
835A brief detour to Lagrangians

L “ T ´ U

d

dt

BL
B 9q “ BL

Bq

You’ve all seen 
this before, hopefully 
more than a few times

Now we are dealing with fields! Which are 
themselves functions of x,y,z .. and also t. 

Define a “Lagrangian density” that is a function 
of these fields and their derivatives:

Bµ�i “ B�i

Bxµ
Bµ

ˆ BL
BpBµ�iq

˙
“ BL

B�i

Does analogy make 
sense?



836Relating Lagrangian density to more familiar Lagrangian

L “ T ´ U

d

dt

BL
B 9q “ BL

Bq
L “

ª
L d3x
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Lagrangian density: generalized coordinates qi 
are replaced by the field themselves, and time 
derivates dqi/dt are replaced by derivatives of 

the fields with respect to each space-time 
coordinate



837Simplest Lagrangian (Klein-Gordon for scalar)

Bµ
ˆ BL

BpBµ�iq

˙
“ BL

B�i

BL
BpB0�q “ B0� “ B0�

BL
BpB1�q “ ´B1� “ B1�

BL
BpBµ�q “ Bµ�

BL
B� “ ´m2�

L “ 1

2
pBµ�qpBµ�q ´ 1

2
m2�2

L “ 1

2
rB0�B0� ´ B1�B1� ´ B2�B2� ´ B3�B3� ´ m2�2s



838Simplest Lagrangian (Klein-Gordon for scalar)

Bµ
ˆ BL

BpBµ�iq

˙
“ BL

B�i

BL
B� “ ´m2�

BL
BpBµ�q “ Bµ�

BµBµ� “ ´m2�

Klein-Gordon equation describing the field 
of a spin-0 particle with mass m



839Dirac Lagrangian for spinor field

L “ i �µBµ ´ m2  

BL
BpBµ q “ 0

BL
B “ i�µBµ ´ m2 

Implies the Dirac equation!

i�µBµ ´ m2 “ 0

BL
BpBµ q “ i �µ

BL
B “ ´m2 

i�µBµ ` m2 “ 0



840Proca Lagrangian for vector field

Fµ⌫ “ BµA⌫ ´ B⌫AµDefine

BµFµ⌫ ` m2A⌫ “ 0

And can work 
through algebra (we won’t!) 
to get:

L “ ´1

16⇡
pBµA⌫ ´ B⌫AµqpBµA⌫ ´ B⌫Aµq ` m2

8⇡
A⌫A⌫



841Noether’s Theorem and symmetries

Think back to classical mechanics and an object 
of mass m orbiting in a gravitational field 
produced by a second mass M

L “ T ´ V “ 1

2
mv2 ` GMm

r2

L “ 1

2
m 9r2 ` 1

2
mr2 9�2 ` GMm

r2
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No Φ dependence (Lagrangian is invariant under 
the transformation Φ→ Φ+δΦ), so 

d

dt

ˆBL
B 9�

˙
“ 0
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→
BL
B 9�

“ J “ mr2 9�
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constant



842Noether’s Theorem and symmetries

We like transformation that don’t change our 
Lagrangian (we like symmetries!) If we can 
identify a symmetry, then we can say that 
something is conserved. But we need to expand 
what sorts of things we examine…



843Local Gauge invariance

L “ i �µBµ ´ m2  

 Ñ ei✓ 

 Ñ e´i✓ 

Global gauge 
invariance 
(Lagrangian 
doesn’t change 
due to overall phase)

 pxq Ñ e

i✓pxq
 pxq

 pxq Ñ e

´i✓pxq
 pxq

What about local 
phase 
transformations?

Look at the difference 
carefully here!



844Local Gauge invariance

L “ i �µBµ ´ m2  
 pxq Ñ e

i✓pxq
 pxq

 pxq Ñ e

´i✓pxq
 pxq

L1 “ ie´i�pxq �µB
µ

pei✓pxq q ´ m2  

B
µ

pei✓pxq
 q “ irB

µ

✓pxqsei✓pxq
 ` e

i✓pxqB
µ

 

So Lagrangian not generally 
invariant under this transformation! 
But we can demand it

L1 “ i �µBµ ´ m2  ´  �µrBµ✓s 
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845Let’s try and fix that!

L “ i �µBµ ´ m2  ´ pq �µ qAµ

Aµ Ñ Aµ ` Bµ�

We want these to cancel

Add a vector field A to the Lagrangian:

So .. � “ ´✓

q

L1 “ i �µBµ ´ m2  ´  �µrBµ✓s ´ q �µ Aµ ´ q �µ Bµ�
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846But we need to add the free term for A

L “ i �µBµ ´ m2  ´ pq �µ qAµ

Aµ Ñ Aµ ` Bµ�
� “ ´✓

q

How do these new terms transform under 
our gauge transformation?

LA “ ´1

16⇡
pBµA⌫ ´ B⌫AµqpBµA⌫ ´ B⌫Aµq ` m2

8⇡
A⌫A⌫

LA
1

“ ´1

16⇡
rBµpA⌫ ` B⌫�q ´ B⌫pAµ ` Bµ�qpBµpA⌫ ` B⌫�q ´ B⌫pAµ ` Bµ�qs ` m2

8⇡
pA⌫ ` B⌫�qpA⌫ ` B⌫�q



847How are the new pieces of our Lagrangian transforming?

LA
1

“ ´1

16⇡
rBµpA⌫ ` B⌫�q ´ B⌫pAµ ` Bµ�qpBµpA⌫ ` B⌫�q ´ B⌫pAµ ` Bµ�qs ` m2

8⇡
pA⌫ ` B⌫�qpA⌫ ` B⌫�q

LA “ ´1

16⇡
pBµA⌫ ´ B⌫AµqpBµA⌫ ´ B⌫Aµq ` m2

8⇡
A⌫A⌫

LA
1

“ ´1

16⇡
rBµA⌫ ` BµB⌫� ´ B⌫Aµ ´ B⌫Bµ�qpBµA⌫ ` BµB⌫� ´ B⌫Aµ ´ B⌫Bµ�qs`

m2

8⇡
pA⌫A⌫ ` B⌫�A⌫ ` A⌫B⌫� ` B⌫�B⌫�q

BµB⌫� “ B⌫Bµ�

�pLA
1
q “ m2

8⇡
pB⌫�A⌫ ` A⌫B⌫� ` B⌫�B⌫�q

So this is only invariant if m = 0!



848Can we make this more general?

Physicists like theories with 
symmetries (see chapter 4!) and 
local gauge invariance is a nicely 
general one! How to build on it?

B
µ

pei✓pxq
 q “ irB

µ

✓pxqsei✓pxq
 ` e

i✓pxqB
µ

 

Bµpe´i�q q “ e´i�qrBµ ´ iqpBµ�qs 

Bµpe´i�q q “ ´irBµp�qqse´i�q ` e´i�qBµ 



849Can we make this more general?

Bµpe´i�q q “ e´i�qrBµ ´ iqpBµ�qs 

Bµ Ñ Dµ “ Bµ ` iqAµOK if we 
replace:

Covariant derivative

If you take field theory, they will 
become your friend 

The price we pay is that we must introduce 
a new massless vector field

 Ñ U , U :U “ 1, U “ ei✓

U(1) gauge
invarariance



850Yang-Mills theory example

L “ i 1�
µBµ 1 ´ m2 1 1 ` i 2�

µBµ 2 ´ m2 2 2

Two spin-1/2 non-interacting particles

 “
ˆ
 1

 2

˙

 “ p 1  2q
Write this more  
cleanly as:

L “ i �µBµ ´ M2  

M “
ˆ

m1 0
0 m2

˙



851Let’s discuss particle masses in Lagrangians

L “ T ´ UClassical

More 
field theory 
inspired

L “ 1

2
pBµ�qpBµ�q ´ 1

2
m2�2

L “ 1

2
rB0�B0� ´ B1�B1� ´ B2�B2� ´ B3�B3� ´ m2�2s

Can think of the mass term as the “field 
squared” term in the Lagrangian. The first 

piece (with derivatives) is the kinetic energy 
term (we know that kinetic energy involves 

derivatives)



852How do we know it is that term?

