C2)?) x ((p1 - p2)(ps - pa) + (p1 - pa) (P2 - p3))
+64O\€/CEC\V/CE((Z?1 'p2)(p3 'p4) - (pl 'p4)(p2 'p3>)

Add in missing terms from matrix element

- %((05)2 + (C2))UCT)” + (C4)%) x ((p1 - p2)(ps - pa) + (p1 - Pa) (P2 - P3))

L CRCY A )b 1) — (01 p1) (o)
Let’'s plug in C terms for neutrino (both 1/2)
_ 93
2M?7

((C5)? + (C2)?) x ((p1 - p2)(ps - pa) + (p1 - pa) (P2 - P3))

4
L 97

L CHCA (PP s pa) — (01 pa) (P2 - p3)



Let’'s get some kinematics in CoM frame

9%

= oM ((C%)? + (C)?) % ((p1 - p2)(ps - pa) + (p1 - pa)(p2 - p3))

F 3 CICA (P p2)(ps - pa) ~ (21 -p1)2 )

Assume massless P3
electron. Pick center D1 0

of mass frame where > < D2

Ei=Ex2=E3z=E4=E
and |pi| = E D4

pl'pz) =ElE2—p1-p2=EQ+EZ=2E2

(

(p3 - pa) = E3Ey — P3 - Pa = E? + E? = 2F°
(p1-ps) = E1Ey —p1-Pa = E* + E*cos = E*(1 + cos )
(p2 - p3) = ExE3 —pa -p3 = E* + E*cos = E*(1 + cos0)



Let’'s get some kinematics in CoM frame

— 2‘?\5% ((C2)* + (CF)?) x ((p1 - p2)(p3 - pa) + (p1 - pa) (P2 - p3))
+%czcs<<p1 - p2)(p3 - pa) — (1 - pa) (P2 - P3))

(pl ‘p2) =E1E2—p1 - P2 =E2+E2 =2E2

(p3 - pa) = E3Ey — p3 - pa = E° + E? = 2E7
(p1-ps) = E1Ey —p1-pa = E* + E*cos = E*(1 + cos )
(p2 - p3) = EoE3 — pa - ps = E* + E*cos = E*(1 + cos )

4
= IZ(C5)? + (CF)) x (B + EY(1 + cos)?)
A4
4
+g—Z4C'jC‘€/(4E4 — E*(1 + cos 6)?)
MZ



Let’'s get some kinematics in CoM frame

IZ_(C5)? + (C5)2) x (4B + E*(1+ cos6)?)

~ oM
4
+ 2205 CY (4B — E*(1+ cos0)?)
MZ
T I +cosx
Use half angle formula cos 5 = \/ >
4E4 0 4E4 0
2y () + (€0 x {4+ oot ) + SO0 (4~ doos' )



Simplifying further

5 g4E4 0
< | MJ* >= Z I ((Cj)2+(Cv) )(2+2c:os —)
M} 2
4 14
g E 4 0
ﬁ% C5C% (4 — 4 cos? 5)
2 294ZE4 e e 49 e\2 2 e e
< |M|" >= MY ((C2)* + (CF)? +2C4CY) + cos 5 ((C2)" + (Cy)" = 204 CY)
29, E% 0 .
< |M|? >= ]@4 ((C4 + CF)?) + cos 5(Ca — Cy)?)
A
do 1 |[MP  |py]
dQ 647’(’2 (E1 + E2)2 ‘pz’
do 1 1 2g,FE* 0

- € e \2 4 Y e o\ 9
ds) 64772 4E2 M% ((CA+CV) )+COS 2(0A Cv))
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Differential xsection to xsection
do 1 1 2¢,F* 0

~ — € e \2 4 Y e o\ 9
df) 6472 42 M% ((CA+C’V) ) + cos 2(0A CV) )
do 1 g%EQ . o 0 .
dQ 12872 M3 ((Cq + C5,)%) + cos §(CA_CV) )

27 94 E? (™ . . 0 . . |
19872 ]@% fo [(CG + C&)?) + cos? §(CA — C%)?)]sin 6d6

0':

First piece of integral (sin theta) gives 2

7 1 7
f cos™ o sin 0df = - J (1 + cos ) sin 6d#H
0 2 4 Jo

T2
= if [sin 6 4 2 cos 0sin 6 + cos? @ sin #]df
0



Differential xsection to xsection

1 (" 1 m
ZJ [sin @ + 2 cos 0 sin O 4 cos” O sin H]dH = Z[2+J 2 cos 0 sin 0df + cos? O sin Hd]
0 0

u = cosf,du = — sin 6d6O
1 "
"2+ | (—2u—u?)du]
4 Jo

— cos> 9/3]228 =




Moving on to the Z boson

Z boson not discovered until 1983! Why? Most
of the interesting processes are masked by
electromagnetism. Need lots of energy to reach

masses where you are near Z pole (near Z
resonance)...



