
484Schrödinger equation

E “ T ` U “ p2

2m
` U

p Ñ ´ir, E Ñ i
B
dt

Many problems with 
this! Most noticeably: 
1) No discussion of 
spin
2) Energy is the 
classical definition
3) Equations are not 
Lorentz invariant 
(second order in 
position, first order in 
time!) 

E “ T ` U “ p2

2m
 ` U 

´ 1

2m
r2
 ` U “ i

B 
dt

´ 1

2m
r2
 “ i

B 
dt

(for free particle)



485Let’s build in Lorentz invariance

p

2 “ pµp
µ “ m

2

pµ Ñ iBµ “ i

B
Bxµ

i

2 B2 

Bt2 ´ i

2 B2 

Bx2
´ i

2 B2 

By2 ´ i

2 B2 

Bz2 “ m

2 

r2 ´ B2 

Bt2 “ m

2 

Klein-Gordon equation. One major 
problem left over - doesn’t account 

for spin!



486Dirac’s crazy idea

pp0q2 ´ m2 “ 0 “ pp0 ` mqpp0 ´ mq “ pE ` mqpE ´ mq only for p “ 0

What happens when p is not 0?

pµpµ ´ m2 “ 0 “ p�kpk ` mqp��p� ´ mq

Need to find β and γ (each 
have 4 components, so 8 

numbers in total)

�k��pkp� ` mp��p� ´ �kpkq ´ m2 “ 0



487Dirac’s crazy idea rewritten a bit

�k��pkp� ` mp��p� ´ �kpkq ´ m2 “ 0

�k��pkp� ` mp�k ´ �kqpk ´ m2 “ 0

�k��pkp� ` mp�k ´ �kqpk ´ m2 “ 0 “ pµpµ ´ m2

Note that right-hand side has no pµ terms, 
which implies...