Not our choice In our choice of natural units

Energy GeV GeV
Momentum GeV/c GeV
Mass GeV/c2 GeV
Time hbar/GeV GeV-1

Length c*hbar/GeV GeV-1

Area (c*hbar/GeV)2 GeV-2

All 3 terms must have the same units!  
m has units of GeV that we want!

Could 
the mass 
be the 
k term? [Field*GeV]2

[Field*m]2

[Field*k]4
L “ 1

2
pBµ�qpBµ�q ´ 1

2
m2�2 ´ k4�4



853What does a Lagrangian with higher order terms represent?

L “ 1

2
pBµ�qpBµ�q ´ 1

2
m2�2 ´ k4�4 ´ g6�6

Kinetic terms 
of the fields Mass terms

Additional terms 
represent new  
couplings, of 
more objects to a  
single vertex



854What about this Lagrangian?

Mass term has wrong sign! 
That is because our 

calculations are really a fancy 
version of perturbation theory. 
In most theories, the ground 

state of the “potential” has the 
field at zero (the ground state 
of the E&M field has no E&M 

waves or photons!) x

Minimum not at Φ=0 
but rather Φ=±m/k

L “ 1

2
pBµ�qpBµ�q ` 1

2
m2�2 ´ 1

4
k2�4 U “ ´1

2
m2�2 ` 1

4
k2�4



855Expanding about the real ground state

L “ 1

2
pBµ�qpBµ�q ` 1

2
m2�2 ´ 1

4
k2�4 ⌘ “ � ˘ m

k
� “ ⌘ ˘ m

k

Ignore constant term and cancel terms...

�2 “ ⌘2 ` m2

k2
˘ 2

m

k
⌘

�4 “ ⌘4 ` m4

k4
` 4

m2

k2
⌘2 ` 2

m2

k2
⌘2 ˘ 4

m

k
⌘3 ˘ 4

m3

k3
⌘

L “ 1

2
pBµ⌘qpBµ⌘q ` 1

2
m2p⌘2 ` m2

k2
˘ 2

m

k
⌘q ´ 1

4
k2p⌘4 ` m4

k4
` 4

m2

k2
⌘2 ` 2

m2

k2
⌘2 ˘ 4

m

k
⌘3 ˘ 4

m3

k3
⌘q

L “ 1

2
pBµ⌘qpBµ⌘q ` ⌘p˘m3

k
¯ m3

k
q ` ⌘2pm

2

2
´ m2 ´ m2

2
q ¯ mk⌘3 ´ k2

4
⌘4 ` C

L “ 1

2
pBµ⌘qpBµ⌘q ´ m2⌘2 ˘ mk⌘3 ´ k2

4
⌘4



856New Lagrangian

L “ 1

2
pBµ⌘qpBµ⌘q ´ m2⌘2 ˘ mk⌘3 ´ k2

4
⌘4

L “ 1

2
pBµ�qpBµ�q ´ 1

2
m2�2

Compare with 
original one before 
adding new terms

Mass of particle is sqrt(2)*m

And we have these two new 
interactions

Reminder: description in terms 
of new variable must be the 
same. Choice of vacuum ground 
state breaks symmetries



857Spontaneous symmetry breaking

L “ 1

2
pBµ�qpBµ�q ` 1

2
m2�2 ´ 1

4
k2�4

Original Lagrangian 
is symmetric in Φ→-Φ

L “ 1

2
pBµ⌘qpBµ⌘q ´ m2⌘2 ˘ mk⌘3 ´ k2

4
⌘4

New Lagrangian is not symmetric in this way! 
Selection of specific ground state hides this 
symmetry! We have expanded this around the 

minimum (otherwise perturbation theory 
makes no sense!)



858Classical example of spontaneous symmetry breaking

Mechanical laws 
describing this pencil 
under gravity are 
symmetrical with respect to 
angle from the vertical 

System choses to move to 
a ground state of lower 
energy, at the price of 
hiding that symmetry!



859Lagrangian with two scalar fields + symmetry breaking

L “ 1

2
pBµ�1qpBµ�1q ` 1

2
m2�2

1 ` 1

2
pBµ�2qpBµ�2q ` 1

2
m2�2

2 ´ 1

4
k2p�2

1 ` �2
2q2

BU
B�1

“ ´m2�1 ` k2

2
p�2

1 ` �2
2q2�1

BU
B�1

“ ´m2�1 ` k2p�3
1 ` �1�

2
2q “ 0

BU
B�2

“ ´m2�2 ` k2p�2�
2
1 ` �3

2q “ 0

U “ ´1

2
m2p�2

1 ` �2
2q ` 1

4
k2p�2

1 ` �2
2q2
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860Lagrangian with two scalar fields + symmetry breaking

BU
B�1

“ ´m2�1 ` k2p�3
1 ` �1�

2
2q “ 0

BU
B�2

“ ´m2�2 ` k2p�2�
2
1 ` �3

2q “ 0

xy

A continous 
set of minima! 
But not at zero  
field

´m2 ` k2p�2
1 ` �2

2q “ 0

�2
1 ` �2

2 “ m2

k2
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861Lagrangian with two scalar fields + symmetry breaking