Studying the Z pole (Z mass at resonance)

The LEP collider!
electron-positron
i collisions

Do NOT
assume small
momentum
transfer! But
assume fermion
mass =0

M= [ (e, — o)) (e ) @I = )]

(2m)* 6 (p1 + p2 — @)(2m) " 6% (3 + pa — q) (524
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New term in propagator

M~ | ifuts (o] = o) (S ) B2 e — e lfu()

d4
(2m)1

(2m)*6* (p1 + p2 — ) (2m)*6* (ps + ps — q)

[@(D)][" () — chA")NvB)auay = [EA][g(ch — el [v(3)]g, =
[u(4)]1 (P, +zﬁ4)(0,4 — 7" [0(3)]gs

Why? Recall Dirac equation...

~

(vMk,—m) =0

Plug in m=0
v(Y'k,+m) =0



New term in propagator

M= [ ], — hallea)] (e ) (@17 — )]
(2m)*6* (p1 + p2 — q)(2m)*6*(p3 + ps — q) (334

@]V () — ™) [v(3)]auay = [@4)][g(c), — cm][ (3)]qu =
[@(@)][(p, +p,)(cy — cA")[vB3)]gn = [@@)][(chy + ™), [v(3)]a,
pg[v(B)] — ﬂ(4)p4 =0 form=0

M= [ = oG ( gy ) P2 e = e lfu)

d*q
27)4

(2m)*0% (p1 + p2 — q)(27)*6* (p3 + pa — q) (

M = ~ g3y POl = @I (e — 3]




Turning the crank

<
~—~~
DO
~—
—
—
-2
=
—~
)
<®
I
)
b(‘b
=2
ot
~—
—
—
S
—~
[ —
~—
—

M = — I )[ﬂ(ﬁl)][%(C@ — N3]

After averaging over spins

4
2 9.
< >=
M 64(q2 — M2 +iMT)2

Tr[v.(CY — CAv™ )b (el — 4™ )p, ] %
Try"(CY, — CIy°)p, 4" (5 — cay”)p, ]

Thankfully, we calculated this before...

Tr[v,(Cq — Cv7°) (B,) (1 (Ch — C57°) (p,)] =
4((C%)? + (C2)*) (p2uPao — Guo (P2 - Pa) + P20Pan) + S8iCHCY €uvoaly D



Turning the crank some more (lots of cranks in this course)

4
2 L 9.
<M== G = e

Tr[v.(C = CAP)p v (el — 4°)p 1%
Try"(CY, — CIy°)p, 7" (5 — cav°)p, ]

4
2 9.
< > =
M| 64(q2 — M2 + iMT)2 "

[4((CL)% + (CH)?) (D3,uPav + Papbse — G (P - 1))
+87JC{;C’£ewmpgp4a] X

[4((CE)? + (C)) (PruP20 + PouP1e — Guw (D1 - D2))
—I—8iC’6C’je“>"/ﬁp1>\p25]



Turning the crank some more (lots of cranks in this course)

< |IMJ]? >= I

[4((CL)% + (CH)?) (D3,uPav + Papbse — G (P - a))
+82’C‘J;C£6me§p4a] X

[4((CE)? + (C)) (PruP2s + PouPry — Guw (D1 - D2))
+8iC’{}C’je“>"/ﬁp1>\p25]

4
2 o [y
<M== — e |

16((0\‘];)2 + (C£)2)((C\e/)2 + (CO)[(p1 - p3)(p2 - pa) + (p2 - p3)(P1 - pa) — (p1 - p2)(p3 - pa)
+(p1 - pa)(p2 - p3) + (p2 - pa)(p1 - p3) — (P1 - p2)(P3 - Pa)
—(p1 - p2)(p3 - pa) — (p1 - p2)(P3 - pa) + 4(p1 - P2)(P3 - Pa)

]
+4((CY)? + (CRP BiC] Chieuonaning ) (prdon + pxPrv — 9 (p1 - p2)) AS
+4<(C‘6/)2 + (CJZ)Q)(SiC‘ngEMAVBpl)\pQﬁ (p?) 4y + p 3v — V(p?) ) p4)) before

—64C5 CACL O €povaplns P prapag]

~



Turning the crank some more (lots of cranks in this course)

4
2 gz
>—=
<M 64(q2 — M2 + a2 < |

16((CY)% + (CHDCH)? + (C)H[2(p1 - p3) (D2 - pa) + 2(p2 - p3) (P1 - pa)]

—64C% CACY Ol povapips e P piapas]
Recall:

(BTN = (—etPN e 0) = B, = —2(586) — 6852

Cuvoa

4
2 gz
> =
<M==z = vz <!