p�k ´ �kq “ 0 Ñ �k “ �k

�k��pkp� “ �k��pkp� “ pµpµ



488Let’s write this out

�k��pkp� “ pµpµ

�k pk
`
�0p0 ´ �1p1 ´ �2p2 ´ �3p3

˘
“ pp0q2 ´ pp1q2 ´ pp2q2 ´ pp3q2

`
�0p0 ´ �1p1 ´ �2p2 ´ �3p3

˘ `
�0p0 ´ �1p1 ´ �2p2 ´ �3p3

˘
“ pp0q2 ´ pp1q2 ´ pp2q2 ´ pp3q2

p20p�0�0q ` p21p�1�1q ` p22p�2�2q ` p23p�3�3q`
p0

`
´�0�1p1 ´ �0�2p2 ´ �0�3p3

˘
`

p1
`
´�1�0p0 ` �1�2p2 ` �1�3p3

˘
`

p2
`
´�2�0p0 ` �2�1p1 ` �2�3p3

˘
`

p3
`
´�3�0p0 ` �3�1p1 ` �3�2p2

˘
“

pp0q2 ´ pp1q2 ´ pp2q2 ´ pp3q2



489Let’s rewrite that a bit
p20p�0�0q ` p21p�1�1q ` p22p�2�2q ` p23p�3�3q`

p0
`
´�0�1p1 ´ �0�2p2 ´ �0�3p3

˘
`

p1
`
´�1�0p0 ` �1�2p2 ` �1�3p3

˘
`

p2
`
´�2�0p0 ` �2�1p1 ` �2�3p3

˘
`

p3
`
´�3�0p0 ` �3�1p1 ` �3�2p2

˘
“

pp0q2 ´ pp1q2 ´ pp2q2 ´ pp3q2

p20p�0�0q ` p21p�1�1q ` p22p�2�2q ` p23p�3�3q`
p0p1

`
´�0�1 ´ �1�0

˘
`

p0p2
`
´�0�2 ´ �2�0

˘
`

p0p3
`
´�0�3 ´ �3�0

˘
`

p1p2
`
�1�2 ` �2�1

˘
`

p1p3
`
�1�3 ` �3�1

˘
`

p2p3
`
�2�3 ` �3�2

˘
“

pp0q2 ´ pp1q2 ´ pp2q2 ´ pp3q2

p�1q2 “ p�2q2 “ p�3q2 “ ´1

�µ�⌫ ´ �⌫�µ “ 0, µ ‰ ⌫

p�0q2 “ 1



490Our solution

Does not hold for 
ordinary numbers, 
but it works if they 

are matrices

t�µ, �⌫u “ �µ�⌫ ` �⌫�µ “ 2gµ⌫

p�1q2 “ p�2q2 “ p�3q2 “ ´1

�µ�⌫ ´ �⌫�µ “ 0, µ ‰ ⌫

p�0q2 “ 1

�0 “
ˆ

1 0
0 ´1

˙
, �i “

ˆ
0 �i

´�i 0

˙

i “ 1, 2, 3



491Gamma matrices

�
x

“
ˆ

0 1
1 0

˙
�
y

“
ˆ

0 ´i
i 0

˙
�
z

“
ˆ

1 0
0 ´1

˙

Pauli spin matrices

Gamma matrices are really 4x4 
matrices, easier to write in this 

form

�0 “
ˆ

1 0
0 ´1

˙
, �i “

ˆ
0 �i

´�i 0

˙

i “ 1, 2, 3



492Full Gamma matrix examples

�0 “
ˆ

1 0
0 ´1

˙
“

¨

˚̊
˝

1 0 0 0
0 1 0 0
0 0 ´1 0
0 0 0 ´1

˛

‹‹‚

�y “
ˆ

0 �y

´�y 0

˙
“

¨

˚̊
˝

0 0 0 ´i
0 0 i 0
0 i 0 0

´i 0 0 0

˛

‹‹‚

Thursday, April 7, 16



493Back to Dirac equation

�µpµ ´ m “ 0, pµ Ñ iBµ

i�µBµ ´ m “ 0

 “

¨

˚̊
˝

 1

 2

 3

 4

˛

‹‹‚



494Solution to Dirac equation 

i�µBµ ´ m “ 0

If wave function does not depend on 
position, then p = 0. Then equation 

becomes

i�0B0 ´ m “ 0

i�0
B 
dt

´ m “ 0
i

ˆ
1 0
0 ´1

˙ B 
Bt “ m 



495Solution to Dirac equation 

i

ˆ
1 0
0 ´1

˙ B 
Bt “ m 

i

ˆ
1 0
0 ´1

˙ ˆ B A{Bt
B B{Bt

˙
“ m

ˆ
 A

 B

˙

Nicely factorizes like this since the 
gamma matrix is diagonal

 A “
ˆ
 1

 2

˙
, B “

ˆ
 3

 4

˙

Two-component spinors



496Solution to Dirac equation 

 1 “ e´imt

¨

˚̊
˝

1
0
0
0

˛

‹‹‚, 2 “ e´imt

¨

˚̊
˝

0
1
0
0

˛

‹‹‚

 3 “ e`imt

¨

˚̊
˝

0
0
1
0

˛

‹‹‚, 4 “ e`imt

¨

˚̊
˝

0
0
0
1

˛

‹‹‚

Electrons

Positrons

Spin up

Spin down Spin up

Spin down



497Four solution to zero momentum Dirac equation

Recall that we object was not moving, so 
energy of !A = m, as expected. But energy 
of !B = -m!
!A represents particles such as electrons 
with mass m and positive energy, !B 
represents anti-particles such as anti-
electrons with mass m and negative energy

B A{Bt “ ´im A Ñ  Aptq “ e´imt Ap0q
B B{Bt “ im B Ñ  Bptq “ e`imt Bp0q



498Let’s try and find generic solutions

 pxq “ ae

´k¨x
upkq u(k) is a bi-spinor

i�µBµ ´ m “ 0

k ¨ r “ k

x

x ` k

y

y ` k

z

z

Note super vs sub script and 
change of sign...