�2
1 ` �2

2 “ m2

k2

L “ 1

2
pBµ�1qpBµ�1q ` 1

2
m2�2

1 ` 1

2
pBµ�2qpBµ�2q ` 1

2
m2�2

2 ´ 1

4
k2p�2

1 ` �2
2q2

Let’s pick Φ1 = m/k, Φ2 = 0, and 
expand around that

⌘ “ �1 ´ m{k
�1 “ ⌘ ` m{k

✓ “ �2

L “ 1

2
pBµ⌘qpBµ⌘q ` 1

2
pBµ✓qpBµ✓q ` 1

2
m2p⌘2 ` m2

k2
` 2

m

k
⌘ ` ✓2q ´ 1

4
k2p⌘2 ` m2

k2
` 2

m

k
⌘ ` ✓2q2

L “ 1

2
pBµ⌘qpBµ⌘q ` 1

2
pBµ✓qpBµ✓q ` 1

2
m2p⌘2 ` m2

k2
` 2

m

k
⌘ ` ✓2q´

k2

4
p⌘4 ` m4

k4
` 4

m2

k2
⌘2 ` ✓4 ` 2⌘2

m2

k2
` 4⌘3

m

k
` 2⌘2✓2 ` 4

m3

k3
⌘ ` 2

m2

k2
✓2 ` 4

m

k
⌘✓2q



862Lagrangian with two scalar fields + symmetry breaking

L “ 1

2
pBµ⌘qpBµ⌘q ` 1

2
pBµ✓qpBµ✓q ` 1

2
m2p⌘2 ` m2

k2
` 2

m

k
⌘ ` ✓2q´

k2

4
p⌘4 ` m4

k4
` 4

m2

k2
⌘2 ` ✓4 ` 2⌘2

m2

k2
` 4⌘3

m

k
` 2⌘2✓2 ` 4

m3

k3
⌘ ` 2

m2

k2
✓2 ` 4

m

k
⌘✓2q

Remove constant terms and combine

L “ 1

2
pBµ⌘qpBµ⌘q ` 1

2
pBµ✓qpBµ✓q ` 1

2
m2p⌘2 ` 2

m

k
⌘ ` ✓2q´

k2

4
p⌘4 ` ✓4 ` 6

m2

k2
⌘2 ` 4⌘3

m

k
` 2⌘2✓2 ` 4

m3

k3
⌘ ` 2

m2

k2
✓2 ` 4

m

k
⌘✓2q

Combine more terms
L “ 1

2
pBµ⌘qpBµ⌘q ` 1

2
pBµ✓qpBµ✓q ´ m2⌘2 ´ k2

4
⌘4 ´ k2

4
✓4 ´ km⌘3 ´ k2

2
✓2⌘2 ´ mk⌘✓2



863Lagrangian with two scalar fields + symmetry breaking

L “ 1

2
pBµ⌘qpBµ⌘q ` 1

2
pBµ✓qpBµ✓q ´ m2⌘2 ´ k2

4
⌘4 ´ k2

4
✓4 ´ km⌘3 ´ k2

2
✓2⌘2 ´ mk⌘✓2

Let’s rewrite this

L “
„
1

2
pBµ⌘qpBµ⌘q ´ m2⌘2

⇢
`

„
1

2
pBµ✓qpBµ✓q

⇢
´

„
k2

4
⌘4 ` k2

4
✓4 ` km⌘3 ` k2

2
✓2⌘2 ` mk⌘✓2

⇢

m⌘ “
?
2m

m✓ “ 0 And have new vertices:

η

η

η

η

θ

θ

θ

θ
η

η

η η

θ

θ

θ

η

θ

η

One of the fields massless! Why?



864Massless field

L “
„
1

2
pBµ⌘qpBµ⌘q ´ m2⌘2

⇢
`

„
1

2
pBµ✓qpBµ✓q

⇢
´

„
k2

4
⌘4 ` k2

4
✓4 ` km⌘3 ` k2

2
✓2⌘2 ` mk⌘✓2

⇢

m⌘ “
?
2m

m✓ “ 0
One of the fields massless! Why?

Continuous global 
symmetry! 

Goldstone’s 
theorem - have you 

seen this?
Massless in direction where potential does not 

change, massive in orthogonal direction



865Massless and massive field

massless 
excitations

massive



866Two scalar fields with spontaneous symmetry breaking

L “ 1

2
pBµ�1qpBµ�1q ` 1

2
m2�2

1 ` 1

2
pBµ�2qpBµ�2q ` 1

2
m2�2

2 ´ 1

4
k2p�2

1 ` �2
2q2

Rewrite this as a single complex field
� “ �1 ` i�2

�˚� “ �2
1 ` �2

2

L “ 1

2
pBµ�q˚pBµ�q ` 1

2
m2p�˚�q ´ 1

4
k2p�˚�q2



867Now we want to apply local gauge transformations

� “ �1 ` i�2

�˚� “ �2
1 ` �2

2

� Ñ ei✓pxq�

B
µ

Ñ D
µ

“ B
µ

` iqA
µ

Can get this:
If we make  
this change:

L “ 1

2
pBµ�q˚pBµ�q ` 1

2
m2p�˚�q ´ 1

4
k2p�˚�q2

Interaction terms for 
new massless field

L “ 1

2
rpBµ ` iqAµq�s˚ rpBµ ` iqAµq�s ` 1

2
m2p�˚�q ´ 1

4
k2p�˚�q2 ´ 1

16⇡
Fµ⌫Fµ⌫



868Writing out our Lagrangian

Again expand about real 
minimum (has not changed 
due to adding gauge 
symmetry):

⌘ “ �1 ´ m{k
�1 “ ⌘ ` m{k

 “ �2

The F terms do not change via this 
transformation. And the m2 and k2 terms 
were calculated by us a few slides ago. 

So let’s work out the nasty first two terms 

L “ 1

2
rpBµ ´ iqAµq�˚s rpBµ ` iqAµq�s ` 1

2
m2p�˚�q ´ 1

4
k2p�˚�q2 ´ 1

16⇡
Fµ⌫Fµ⌫



869The ugly pieces

⌘ “ �1 ´ m{k
�1 “ ⌘ ` m{k

 “ �2

Can already get apprehensive about the 
algebra!

1

2
rpBµ ´ iqAµqp�1 ´ i�2qs rpBµ ` iqAµqp�1 ` i�2qs

1

2
rpBµ ´ iqAµq�˚s rpBµ ` iqAµq�s

L “ 1

2
rpBµ ´ iqAµq�˚s rpBµ ` iqAµq�s ` 1

2
m2p�˚�q ´ 1

4
k2p�˚�q2 ´ 1

16⇡
Fµ⌫Fµ⌫



870The ugly pieces

1

2
rpBµ ´ iqAµqp�1 ´ i�2qs rpBµ ` iqAµqp�1 ` i�2qs

1

2
rBµ�1 ´ iBµ�2 ´ iqAµ�1 ´ qAµ�2s rBµ�1 ` iBµ�2 ` iqAµ�1 ´ qAµ�2s

1

2
rBµ�1Bµ�1 ` iBµ�1Bµ�2 ` iqAµ�1Bµ�1 ´ qAµ�2Bµ�1`
´iBµ�2Bµ�1 ` Bµ�2Bµ�2 ` qAµ�1Bµ�2 ` iq�2A

µBµ�2

´iqAµ�1Bµ�1 ` qAµ�1Bµ�2 ` q2AµA
µ�2

1 ` iq2AµA
µ�1�2`

´qAµ�2Bµ�1 ´ iqAµ�2Bµ�2 ´ iq2�2AµA
µ�1 ` q2AµA

µ�2
2s



871Simplifying things

1

2
rBµ�1Bµ�1 ` iBµ�1Bµ�2 ` iqAµ�1Bµ�1 ´ qAµ�2Bµ�1`
´iBµ�2Bµ�1 ` Bµ�2Bµ�2 ` qAµ�1Bµ�2 ` iq�2A

µBµ�2

´iqAµ�1Bµ�1 ` qAµ�1Bµ�2 ` q2AµA
µ�2

1 ` iq2AµA
µ�1�2`

´qAµ�2Bµ�1 ´ iqAµ�2Bµ�2 ´ iq2�2AµA
µ�1 ` q2AµA

µ�2
2s

1

2
rBµ�1Bµ�1 ´ qAµ�2Bµ�1`
Bµ�2Bµ�2 ` qAµ�1Bµ�2`
qAµ�1Bµ�2 ` q2AµA

µ�2
1`

´qAµ�2Bµ�1 ` q2AµA
µ�2

2s



872Simplifying things

1

2
rBµ�1Bµ�1 ´ qAµ�2Bµ�1`
Bµ�2Bµ�2 ` qAµ�1Bµ�2`
qAµ�1Bµ�2 ` q2AµA

µ�2
1`

´qAµ�2Bµ�1 ` q2AµA
µ�2

2s

⌘ “ �1 ´ m{k
�1 “ ⌘ ` m{k

 “ �2

Now let’s apply 
this and remember 
that we don’t care 
about derivatives of constants

1

2
rBµ�1Bµ�1 ` Bµ�2Bµ�2 ` q2A2p�2

1 ` �2
2q ` 2qAµp�1Bµ�2 ´ �2Bµ�1qs



873Putting it all together

⌘ “ �1 ´ m{k
�1 “ ⌘ ` m{k

 “ �2

Now let’s apply 
this and remember 
that we don’t care 
about derivatives of constants