16((CXJ;)2 + (Cg)Q)((Cﬁ)Q + (0521)2)[2(191 - p3)(p2 - pa) + 2(p2 - p3) (P2 'p4)]
+128C5,CACY,CH ((p1 - p3)(p2 - pa) — (p1 - pa)(p2 - p3)]



Almost there

Assume massless
fermions and
electrons. Pick center
of mass frame where
Ei=Ex=E3z=E4=E
and |pi| = E

— E1F5 —p1-ps = E? —

)

.py) = FyEy —py-py = E?
)
)

/p3
P1 0

=E2E3—p2°p3=E2—|—E2(ZOSH—

(
— E?cos = E*(1 — cosd
(
=E1E4—p1-p4=E2+E2COSH— (

> < D2

A

E?cosf = E*(1 — cos0

l\D

1 4+ cosb
1 4+ cosb

)
)
)
)



Almost there

q=p1+p2
and need to be a bit more careful about the
magnitude of the imaginary number!

4
2 L 9.
<M== e — e oy

16((05)2 + (Cg)Q)((Cﬁ)Q + (051)2)[2(191 - p3)(p2 - pa) + 2(p2 - p3) (P2 'p4)]
+128(J{}CAC{;C’£((P1 -p3)(p2 - pa) — (P1 - pa)(p2 - P3)]

(p1-p3) = E1E3 —p1-p3 = E* — E?cosf) = E*(1 — cos )
(p2 - ps) = BE2Ey — p2 -ps = E* — E*cos = E*(1 — cos )
(p2 - p3) = BaEs3 — p2 -p3 = E° + E*cos = E*(1 + cos )
(p1-ps) = E1Ey —p1 -pa = E* + E?cosf = E*(1 + cos )

¢*> = (p1 +p2)® = p; +p5 +2(p1 - p2) = 4E?



Almost there

4
2 L 9.
<IMI">=GraEr a2+ eanrere <

16((CL)?2 + (C)H(CH)? + (C)H[2E* (1 — cos0)? + 2E4(1 + cos 0)?]
+128C‘€/CAC’{;C’£(E4(1 —cos0)? — E*(1 + cos6)?)]

2 94E4
<IMI">=SaEe — a2 anere <!

(CL)? + (CDPC)? + (CDP(1 = cos ) + (1 + cos §)?]
+4C‘€/CAC{;C£((1 —cos0)* — (1 +cos6)?)]
gz B
D2 = M2+ 2aere < L
(C)? + (CDP(CH)? + (C2)*)[2 + 2 cos” O]
+4C€/CAC’{;C£(—4 cos )

< |M|? >=




A bit of simplification

gz B
D2 = M2+ 2aere < L
(C{)? + (CHHUCH)? + (C5)H)[2 + 2 cos? 0]
+4C€/CAC‘J;C’£(—4 cos )

< |M|? >=

9. E*

2 o _
< M7 >= (AE2 — M?)? + M2

[((C\J;)z + (CHH(CE)? + (C9H)[1 + cos? 8] — 8CECACY, CY, cos «9]




Differential cross section

g: " s
(4E2 — M2)2 + M?2T72

[((05)2 + (C,];)Z)((C\e/)Q +(COY[1 + cos? 0] — SCﬁCAC{;C’fl COS 9]

do 1 M |? \Tpﬁ/

dQ 6472 (B + E»)?

< |M|? >=

do 1 grE* y
dQ)  256m2E2 (4E2 — M?2)2 + M2T2

[((C{;)Z + (C)?)((CE)? + (C)H1 + cos? ] — 8CLCACLCY, cos (9]




Differential cross section to total cross section

do 1 giE*

dQ ~ 256m2E2 (4E2 — M2)2 + M2T2
(1) + (CPCH P + (€)1 +cos? 0] — 8C5 CaCl Y cos]

do 1 gﬁE2 y
dQ) 25672 (4E2 — M?2)2 + M2T2

[((Cx];>2 + (CHH(CE)? + (CP)[L + cos? 0] — 8CLCACT.CY, cos 9]

RN

O =

2 g;J‘E2 y
25672 (4E2 — M?)2 + M?1?