k ¨ x “ k

0
t ´ k ¨ r

B
µ

 “ B
Bt

”
ae

´ipk0
t´k¨rq

upkq
ı

´ r
µ

”
ae

´ipk0
t´xk

x´yk

y´zk

zq
upkq

ı

B
µ

 “ ´ik

0
 ` ik

x

 ` ik

y

 ` ik

z

 “ ´ik0 ´ ik

x

 ´ ik

y

 ´ ik

z

 “ ´ik

µ

 



499Plugging that in

i�µp´ik
µ

 q ´ m “ 0

�µpk
µ

´ mq “ p�µk
µ

´ mq ae´ik¨xupkq “ 0

p�µk
µ

´ mqupkq “ 0

So...˜
k0 ´ m ´~k ¨ ~�
~k ¨ ~� ´k0 ´ m

¸ ˆ
uA

uB

˙
“ 0

�µkµ “ �0k0 ´ � ¨ k “ k0
ˆ

1 0
0 ´1

˙
´ k ¨

ˆ
0 ~�

´~� 0

˙
“

˜
k0 ´~k ¨ ~�
~k ¨ ~� ´k0

¸



500Getting there
˜

k0 ´ m ´~k ¨ ~�
~k ¨ ~� ´k0 ´ m

¸ ˆ
uA

uB

˙
“ 0

˜
pk0 ´ mquA ´ p~k ¨ ~�quB

p~k ¨ ~�quA ´ pk0 ` mquB

¸
“ 0

pk0 ´ mquA ´ p~k ¨ ~�quB “ 0

p~k ¨ ~�quA ´ pk0 ` mquB “ 0

pk0 ´ mquA ´ p~k ¨ ~�quB “ 0 Ñ uA “
~k ¨ ~�

k0 ´ m
uB

p~k ¨ ~�quA ´ pk0 ` mquB “ 0 Ñ uB “
~k ¨ ~�

k0 ` m
uA



501Getting there

uA “
~k ¨ ~�

k0 ´ m
uB

uB “
~k ¨ ~�

k0 ` m
uA

uA “
~k ¨ ~�

k0 ´ m

~k ¨ ~�
k0 ` m

uA

uA “ p~k ¨ ~�q2
pk0q2 ´ m2

uA



502Getting there

~k ¨ ~� “ k
x

ˆ
0 1
1 0

˙
` k

y

ˆ
0 ´i
i 0

˙
` k

z

ˆ
1 0
0 ´1

˙
~k ¨ ~� “

ˆ
k
z

k
x

´ ik
y

k
x

` ik
y

´k
z

˙

´
~k ¨ ~�

¯2
“

ˆ
k
z

k
x

´ ik
y

k
x

` ik
y

´k
z

˙ ˆ
k
z

k
x

´ ik
y

k
x

` ik
y

´k
z

˙

´
~k ¨ ~�

¯2
“

ˆ
k2
z

` pk
x

´ ik
y

qpk
x

` ik
y

q k
z

pk
x

´ ik
y

q ´ k
z

pk
x

´ ik
y

q
k
z

pk
x

` ik
y

q ´ k
z

pk
x

` ik
y

q pk
x

` ik
y

qpk
x

´ ik
y

q ` k2
z

˙

´
~k ¨ ~�

¯2
“ k21

uA “
~k2

pk0q2 ´ m2
uA pk0q2 ´ m2 “ ~k2

k2 “ m2 Ñ kµ “ ˘pµ



503Let’s get back to our solutions

Independent solution 1: 
~k ¨ ~� “ ~p ¨ ~� “

ˆ
k
z

k
x

´ ik
y

k
x

` ik
y

´k
z

˙
“

ˆ
p
z

p
x

´ ip
y

p
x

` ip
y

´p
z

˙
From before:

Pick positive 
solution so we 
don’t divide by 
zero when p=0

uA “
~k ¨ ~�

k0 ´ m
uB “ ~p ¨ ~�

E ´ m
uB

uB “
~k ¨ ~�

k0 ` m
uA “ ~p ¨ ~�

E ` m
uA

uA “
ˆ

1
0

˙
, uB “

~k ¨ ~�
k0 ` m

uA “
ˆ

1
0

˙
~p ¨ ~�

E ` m

u
A

“
ˆ

1
0

˙
, u

B

“
~k ¨ ~�

k0 ` m
u
A

“ 1

E ` m

ˆ
p
z

p
x

` ip
y

˙



504Let’s get back to our solutions

Independent solution 2: 
~k ¨ ~� “ ~p ¨ ~� “

ˆ
k
z

k
x

´ ik
y

k
x

` ik
y

´k
z

˙
“

ˆ
p
z

p
x

´ ip
y

p
x

` ip
y

´p
z

˙
From before:

Pick positive 
solution so we 
don’t divide by 
zero when p=0

u
A

“
ˆ

0
1

˙
, u

B

“
~k ¨ ~�

k0 ` m
u
A

“ 1

E ` m

ˆ
p
x

´ ip
y

´p
z

˙

uA “
ˆ

0
1

˙
, uB “

~k ¨ ~�
k0 ` m

uA “
ˆ

0
1

˙
~p ¨ ~�

E ` m

uA “
~k ¨ ~�

k0 ´ m
uB “ ~p ¨ ~�

E ´ m
uB

uB “
~k ¨ ~�

k0 ` m
uA “ ~p ¨ ~�

E ` m
uA



505Let’s get back to our solutions

Independent solution 3: 
~k ¨ ~� “ ~p ¨ ~� “

ˆ
k
z

k
x

´ ik
y

k
x

` ik
y

´k
z

˙
“

ˆ
p
z

p
x

´ ip
y

p
x

` ip
y

´p
z

˙
From before:

Pick negative 
solution so we 
don’t divide by 
zero when p=0 
(anti-particles)

uB “
ˆ

1
0

˙
, uA “

ˆ
1
0

˙
~p ¨ ~�

E ´ m

u
B

“
ˆ

1
0

˙
, u

A

“
~k ¨ ~�

k0 ´ m
u
B

“ 1

´E ´ m

ˆ
p
z

p
x

` ip
y

˙

uA “
~k ¨ ~�

k0 ´ m
uB “ ~p ¨ ~�

E ´ m
uB

uB “
~k ¨ ~�

k0 ` m
uA “ ~p ¨ ~�

E ` m
uA



506Let’s get back to our solutions

Independent solution 4: 
~k ¨ ~� “ ~p ¨ ~� “

ˆ
k
z

k
x

´ ik
y

k
x

` ik
y

´k
z

˙
“

ˆ
p
z

p
x

´ ip
y

p
x

` ip
y

´p
z

˙
From before:

Pick negative 
solution so we 
don’t divide by 
zero when p=0 
(anti-particles)

uB “
ˆ

0
1

˙
, uA “

ˆ
0
1

˙
~p ¨ ~�

E ´ m

u
B

“
ˆ

0
1

˙
, u

A

“
~k ¨ ~�

k0 ´ m
u
B

“ 1

´E ´ m

ˆ
p
x

´ ip
y

´p
z

˙

uA “
~k ¨ ~�

k0 ´ m
uB “ ~p ¨ ~�

E ´ m
uB

uB “
~k ¨ ~�

k0 ` m
uA “ ~p ¨ ~�

E ` m
uA



507On notation

As in Griffiths, we’ll 
follow notation to 
use u for particles 
and v for anti-
particles



508Normalization of our spinors

u
A

“
ˆ

1
0

˙
, u

B

“
~k ¨ ~�

k0 ` m
u
A

“ 1

E ` m

ˆ
p
z

p
x

` ip
y

˙

u
A

“
ˆ

0
1

˙
, u

B

“
~k ¨ ~�

k0 ` m
u
A

“ 1

E ` m

ˆ
p
x

´ ip
y

´p
z

˙

Unnormalized 1)