1

2
rBµ�1Bµ�1 ` Bµ�2Bµ�2 ` q2A2p�2

1 ` �2
2q ` 2qAµp�1Bµ�2 ´ �2Bµ�1qs

1

2
rBµ⌘Bµ⌘ ` Bµ Bµ ` q2A2p 2 ` ⌘2 ` m2

k2
` ⌘

2m

k
q`

2qAµp⌘Bµ ` m

k
Bµ ´  Bµ⌘qs

L “ 1

2
rpBµ ´ iqAµq�˚s rpBµ ` iqAµq�s ` 1

2
m2p�˚�q ´ 1

4
k2p�˚�q2 ´ 1

16⇡
Fµ⌫Fµ⌫

Now let’s add in our missing pieces from 
the full Lagrangian



874Putting it all together

Let’s rewrite all of that

„
1

2
pBµ⌘qpBµ⌘q ´ m2⌘2

⇢
`

„
1

2
pBµ qpBµ q

⇢
`

`q2A2

2
p 2 ` ⌘2 ` m2

k2
` ⌘

2m

k
q`

qAµp⌘Bµ ` m

k
Bµ ´  Bµ⌘qs`

´
„
k2

4
⌘4 ` k2

4
 2 ` km⌘3 ` k2

2
⌘2 2 ` mk⌘ 2

⇢
`

´Fµ⌫Fµ⌫

16⇡



875Putting it all together

Massive field as before Massless field as 
before

Interactions 
between 
scalars 
and vectors

Gauge field 
description

„
1

2
pBµ⌘qpBµ⌘q ´ m2⌘2

⇢
`

„
1

2
pBµ qpBµ q

⇢
`

`q2A2

2
p 2 ` ⌘2 ` m2

k2
` ⌘

2m

k
q`

qAµp⌘Bµ ` m

k
Bµ ´  Bµ⌘qs`

´
„
k2

4
⌘4 ` k2

4
 4 ` km⌘3 ` k2

2
⌘2 2 ` mk⌘ 2

⇢
`

´Fµ⌫Fµ⌫

16⇡
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876Most importantly

Vector 
field now 
has a mass!!!!

Scalar field self-interactions

Mass of scalar field, scalar field self-interaction strength and 
interactions between scalars and vectors not all independent!

„
1

2
pBµ⌘qpBµ⌘q ´ m2⌘2

⇢
`

„
1

2
pBµ qpBµ q

⇢
`

`q2A2

2
p 2 ` ⌘2 ` m2

k2
` ⌘

2m

k
q`

qAµp⌘Bµ ` m

k
Bµ ´  Bµ⌘qs`

´
„
k2

4
⌘4 ` k2

4
 4 ` km⌘3 ` k2

2
⌘2 2 ` mk⌘ 2

⇢
`

´Fµ⌫Fµ⌫

16⇡
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877Finally we get to the Higgs Lagrangian

V p�q “ µ2�:� ` �p�:�q2

It’s a complex scalar doublet - one field has 
electric charge (will be giving mass to the W 

bosons) and the other is neutral (giving mass to 
the Z boson)

L “ 1

2
pDµ�q:pDµ�q ´ V p�q

� “
ˆ

�`

�0

˙
“ 1?

2

ˆ
�1 ` i�2

�3 ` i�4

˙



878Minimum of potential

We know that in the ground state, after symmetry 
breaking, photon remains massless. So ground 

state should only contain electrically neutral piece

�:� “ 1

2
p�2

1 ` �2
2 ` �2

3 ` �2
4q “ v2

2
“ ´µ2

2�

�pvacuumq “ 1?
2

ˆ
0
v

˙

� Ñ 1?
2

ˆ
0

v ` hpxq
˙

Note original symmetry 
among all 4 directions. Now 
we are going to choose one 
direction, breaking the 
symmetry! (Other 3 directions 
are going to give mass to W+, 
W- and Z) Compare with our 
Mexican hat previous 
examples



879Higgs potential

�:� “ 1

2
p�2

1 ` �2
2 ` �2

3 ` �2
4q “ v2

2
“ ´µ2

2�

V p�q “ µ2�:� ` �p�:�q2

�pvacuumq “ 1?
2

ˆ
0
v

˙

� Ñ 1?
2

ˆ
0

v ` hpxq
˙

V p�q “ µ2

2

`
v2 ` h2 ` 2vh

˘
` �

4

`
v4 ` h4 ` 4v2h2 ` 2v2h2 ` 4v3h ` 4vh3

˘
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880Higgs potential

Keeping terms only up to second order in h and 
ignoring constants

V p�q “ µ2

2

`
v2 ` h2 ` 2vh

˘
` �

4

`
v4 ` h4 ` 4v2h2 ` 2v2h2 ` 4v3h ` 4vh3

˘
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V p�q “ µ2

2

`
h2 ` 2vh

˘
` �

4

`
6v2h2 ` 4v3h

˘
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v2

2
“ ´µ2

2�
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V p�q “ ´�v2

2

`
h2 ` 2vh

˘
` �

4

`
6v2h2 ` 4v3h

˘
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Higgs boson mass term!



881On the vacuum

You might hear about the Higgs field’s non-zero 
field, or “vacuum expectation value” (or “vev”). 
Find a very simple relation between W boson 

mass, weak coupling gW and v... calculate v = 246 
GeV!

�pvacuumq “ 1?
2

ˆ
0
v

˙

� Ñ 1?
2

ˆ
0

v ` hpxq
˙



882After applying local gauge symmetry

Previous symmetry that we demanded was a U(1) 
local gauge symmetry. Now we ask for the 
Lagrangian to respect the symmetry of the 

electroweak theory, namely [SU(2)L x U(1)Y]

Find that the W± and Z 
bosons obtain mass 

through the breaking of the 
symmetry. We just found 

that the vacuum has 
massive excitations (Higgs 

boson!)



883Full Higgs Lagrangian

L “ 1

2
pDµ�q:pDµ�q ´ V p�q
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Want to pick the covariant derivative so that it 
also respects [SU(2)L x U(1)Y] symmetry

Dµ “ Bµ ` igW~⌧ ¨ ~Wµ ` ig1Bµ
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1

2
?
2

pDµ�q “ 1

2

ˆ
igWW3µ ` ig1Bµ ` Bµ igWW1µ ` gWW2µ

igWW1µ ´ gWW2µ ´igWW3µ ` ig1Bµ ` Bµ

˙ ˆ
0

v ` h

˙
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1

2
?
2

pDµ�q “ 1

2
?
2

„ pv ` hqpigWW1µ ` gWW2µq
p´igWW3µ ` ig1Bµ ` Bµqpv ` hq

⇢
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884Full Higgs Lagrangian

1

2
?
2

pDµ�q “ 1

2
?
2

„ pv ` hqpigWW1µ ` gWW2µq
p´igWW3µ ` ig1Bµ ` Bµqpv ` hq

⇢
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W˘
µ “ 1?

2
pW 1

µ ˘ iW 2
µqRecall that:

1

2
pDµ�q:qpDµ�q “

1

8

`
pv ` hq2pg2WW1µW

µ
1 ` g2WW2µW

µ
2 q ` pv ` hq2pg2WW3µW

µ
3 ´ g1gWBµW

µ
3 ´ g1gWBµW3µ ` g12BµB

µ
˘

<latexit sha1_base64="XAYQ3xlp2lZ63E+oz37rKSYUhFs="></latexit><latexit sha1_base64="XAYQ3xlp2lZ63E+oz37rKSYUhFs="></latexit><latexit sha1_base64="XAYQ3xlp2lZ63E+oz37rKSYUhFs="></latexit><latexit sha1_base64="XAYQ3xlp2lZ63E+oz37rKSYUhFs="></latexit>

1

2
pDµ�q:qpDµ�q “

1

8

“
pv ` hqp´igWW1µ ` gWW2µq pigWW3µ ´ ig1Bµqpv ` hq

‰
ˆ

„ pv ` hqpigWWµ
1 ` gWWµ

2 q
p´igWWµ

3 ` ig1Bµqpv ` hq
⇢

<latexit sha1_base64="bzpc8KppQP+2asuzMPm4h3zHAII="></latexit><latexit sha1_base64="bzpc8KppQP+2asuzMPm4h3zHAII="></latexit><latexit sha1_base64="bzpc8KppQP+2asuzMPm4h3zHAII="></latexit><latexit sha1_base64="bzpc8KppQP+2asuzMPm4h3zHAII="></latexit>



885Full Higgs Lagrangian

W˘
µ “ 1?