O=m
f [((OXJ;)Q + (CDHUCE)? + (C9))[1 + cos? 8] — 8CE C4CY,.CY, cos «9] sin 6df
=0



Total cross section

1 g§E2 y
O' —_—
1287 (4E2 — M?)2 + M2I2

O=m
f [((O{})? + (CHCH)? + (C)H1 + cos? 8] — 8CLCACH, O cos 9] sin 0d0
6=0

O=m
in 6df = 2 :
L:o o We just evaluated

JQIW 2eangan— 2 these a handful of
0

slides ago
f cos O sin8df = 0

o

(CD? + (EHH((Cs)? + (o)D)



On Z boson width

Predictions for
branching ratios
to specific final
states!

(CD? + (D) + (€a)H)]

Z boson mass = 91.2 GeV

Z boson width = 2.5 GeV

If E not near Mz, width term is negligible (at Z
pole, it's needed - otherwise we end up with
Infinite cross section!) Reason width is there is
that Z has a finite lifetime (so it's not a stable
particle). EM (photon-mediated) contribution to
the process is much bigger than neutral current
process, except at Z pole



CMS dimuon data
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Last comment on weak vector bosons

W+ W- W+

e T

We won't study these vertices, but they exist,
too!

W+ W- W+

oY



On to electroweak unification

Long history of unifying forces in physics. Most
famous example is electricity and magnetism
(Maxwell). Einstein (SR) then showed that they
are one and the same thing, differing only in
reference frame. Wouldn't it be great to unify the
weak force and E&M?

First problem - their strength is very different!
Solution (Glashow): Give masses to W/Z bosons
and not to photon

New problem - why are the masses so different?
Solution: next chapter



Next problem with EW unification

Weak forces contain both axial and vector
components, E&M contains a pure vector
component
New solution: redefine our spinors

Remember the Dirac equation solutions:

Electrons

Positrons

Spin up

¢1 _ e—imt

Spin down

¢3 _ e—i—imt

(1)
0

\ 0/
[0

O = O O O O

N—

Spin down

7¢2 _ e—imt

Spin up

¢4 _ e—l—imt
’

~—_
_—

NN
/\

_o O o O O = O

yal
\



What are the eigenvectors of helicity?

Reminder that helicity h of a particle is the
normalized dot product of its spin and direction of
flight (h=+1 if spin is in same direction as motion
and h=-1 if in opposite direction)

Also remember - helicity is NOT Lorentz invariant
(can always change direction of motion in
different reference frame unless m = 0)

/Spin matrix

pl [P\ 0 ap

>
i71




What are the eigenvectors of helicity?

Let’s find the eigenvalues of the helicity
operator

1L fop 0 uaA \ UA
D 0 J-ﬁ up N up

Way back (c-P

when ...

ﬁ-(?:px((l) é)ﬂ?y(? _Oi>+pz<
)

- 2 Pz Px — ipy
-0) = :
(p ) ( Dz + LDy —P=z

—1 Px + Zpy —Pz

o PP+ (pe—ipy) (e +ipy)  D2(Pe —ipy) — P2 (Pr — ipy)
P2 (De +ipy) — P2(Px +ipy) Pz +ipy) (Pe — iDy) + P2

= 2
(p- &) =p°1



What are the eigenvectors of helicity?

2 232y, , | He|I|C|ty
eigenvalue =
p’up = p°Nup +/- 1



What else can we say?

Also way back when
we had for spinor

components (O 0 1 O\
D& 5 _ 0 0 0 1
up =z ua 7 1 0 0 0
\ 0 1 0 0
/0010\
- [ oo 01 uA
PRIl 10000 (Eﬁjn“fl)
\0 1 0 0

ua is a 2-component spinor



Back to our favorite matrix

o OO -

What if the particle is massless?



In certain limits




Let’s define another two operators

Left-/right-handed projection operators



Algebra of projection operators




Algebra of projection operators

In massless limit, P- picks out the left-handed
component of helicity and P picks out the right-
handed component of helicity

If we're not in the massless limit, can still define
these operators and refer to them as the chiral
components, even if helicity is not unique. Only in
massless limit are the two equivalent






What about the adjoints?