Unnormalized 2)

up1q “ N

¨

˚̊
˝

1
0

pp
z

q{pE ` mq
pp

x

` ip
y

q{pE ` mq

˛

‹‹‚

u:p1qup1q “ |N |2
ˆ

p1qp0q
ˆ

p
z

E ` m

˙ ˆ
p
x

´ ip
y

E ` m

˙˙
¨

˚̊
˝

1
0

pp
z

q{pE ` mq
pp

x

` ip
y

q{pE ` mq

˛

‹‹‚



509Normalization of our spinors

u:p1qup1q “ |N |2
ˆ

p1qp0q
ˆ

p
z

E ` m

˙ ˆ
p
x

´ ip
y

E ` m

˙˙
¨

˚̊
˝

1
0

pp
z

q{pE ` mq
pp

x

` ip
y

q{pE ` mq

˛

‹‹‚

u:p1qup1q “ |N |2
˜
1 ` 0 ` p2

z

pE ` mq2 ` p2
x

` p2
y

pE ` mq2

¸

u:p1qup1q “ |N |2
ˆ
1 ` p2

pE ` mq2
˙

u:p1qup1q “ |N |2
ˆ
p2 ` pE ` mq2

pE ` mq2
˙

u:p1qup1q “ |N |2
ˆ
E2 ´ m2 ` E2 ` m2 ` 2Em

pE ` mq2
˙

u:p1qup1q “ |N |2
ˆ
2E2 ` 2Em

pE ` mq2
˙

u:p1qup1q “ |N |2 2E

E ` m

What do we 
want the 
spinor to be 
normalized 
to? 
Convenient 
choice is 2E



510Normalization of our spinors

u:p1qup1q “ |N |2 2E

E ` m
“ 2E

N “
?
E ` m

I leave it to you to check that the same 
normalization holds true for u(2), v(1) 

and v(2)



511How do Dirac spinors transform?

 Ñ  
1 “ S 

S “ a` ` a´�0�1 “

¨

˚̊
˝

a` 0 0 0
0 a` 0 0
0 0 a` 0
0 0 0 a`

˛

‹‹‚` a´

¨

˚̊
˝

1 0 0 0
0 1 0 0
0 0 ´1 0
0 0 0 ´1

˛

‹‹‚

ˆ
0 �

x

´�
x

0

˙

S “ a` ` a´�0�1 “

¨

˚̊
˝

a` 0 0 0
0 a` 0 0
0 0 a` 0
0 0 0 a`

˛

‹‹‚` a´

¨

˚̊
˝

1 0 0 0
0 1 0 0
0 0 ´1 0
0 0 0 ´1

˛

‹‹‚

¨

˚̊
˝

0 0 0 1
0 0 1 0
0 ´1 0 0

´1 0 0 0

˛

‹‹‚

S “ a` ` a´�0�1 “

¨

˚̊
˝

a` 0 0 0
0 a` 0 0
0 0 a` 0
0 0 0 a`

˛

‹‹‚`

¨

˚̊
˝

0 0 0 a´
0 0 a´ 0
0 a´ 0 0
a´ 0 0 0

˛

‹‹‚

S “ a` ` a´�0�1 “

¨

˚̊
˝

a` 0 0 a´
0 a` a´ 0
0 a´ a` 0
a´ 0 0 a`

˛

‹‹‚

System moving in x direction

a˘ “
c

1

2
p� ˘ 1q

� “
`
1 ´ v2

˘´1{2



512Why is that? (Problem 7.11)

i�µBµ ´ m “ 0

i�µB1
µ 

1 ´ m 
1 “ 0

 
1 “ S 

B1
µ “ B

Bxµ1 “ Bx⌫

Bxµ1
B

Bx⌫
“ Bx⌫

Bxµ1 B⌫

i�

µ Bx⌫

Bxµ1 B⌫pS q ´ mpS q “ 0

S

´1

„
i�

µ Bx⌫

Bxµ1 B⌫pS q ´ mpS q
⇢

“ 0

S

´1

„
i�

µ Bx⌫

Bxµ1 B⌫pS q ´ mpS q
⇢

“ 0 “ i�

⌫B⌫ ´ m 

S

´1
�

µ Bx⌫

Bxµ1 S “ �

⌫
S

´1
�

µ
S

Bx⌫

Bxµ1 “ �

⌫



513Those partial derivatives

Others are zero (these just come 
from the transformation laws)