2
pW 1

µ ˘ iW 2
µqRecall that:

Mass of W1, W2 given by:

1

2

m2
W1,2Wµ,1,2W

µ
1,2 term:

1

8

v2g2WWµ,1,2W
µ
1,2

<latexit sha1_base64="5FSE1BH2cEjLwriCuxL9ce5q5bw="></latexit><latexit sha1_base64="5FSE1BH2cEjLwriCuxL9ce5q5bw="></latexit><latexit sha1_base64="5FSE1BH2cEjLwriCuxL9ce5q5bw="></latexit><latexit sha1_base64="5FSE1BH2cEjLwriCuxL9ce5q5bw="></latexit>

1

2
pDµ�q:qpDµ�q “

1

8

`
pv ` hq2pg2WW1µW

µ
1 ` g2WW2µW

µ
2 q ` pv ` hq2pg2WW3µW

µ
3 ´ g1gWBµW

µ
3 ´ g1gWBµW3µ ` g12BµB

µ
˘

<latexit sha1_base64="XAYQ3xlp2lZ63E+oz37rKSYUhFs="></latexit><latexit sha1_base64="XAYQ3xlp2lZ63E+oz37rKSYUhFs="></latexit><latexit sha1_base64="XAYQ3xlp2lZ63E+oz37rKSYUhFs="></latexit><latexit sha1_base64="XAYQ3xlp2lZ63E+oz37rKSYUhFs="></latexit>

mW “ 1

2
gW v

<latexit sha1_base64="9WbYqIRSmAKc4xnFzH7YUPhSeZM="></latexit><latexit sha1_base64="9WbYqIRSmAKc4xnFzH7YUPhSeZM="></latexit><latexit sha1_base64="9WbYqIRSmAKc4xnFzH7YUPhSeZM="></latexit><latexit sha1_base64="9WbYqIRSmAKc4xnFzH7YUPhSeZM="></latexit>



886Full Higgs Lagrangian

Quadratic terms for spin-1 fields:

v2

8
pWµ,3 Bµq

ˆ
g2W ´gW g1

´gW g1 g12

˙ ˆ
Wµ

3

Bµ

˙

<latexit sha1_base64="G3ghrAqRGw64m7N1nKYHwQxltGc="></latexit><latexit sha1_base64="G3ghrAqRGw64m7N1nKYHwQxltGc="></latexit><latexit sha1_base64="G3ghrAqRGw64m7N1nKYHwQxltGc="></latexit><latexit sha1_base64="G3ghrAqRGw64m7N1nKYHwQxltGc="></latexit>

1

2
pDµ�q:qpDµ�q “

1

8

`
pv ` hq2pg2WW1µW

µ
1 ` g2WW2µW

µ
2 q ` pv ` hq2pg2WW3µW

µ
3 ´ g1gWBµW

µ
3 ´ g1gWBµW3µ ` g12BµB

µ
˘

<latexit sha1_base64="XAYQ3xlp2lZ63E+oz37rKSYUhFs="></latexit><latexit sha1_base64="XAYQ3xlp2lZ63E+oz37rKSYUhFs="></latexit><latexit sha1_base64="XAYQ3xlp2lZ63E+oz37rKSYUhFs="></latexit><latexit sha1_base64="XAYQ3xlp2lZ63E+oz37rKSYUhFs="></latexit>

Mass matrix M

detpM ´ �Iq “ 0 Ñ pg2W ´ �qpg12 ´ �q ´ g2W g12 “ 0
<latexit sha1_base64="UwmIw7elrM2ZyVYwb//HRU6XfnY="></latexit><latexit sha1_base64="UwmIw7elrM2ZyVYwb//HRU6XfnY="></latexit><latexit sha1_base64="UwmIw7elrM2ZyVYwb//HRU6XfnY="></latexit><latexit sha1_base64="UwmIw7elrM2ZyVYwb//HRU6XfnY="></latexit>

� “ 0,� “ g2W ` g12
<latexit sha1_base64="0ozQqkPC2trKg+XqbwTpGSVkH5E="></latexit><latexit sha1_base64="0ozQqkPC2trKg+XqbwTpGSVkH5E="></latexit><latexit sha1_base64="0ozQqkPC2trKg+XqbwTpGSVkH5E="></latexit><latexit sha1_base64="0ozQqkPC2trKg+XqbwTpGSVkH5E="></latexit>



887Eigenvalues for neutral gauge bosons

v2

8
pWµ,3 Bµq

ˆ
g2W ´gW g1

´gW g1 g12

˙ ˆ
Wµ

3

Bµ

˙

<latexit sha1_base64="G3ghrAqRGw64m7N1nKYHwQxltGc="></latexit><latexit sha1_base64="G3ghrAqRGw64m7N1nKYHwQxltGc="></latexit><latexit sha1_base64="G3ghrAqRGw64m7N1nKYHwQxltGc="></latexit><latexit sha1_base64="G3ghrAqRGw64m7N1nKYHwQxltGc="></latexit>

� “ 0,� “ g2W ` g12
<latexit sha1_base64="0ozQqkPC2trKg+XqbwTpGSVkH5E="></latexit><latexit sha1_base64="0ozQqkPC2trKg+XqbwTpGSVkH5E="></latexit><latexit sha1_base64="0ozQqkPC2trKg+XqbwTpGSVkH5E="></latexit><latexit sha1_base64="0ozQqkPC2trKg+XqbwTpGSVkH5E="></latexit>

Photon remains massless, but have a massive Z!

v2

8
pAµZµq

ˆ
0 0
0 g12 ` g2W

˙ ˆ
Aµ

Zµ

˙

<latexit sha1_base64="sMGZg8VQxMOWi+j+7C7PjExbfCc="></latexit><latexit sha1_base64="sMGZg8VQxMOWi+j+7C7PjExbfCc="></latexit><latexit sha1_base64="sMGZg8VQxMOWi+j+7C7PjExbfCc="></latexit><latexit sha1_base64="sMGZg8VQxMOWi+j+7C7PjExbfCc="></latexit>

mA “ 0,mZ “ 1

2
v

b
g12 ` g2W

<latexit sha1_base64="+qNNrsZgfqrbpvsz8EU90yPC3Og="></latexit><latexit sha1_base64="+qNNrsZgfqrbpvsz8EU90yPC3Og="></latexit><latexit sha1_base64="+qNNrsZgfqrbpvsz8EU90yPC3Og="></latexit><latexit sha1_base64="+qNNrsZgfqrbpvsz8EU90yPC3Og="></latexit>

Mass terms diagonalized:



888Eigenvectors for neutral gauge bosons

v2

8
pWµ,3 Bµq

ˆ
g2W ´gW g1

´gW g1 g12

˙ ˆ
Wµ

3

Bµ

˙

<latexit sha1_base64="G3ghrAqRGw64m7N1nKYHwQxltGc="></latexit><latexit sha1_base64="G3ghrAqRGw64m7N1nKYHwQxltGc="></latexit><latexit sha1_base64="G3ghrAqRGw64m7N1nKYHwQxltGc="></latexit><latexit sha1_base64="G3ghrAqRGw64m7N1nKYHwQxltGc="></latexit>