Similarly... “r(p) =u(p)

(1+7°)
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How does this help us?

Recall that we had this interaction....

W

e Y¢  Call this the weak current i1

1_5
oL VY 276

(11 y " . N 5
Bar” is not anti- (1 gl
particle, E

but adjoint! (1—75> B <1+75>
T = T




Weak current

14

A (1440 1 —~° _
Ju = VVu 5 e =V 5 Y 5 € = VLYueL

So vertex couples left-nanded electrons to left-
handed neutrinos. This is now purely a vector
coupling, just like in E&M



What about electricity+magnetism?

~ Here, EM current is
e e
J',;EM = —evy,e = —(er +er)yuler +er)
Since, as we saw: ErVuerL = eryuer =0

Is it clear why that is?
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Other weak current process

75
W Ju = €V ( > > V = €erY.VL
Ve e
. Ve
Define: xr = ( . )
L
Conveniently then write: A+ (01
L 0 0
+ i
],u XL’Y,LL XL o 0 0
Tl 1 o0

Just like Pauli spin matrices!

1
T+ = Z (7!



What about neutral current?

N
Sl
|
|
)
=
N\
[—
|
Ot

Y > B
UV = eL’Y,uVL

1
0
0
0

Ve e

Conveniently then write:
Jif = Xp T XL <

3
)
°)

Reminds us perhaps
of isospin”? Maybe current from

Z boson is then... 3

S = _—a O O

. 1, 1_ 1

Iy = XL’V,LL§T XL = SVLVuVL — §EL”Y;L€L



Not quite

NOPE! Need neutral current to couple
to right-handed components, too...



“Weak hypercharge” current, instead

Symmetry of our new, combined theory!
SUR2)r ®U(1)

Let’s check this definition of Y (weak hypercharge):
= 2jM =25 = —2epyuer —€LyperL — VoL = —2€rVueR + XL YuXL
In total we have three , 1

“Weak J,u — §XL’Y,MTXL
Isospin” currents

And weak

hypercharge Ju = —2ERVuVR + XL VuXL
current in

addition



Glashow/Weinberg/Salam theory

Have three weak isospin currents coupling
with the same strength to a "weak isotriplet”
of vector bosons W (coupling gw), and an
isosinglet vector boson B coupled to the
weak hypercharge current (coupling g'/2).
Write as:

/
o, [ngMW“ 4 % ng“]



Expanding out

juWH = ]MW“‘ +]2W“ +]3W“

1 1
JuWH = — P WHT f — TWHT +3MW“

et T

1
W bosons t _ = (! 42
observed — ﬁ(wu =)

Plugging in to the interaction:

/
z[gW +W“++9WjMW“ +ngMW“ +9—ng“]

V2 V2 2



What is this vertex then?

W Back to when we first
o ve Studied this, we get a term
In matrix element from

vertex of: 1 s
_Z _— N

|
This is the term Vertex factor agrees!

of interest (have (1=~

W) \ Ju =VLWer = v 5  ©

/
—z[gW W“++ngMW“ —I—ngMW“ +9—ng“]

NP V2 2




Neutral states

They mix! One of them is
massless (photon) and
other is the massive Z
boson

A, = B, cosbOw + WS sin Oy
Z,, = —B, sinfy + WEZ cos Ow
Rewrite:
(A, sinOw + Z,, cosOy ) = V[//i’(sin2 0w + cos® Oy
A, sinOy + Z,, cos Oy = Ws

(A, cosby — Z,sinfy ) = BM(COS2 Ow + sin” Oyy)

A, cosbw — Z,sinby = B,



Neutral states

A, sinOy + Z,, cos Oy = Wi
A, cosbw — Z,sinby = B,

/
i [gv; LW T gw g g_szu]

Neutral pieces:

/
—q [gwji (A* sin Oy + ZH cos Oy ) + %33 (AN cos Oy — ZF sin QW)]

/ /
—q [A” (gwjz sin Oy + %jz COS 9W) + ZF <9Wj2 cos Oy — %in SIn 9W>]



Electromagnetic coupling

/

/
—1 [A“ (gwjz sin Oy + %]z COS 9W> + Z (gwji cos Oy — %]z sin 9W>]

Do we

om _ i3 1 ., remember
Ju =I5 why?
gw sin by = g’ cosby = g
’ Relates the
electromagnetic

and weak
couplings!



Neutral current coupling

/ /

—1 [A” (gwju sin Oy + %ju COS@W —|— Z“ QWJM cos Oy — g—]'u smHW

Jp =23, = 24,
gw sin Oy = ¢’ cos Oy = g.
agw = ge/ sin HW
g = g/ cos Oy

(gw i3 cos Oy — g5 5 sin Oy + ¢33 sin Oy )

]u (gw cosOw + ¢ sinfy ) — g’]EM sin Oy

(g cos Oy g sin Oy _ngMSiHHW
#\ 7 sin Oy “cos Oy I




Neutral current coupling

, cos Oy sin Oy , sin Oy
]2 <ge : T Je ) _geij
sin Oy cos Oy cos Ow
ge

Define: 92 = O cos Oy

gz [32 (COS2 Oy + sin? HW) — jEM sin? HW]

9z g, — 3" sin? 0w |



Now we're getting somewhere...

Couplingsto = = |
/Z boson are 'Yz [Ju—Ju sin® Oy |
of the form:

1 . 1 1

Recall: ji = XLV 5T XL = SVLIuVL — §€L%€L

VLAVL = P%(l + ﬂw%(l — ")
VLYuVL = %p(l + ) (1=~ So:
VLYuVL = ip%(l — ) (1 =) ji = i (77, (1 =)y — &y, (1 —7°)e]
VLY VL = iﬁfy (1—29° + (v°)*)v
VL VuVL = i 7yu(1—29° + 1)
VL YuVL = % 7y, (1— %)



Now we're getting somewhere...

Couplings to . 3 EM .9
—1 — sin“ 0
Z boson are 92 [Ju = Ji W)
of the form: 1
3 _ g~y (1 — A%y — By (1 — A5
ij _ _zye I =7 [P =) =2y (1 =7)e]
—i7 [77,(1 —¥°)v — &y, (1 —v°)e| + igz sin® Owey,e
Compare with iy

Neutral weak 5 w(cé - CQ’W)
vertex factor:



Now we're getting somewhere...

Couplings to
—197 r— 5 _ 5 ) _
Z boson are — [P0l =)y =&y, (1 = 7")e] —isin® fwey,e

of the form:

Compare with .

97 f f .5
Neutral weak —, Yu(cy —cq7”)
vertex factor:

—197 9z

4

For neutrinos:

cv=1/2,ca=1/2

Vel — cy®) = =72y, (1 — 4°)




Now we're getting somewhere...

Couplings to _;
Z boson are — 711 =7y — ey (1 = 7°)e] — isin® eme
of the form:

Compare with .

97 f f .5
Neutral weak —, Yu(cy —cq7”)
vertex factor:

For electrons: _;gZ’yM(C{/ — ) = 4% (1 = 47) — isin®

cv = -1/2+2sin?By, ca = -1/2



Let’s try this out for quarks

Couplingsto = = | "
Z boson are 19z [J, —J, ST Ow] X = ( d )
of the form:

. _ 1 1, — 1 0 u
Ji — XL’VMaTSXL — 5(“ d)L/VM ( 0 —1 ) < d )
L

. 1, - u

«72 - §(u d) LV ( d >L
. 1 —
I = 5 @ryuur = dpyude)

3 _ | v } _ : ‘
J’U’_2<u 2 a 2 u—d 2 T 2 d



Let’s try this out for quarks

Couplings to
Z boson are
of the form:

_(1+7°)

1

—igy [j, — M sin® Oy ]

(1+7°)

2

and

a(l —7°)

(@1 +97)7u(L =) u = d(1 + 7)1 = 7°)d)

CO| — CoO| —

(v, (1 = ¥°) (1 = 7" u — dvyu(1 = 4°)(1 = 4°)d)

(Wyu (1 = ~°)u — dy, (1 —7°)d)

VMd)

I =

M
— %LU —



Let’s try this out for quarks

Couplings to e
Z boson are 9z [, — Ji " sin” O |
of the form: P

Ju = 7 (@ (1 =~")u = dy, (1 = 7)d)

. 2 1—
]EM _ <§u%u — §d%d>

—197
2

Compare with
Neutral weak
vertex factor:

For up quarks: For down quarks:

cv = 1/2-(4/3)sin?By cv = -1/2+(2/3)sin?0y
ca=1/2 ca=-1/2

'VM(C{/ — C£75)







You might be asking

The symmetries we examined are clearly not
intact in the final results (they are ‘broken’) - why
is the photon massless but the W and Z bosons
are not? Are we ready for your (presumably) first

iIntroduction to field theory? :)