� “ 0,� “ g2W ` g12
<latexit sha1_base64="0ozQqkPC2trKg+XqbwTpGSVkH5E="></latexit><latexit sha1_base64="0ozQqkPC2trKg+XqbwTpGSVkH5E="></latexit><latexit sha1_base64="0ozQqkPC2trKg+XqbwTpGSVkH5E="></latexit><latexit sha1_base64="0ozQqkPC2trKg+XqbwTpGSVkH5E="></latexit>

First eigenvector:
ˆ

g2W ´gW g1

´gW g1 g12

˙ ˆ
p
q

˙

pg2W ´ gW g1q “ 0 Ñ p “ g1

gW
q Ñ Aµ “ g1W 3

µ ` gWBµ
<latexit sha1_base64="bcj8POmKA1HoKwW3K5lBtw/ZQJo="></latexit><latexit sha1_base64="bcj8POmKA1HoKwW3K5lBtw/ZQJo="></latexit><latexit sha1_base64="bcj8POmKA1HoKwW3K5lBtw/ZQJo="></latexit><latexit sha1_base64="bcj8POmKA1HoKwW3K5lBtw/ZQJo="></latexit>

Aµ “ g1W 3
µ ` gWBµa
g2W ` g12

<latexit sha1_base64="TMCqb2rpniMuznnFYHYpuRO4LNA="></latexit><latexit sha1_base64="TMCqb2rpniMuznnFYHYpuRO4LNA="></latexit><latexit sha1_base64="TMCqb2rpniMuznnFYHYpuRO4LNA="></latexit><latexit sha1_base64="TMCqb2rpniMuznnFYHYpuRO4LNA="></latexit>

Normalize:



889Eigenvectors for neutral gauge bosons

v2

8
pWµ,3 Bµq

ˆ
g2W ´gW g1

´gW g1 g12

˙ ˆ
Wµ

3

Bµ

˙

<latexit sha1_base64="G3ghrAqRGw64m7N1nKYHwQxltGc="></latexit><latexit sha1_base64="G3ghrAqRGw64m7N1nKYHwQxltGc="></latexit><latexit sha1_base64="G3ghrAqRGw64m7N1nKYHwQxltGc="></latexit><latexit sha1_base64="G3ghrAqRGw64m7N1nKYHwQxltGc="></latexit>

� “ 0,� “ g2W ` g12
<latexit sha1_base64="0ozQqkPC2trKg+XqbwTpGSVkH5E="></latexit><latexit sha1_base64="0ozQqkPC2trKg+XqbwTpGSVkH5E="></latexit><latexit sha1_base64="0ozQqkPC2trKg+XqbwTpGSVkH5E="></latexit><latexit sha1_base64="0ozQqkPC2trKg+XqbwTpGSVkH5E="></latexit>

Second eigenvector:

Normalize:

ˆ
g2W ´ g2W ´ g12 ´gW g1

´gW g1 g12 ´ g2W ´ g12

˙ ˆ
p
q

˙

´pg12 ´ gW g1q “ 0 Ñ p “ ´gW
g1 q Ñ Zµ “ gWW 3

µ ´ g1Bµ
<latexit sha1_base64="XHubp8NMZO8XI9TeDEzjsfgcC94=">AAADM3icbVLLjtMwFHXCawivDizZWFTMDEitkrIAJJBGsGE5SJSOGLeR4zqpNY6T2g5QRVnzNWyHb0FihdjyByy4eTCinVqycu655z7jKJfCWN//7riXLl+5em3nunfj5q3bd3q7d9+brNCMj1kmM30cUcOlUHxshZX8ONecppHkk+j0de2ffOTaiEy9s6ucT1OaKBELRi1Q4a6DScQTocqE2gXXjyuPSB7bg46lWtNVVTJWJe FkNsIDfP7dn4328ABMgJiQc7jXuAadrsaEEK7mXS5MtEgW9tHWMlVeZ1rC3RZBvEFe52u7gDJL/BL7nRu02SecA0NiTVlZN1CVyX61XBN8CEuSFhXI6hST1po9aQbCr1rTa4r/W0jY6/tDvzn4Igg60EfdOQp7f8g8Y0XKlWWSGnMS+LmdwjBWMMkhe2F4TtkpTfgJQEVTbqZl8ysr/BCYOY4zDVdZ3LD/R5Q0NWaVRqBMoUGz6avJrb6aodHntfKlgf4WfL7Rk42fTUuh8sJyxdqW4kJim+H6BeG50JxZuQJAmRYwFWYLCju38M48WFewuZyLYDwaPh8Gb0f9wxfd3nbQffQAHaAAPUWH6A06QmPEnC/OV+fM+eaeuT/cn+6vVuo6Xcw9tHbc338BVU0BlQ==</latexit><latexit sha1_base64="XHubp8NMZO8XI9TeDEzjsfgcC94=">AAADM3icbVLLjtMwFHXCawivDizZWFTMDEitkrIAJJBGsGE5SJSOGLeR4zqpNY6T2g5QRVnzNWyHb0FihdjyByy4eTCinVqycu655z7jKJfCWN//7riXLl+5em3nunfj5q3bd3q7d9+brNCMj1kmM30cUcOlUHxshZX8ONecppHkk+j0de2ffOTaiEy9s6ucT1OaKBELRi1Q4a6DScQTocqE2gXXjyuPSB7bg46lWtNVVTJWJe FkNsIDfP7dn4328ABMgJiQc7jXuAadrsaEEK7mXS5MtEgW9tHWMlVeZ1rC3RZBvEFe52u7gDJL/BL7nRu02SecA0NiTVlZN1CVyX61XBN8CEuSFhXI6hST1po9aQbCr1rTa4r/W0jY6/tDvzn4Igg60EfdOQp7f8g8Y0XKlWWSGnMS+LmdwjBWMMkhe2F4TtkpTfgJQEVTbqZl8ysr/BCYOY4zDVdZ3LD/R5Q0NWaVRqBMoUGz6avJrb6aodHntfKlgf4WfL7Rk42fTUuh8sJyxdqW4kJim+H6BeG50JxZuQJAmRYwFWYLCju38M48WFewuZyLYDwaPh8Gb0f9wxfd3nbQffQAHaAAPUWH6A06QmPEnC/OV+fM+eaeuT/cn+6vVuo6Xcw9tHbc338BVU0BlQ==</latexit><latexit sha1_base64="XHubp8NMZO8XI9TeDEzjsfgcC94=">AAADM3icbVLLjtMwFHXCawivDizZWFTMDEitkrIAJJBGsGE5SJSOGLeR4zqpNY6T2g5QRVnzNWyHb0FihdjyByy4eTCinVqycu655z7jKJfCWN//7riXLl+5em3nunfj5q3bd3q7d9+brNCMj1kmM30cUcOlUHxshZX8ONecppHkk+j0de2ffOTaiEy9s6ucT1OaKBELRi1Q4a6DScQTocqE2gXXjyuPSB7bg46lWtNVVTJWJe FkNsIDfP7dn4328ABMgJiQc7jXuAadrsaEEK7mXS5MtEgW9tHWMlVeZ1rC3RZBvEFe52u7gDJL/BL7nRu02SecA0NiTVlZN1CVyX61XBN8CEuSFhXI6hST1po9aQbCr1rTa4r/W0jY6/tDvzn4Igg60EfdOQp7f8g8Y0XKlWWSGnMS+LmdwjBWMMkhe2F4TtkpTfgJQEVTbqZl8ysr/BCYOY4zDVdZ3LD/R5Q0NWaVRqBMoUGz6avJrb6aodHntfKlgf4WfL7Rk42fTUuh8sJyxdqW4kJim+H6BeG50JxZuQJAmRYwFWYLCju38M48WFewuZyLYDwaPh8Gb0f9wxfd3nbQffQAHaAAPUWH6A06QmPEnC/OV+fM+eaeuT/cn+6vVuo6Xcw9tHbc338BVU0BlQ==</latexit><latexit sha1_base64="XHubp8NMZO8XI9TeDEzjsfgcC94=">AAADM3icbVLLjtMwFHXCawivDizZWFTMDEitkrIAJJBGsGE5SJSOGLeR4zqpNY6T2g5QRVnzNWyHb0FihdjyByy4eTCinVqycu655z7jKJfCWN//7riXLl+5em3nunfj5q3bd3q7d9+brNCMj1kmM30cUcOlUHxshZX8ONecppHkk+j0de2ffOTaiEy9s6ucT1OaKBELRi1Q4a6DScQTocqE2gXXjyuPSB7bg46lWtNVVTJWJe FkNsIDfP7dn4328ABMgJiQc7jXuAadrsaEEK7mXS5MtEgW9tHWMlVeZ1rC3RZBvEFe52u7gDJL/BL7nRu02SecA0NiTVlZN1CVyX61XBN8CEuSFhXI6hST1po9aQbCr1rTa4r/W0jY6/tDvzn4Igg60EfdOQp7f8g8Y0XKlWWSGnMS+LmdwjBWMMkhe2F4TtkpTfgJQEVTbqZl8ysr/BCYOY4zDVdZ3LD/R5Q0NWaVRqBMoUGz6avJrb6aodHntfKlgf4WfL7Rk42fTUuh8sJyxdqW4kJim+H6BeG50JxZuQJAmRYwFWYLCju38M48WFewuZyLYDwaPh8Gb0f9wxfd3nbQffQAHaAAPUWH6A06QmPEnC/OV+fM+eaeuT/cn+6vVuo6Xcw9tHbc338BVU0BlQ==</latexit>

Zµ “ gWW 3
µ ´ g1Bµa

g2W ` g12
<latexit sha1_base64="MAMLp3Dap2jw7MzRak76cv+4bEg="></latexit><latexit sha1_base64="MAMLp3Dap2jw7MzRak76cv+4bEg="></latexit><latexit sha1_base64="MAMLp3Dap2jw7MzRak76cv+4bEg="></latexit><latexit sha1_base64="MAMLp3Dap2jw7MzRak76cv+4bEg="></latexit>
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Zµ “ gWW 3
µ ´ g1Bµa

g2W ` g12
<latexit sha1_base64="MAMLp3Dap2jw7MzRak76cv+4bEg="></latexit><latexit sha1_base64="MAMLp3Dap2jw7MzRak76cv+4bEg="></latexit><latexit sha1_base64="MAMLp3Dap2jw7MzRak76cv+4bEg="></latexit><latexit sha1_base64="MAMLp3Dap2jw7MzRak76cv+4bEg="></latexit>

Aµ “ g1W 3
µ ` gWBµa
g2W ` g12

<latexit sha1_base64="TMCqb2rpniMuznnFYHYpuRO4LNA="></latexit><latexit sha1_base64="TMCqb2rpniMuznnFYHYpuRO4LNA="></latexit><latexit sha1_base64="TMCqb2rpniMuznnFYHYpuRO4LNA="></latexit><latexit sha1_base64="TMCqb2rpniMuznnFYHYpuRO4LNA="></latexit>

g1

gW
“ tan ✓W Ñ

b
g2W ` g12 “

b
g2W ` g2W tan

2 ✓

b
g2W ` g12 “

b
g2W p1 ` tan

2 ✓q “ gW
cos ✓

<latexit sha1_base64="QREs6PC0sIXeD+ka9BdqcoQwb6c="></latexit><latexit sha1_base64="QREs6PC0sIXeD+ka9BdqcoQwb6c="></latexit><latexit sha1_base64="QREs6PC0sIXeD+ka9BdqcoQwb6c="></latexit><latexit sha1_base64="QREs6PC0sIXeD+ka9BdqcoQwb6c="></latexit>

Aµ “ g1W 3
µ ` gWBµa
g2W ` g12 “ cos ✓pg1W 3

µ ` gWBµq
gW

Aµ “ cos ✓p g1

gW
W 3

µ ` Bµq “ cos ✓ptan ✓W 3
µ ` Bµq

Aµ “ sin ✓W 3
µ ` cos ✓Bµ

<latexit sha1_base64="K3Jdg7xZovukj7MGGx7GwKzIqE4="></latexit><latexit sha1_base64="K3Jdg7xZovukj7MGGx7GwKzIqE4="></latexit><latexit sha1_base64="K3Jdg7xZovukj7MGGx7GwKzIqE4="></latexit><latexit sha1_base64="K3Jdg7xZovukj7MGGx7GwKzIqE4="></latexit>

Exactly what we 
proposed earlier!
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Zµ “ gWW 3
µ ´ g1Bµa

g2W ` g12
<latexit sha1_base64="MAMLp3Dap2jw7MzRak76cv+4bEg="></latexit><latexit sha1_base64="MAMLp3Dap2jw7MzRak76cv+4bEg="></latexit><latexit sha1_base64="MAMLp3Dap2jw7MzRak76cv+4bEg="></latexit><latexit sha1_base64="MAMLp3Dap2jw7MzRak76cv+4bEg="></latexit>

Aµ “ g1W 3
µ ` gWBµa
g2W ` g12

<latexit sha1_base64="TMCqb2rpniMuznnFYHYpuRO4LNA="></latexit><latexit sha1_base64="TMCqb2rpniMuznnFYHYpuRO4LNA="></latexit><latexit sha1_base64="TMCqb2rpniMuznnFYHYpuRO4LNA="></latexit><latexit sha1_base64="TMCqb2rpniMuznnFYHYpuRO4LNA="></latexit>

g1

gW
“ tan ✓W Ñ

b
g2W ` g12 “

b
g2W ` g2W tan

2 ✓

b
g2W ` g12 “

b
g2W p1 ` tan

2 ✓q “ gW
cos ✓

<latexit sha1_base64="QREs6PC0sIXeD+ka9BdqcoQwb6c="></latexit><latexit sha1_base64="QREs6PC0sIXeD+ka9BdqcoQwb6c="></latexit><latexit sha1_base64="QREs6PC0sIXeD+ka9BdqcoQwb6c="></latexit><latexit sha1_base64="QREs6PC0sIXeD+ka9BdqcoQwb6c="></latexit>

Exactly what we 
proposed earlier!

Zµ “ gWW 3
µ ´ g1Bµa

g2W ` g12 “ cos ✓

gW
pgWW 3

µ ´ g1Bµq

Zµ “ cos ✓W 3
µ ´ g1

cos ✓

gW
Bµ “ cos ✓W 3

µ ´ cos ✓ tan ✓Bµ

Zµ “ cos ✓W 3
µ ´ sin ✓Bµ

<latexit sha1_base64="ZT3frWrmK1K3roTDyWF1yArJhV4="></latexit><latexit sha1_base64="ZT3frWrmK1K3roTDyWF1yArJhV4="></latexit><latexit sha1_base64="ZT3frWrmK1K3roTDyWF1yArJhV4="></latexit><latexit sha1_base64="ZT3frWrmK1K3roTDyWF1yArJhV4="></latexit>



892In addition

So that

b
g2W ` g12 “ gW

cos ✓
<latexit sha1_base64="eMfBWXvh/j8Bggohifnb0Af8Q6s="></latexit><latexit sha1_base64="eMfBWXvh/j8Bggohifnb0Af8Q6s="></latexit><latexit sha1_base64="eMfBWXvh/j8Bggohifnb0Af8Q6s="></latexit><latexit sha1_base64="eMfBWXvh/j8Bggohifnb0Af8Q6s="></latexit>

mA “ 0,mZ “ 1

2
v

b
g12 ` g2W

<latexit sha1_base64="+qNNrsZgfqrbpvsz8EU90yPC3Og="></latexit><latexit sha1_base64="+qNNrsZgfqrbpvsz8EU90yPC3Og="></latexit><latexit sha1_base64="+qNNrsZgfqrbpvsz8EU90yPC3Og="></latexit><latexit sha1_base64="+qNNrsZgfqrbpvsz8EU90yPC3Og="></latexit>

mZ “ vgW
2 cos ✓

<latexit sha1_base64="x8BI9z+TlbbA2po4CplEUVY6JGw="></latexit><latexit sha1_base64="x8BI9z+TlbbA2po4CplEUVY6JGw="></latexit><latexit sha1_base64="x8BI9z+TlbbA2po4CplEUVY6JGw="></latexit><latexit sha1_base64="x8BI9z+TlbbA2po4CplEUVY6JGw="></latexit>

mW “ 1

2
gW v

<latexit sha1_base64="9WbYqIRSmAKc4xnFzH7YUPhSeZM="></latexit><latexit sha1_base64="9WbYqIRSmAKc4xnFzH7YUPhSeZM="></latexit><latexit sha1_base64="9WbYqIRSmAKc4xnFzH7YUPhSeZM="></latexit><latexit sha1_base64="9WbYqIRSmAKc4xnFzH7YUPhSeZM="></latexit>

From before

mW

mZ
“ cos ✓w

Plug in measured values and find v “ 246 GeV

<latexit sha1_base64="/ipkqdwvJ447JUGWG9ZFuVuj8q4="></latexit><latexit sha1_base64="/ipkqdwvJ447JUGWG9ZFuVuj8q4="></latexit><latexit sha1_base64="/ipkqdwvJ447JUGWG9ZFuVuj8q4="></latexit><latexit sha1_base64="/ipkqdwvJ447JUGWG9ZFuVuj8q4="></latexit>



893Similarly

Find that mass terms for the fermions do not 
observe the [SU(2)L x U(1)Y] symmetry. But 

interactions with the Higgs field allow them to 
obtain mass in the same way!

L
fermion mass

“ ´�f r L� R `  R� Ls
<latexit sha1_base64="Q4Fs5OrkMUWYdpCrq56Q0uHA7PQ="></latexit><latexit sha1_base64="Q4Fs5OrkMUWYdpCrq56Q0uHA7PQ="></latexit><latexit sha1_base64="Q4Fs5OrkMUWYdpCrq56Q0uHA7PQ="></latexit><latexit sha1_base64="Q4Fs5OrkMUWYdpCrq56Q0uHA7PQ="></latexit>

�pvacuumq “ 1?
2

ˆ
0
v

˙

� Ñ 1?
2

ˆ
0

v ` hpxq
˙



894Fermion mass term for electrons (example)

L
fermion mass

“ ´�f r L� R `  R� Ls
<latexit sha1_base64="Q4Fs5OrkMUWYdpCrq56Q0uHA7PQ="></latexit><latexit sha1_base64="Q4Fs5OrkMUWYdpCrq56Q0uHA7PQ="></latexit><latexit sha1_base64="Q4Fs5OrkMUWYdpCrq56Q0uHA7PQ="></latexit><latexit sha1_base64="Q4Fs5OrkMUWYdpCrq56Q0uHA7PQ="></latexit>

L
fermion mass

“ ´�f

„
p⌫, eqL

ˆ
0

v ` h

˙
eR ` eRp0, v ` hq

ˆ
⌫
e

˙

L

⇢

<latexit sha1_base64="V/N2l8xHnCK8/ID7AuqlEK+1EzI="></latexit><latexit sha1_base64="V/N2l8xHnCK8/ID7AuqlEK+1EzI="></latexit><latexit sha1_base64="V/N2l8xHnCK8/ID7AuqlEK+1EzI="></latexit><latexit sha1_base64="V/N2l8xHnCK8/ID7AuqlEK+1EzI="></latexit>

Fermion-specific Higgs Yukawa coupling

L
fermion mass

“ ´�f reLpv ` hqer ` eRpv ` hqeLs
<latexit sha1_base64="hdjj5/SH2hmtZAtTABz/F6UN4ew="></latexit><latexit sha1_base64="hdjj5/SH2hmtZAtTABz/F6UN4ew="></latexit><latexit sha1_base64="hdjj5/SH2hmtZAtTABz/F6UN4ew="></latexit><latexit sha1_base64="hdjj5/SH2hmtZAtTABz/F6UN4ew="></latexit>

L
fermion mass

“ ´�f pv ` hq reLeR ` eReLs “ ´�f pv ` hqpeeq
<latexit sha1_base64="qHGtehqSuROYO9zqtWnrGsnpTmE="></latexit><latexit sha1_base64="qHGtehqSuROYO9zqtWnrGsnpTmE="></latexit><latexit sha1_base64="qHGtehqSuROYO9zqtWnrGsnpTmE="></latexit><latexit sha1_base64="qHGtehqSuROYO9zqtWnrGsnpTmE="></latexit>



895Fermion mass term for electrons (example)

L
fermion mass

“ ´�f pv ` hq reLeR ` eReLs “ ´�f pv ` hqpeeq
<latexit sha1_base64="qHGtehqSuROYO9zqtWnrGsnpTmE="></latexit><latexit sha1_base64="qHGtehqSuROYO9zqtWnrGsnpTmE="></latexit><latexit sha1_base64="qHGtehqSuROYO9zqtWnrGsnpTmE="></latexit><latexit sha1_base64="qHGtehqSuROYO9zqtWnrGsnpTmE="></latexit>

L
fermion mass

“ ´�fvee ` ´�fhee
<latexit sha1_base64="IYkhU5ipr6BZjh/wskMJkKTdf1g="></latexit><latexit sha1_base64="IYkhU5ipr6BZjh/wskMJkKTdf1g="></latexit><latexit sha1_base64="IYkhU5ipr6BZjh/wskMJkKTdf1g="></latexit><latexit sha1_base64="IYkhU5ipr6BZjh/wskMJkKTdf1g="></latexit>

Electron mass term

Electron-Higgs boson vertex, with interaction strength 
proportional to Higgs mass (very small)

Note something - where did the neutrino mass term go?



896Some thoughts on Fermion masses

We have a new idea of mass in particle physics - how much the 
object has a well-defined helicity. This is measured by chirality

We’ve seen that the left-handed electron and right-handed 
electron are different objects (the first interacts with the W 
boson, the second does not)

Similarly, the left-handed positron and right-handed positron are 
different objects (the second interacts with the W boson, the 
first does not)

The Higgs field contains weak charge, and the non-zero value of 
the field allows a left-handed electron to convert to a right-
handed electron. It’s just like any other Feynman diagram, 
converting one object into another



897The Hierarchy problem

h h

Find that diagrams like this (with any objects running through the loop) contribute to the 
Higgs boson mass and self-energy. Naively, these can have energies up through the 
Planck scale (1019 GeV). But the Higgs boson mass is only 125 GeV - why?!?! Some 
diagrams cancel with opposite sign, but getting a ~102 number from integrals involving 
1019 is: 1) lucky, 2) coincidence, 3) pointing to some hidden, deep symmetry.

One strong motivation for supersymmetry (SUSY), among other theories. In SUSY, every 
SM boson has a SUSY boson counterpart (bosino), and every SM fermion has a SUSY 
fermion counterpart (sfermion). This symmetry is obviously broken, but these then have 
opposite signs in cancellations and can explain the small Higgs boson mass (and thus 
the small electroweak mass scale).