Bx0

Bx01 “ �

Bx0

Bx11 “ �v

Bx1

Bx01 “ �v

Bx1

Bx11 “ �

Bx2

Bx21 “ 1

Bx3

Bx31 “ 1

S

´1
�

µ
S

Bx⌫

Bxµ1 “ �

⌫

�

0 “ S

´1
�

0
S

Bx0

Bx01 ` S

´1
�

1
S

Bx0

Bx11 ` S

´1
�

2
S

Bx0

Bx21 ` S

´1
�

3
S

Bx0

Bx31

�

1 “ S

´1
�

0
S

Bx1

Bx01 ` S

´1
�

1
S

Bx1

Bx11 ` S

´1
�

2
S

Bx1

Bx21 ` S

´1
�

3
S

Bx1

Bx31

�

2 “ S

´1
�

0
S

Bx2

Bx01 ` S

´1
�

1
S

Bx2

Bx11 ` S

´1
�

2
S

Bx2

Bx21 ` S

´1
�

3
S

Bx2

Bx31

�

3 “ S

´1
�

0
S

Bx3

Bx01 ` S

´1
�

1
S

Bx3

Bx11 ` S

´1
�

2
S

Bx3

Bx21 ` S

´1
�

3
S

Bx3

Bx31



514Those partial derivatives

Bx0

Bx01 “ �

Bx0

Bx11 “ �v

Bx1

Bx01 “ �v

Bx1

Bx11 “ �

Bx2

Bx21 “ 1

Bx3

Bx31 “ 1

Now multiply by S

�0 “ S´1�0S� ` S´1�1S�v

�1 “ S´1�0S�v ` S´1�1S�

�2 “ S´1�2S

�3 “ S´1�3S

S�0 “ �0S� ` �1S�v

S�1 “ �0S�v ` �1S�

S�2 “ �2S

S�3 “ �3S



515Does our solution satisfy these?

S�0 “ �0S� ` �1S�v

S�1 “ �0S�v ` �1S�

S�2 “ �2S

S�3 “ �3S

S “ a` ` a´�0�1 “

¨

˚̊
˝

a` 0 0 0
0 a` 0 0
0 0 a` 0
0 0 0 a`

˛

‹‹‚`

¨

˚̊
˝

0 0 0 a´
0 0 a´ 0
0 a´ 0 0
a´ 0 0 0

˛

‹‹‚

S “ a` ` a´�0�1 “

¨

˚̊
˝

a` 0 0 a´
0 a` a´ 0
0 a´ a` 0
a´ 0 0 a`

˛

‹‹‚

Useful relation (I leave it to 
you to remember this!):

�µ�⌫ “ ´�⌫�µ, µ ‰ ⌫

Ensures that last two 
equations hold (see why?)



516First equation

S�0 “ �0S� ` �1S�v
`
a` ` a´�0�1

˘
�0 “ �0

`
a` ` a´�0�1

˘
� ` �1

`
a` ` a´�0�1

˘
�v

�µ�µ “ 1, µ “ 0

�µ�µ “ ´1, µ ‰ 0
Another useful relation:

a`�0 ` a´�0�1�0 “ �0a`� ` �0a´�0�1� ` �1a`�v ` �1a´�0�1�v

a`�0 ´ a´�0�0�1 “ a`��0 ` a´��0�0�1 ` a`�v�1 ´ a´�v�1�1�0

a`�0 ´ a´�1 “ a`��0 ` a´��1 ` a`�v�1 ` a´�v�0

a`�0 ´ a´�1 “ pa`� ` a´�vq �0 ` pa´� ` a`�vq �1



517Rewriting  

a`�0 ´ a´�1 “ pa`� ` a´�vq �0 ` pa´� ` a`�vq �1

� “
`
1 ´ v2

˘´1{2 Ñ p�q2 “ 1

1 ´ v2

1 ´ v2 “ 1

p�q2

v2 “ 1 ´ 1

p�q2 “ p�q2 ´ 1

p�q2

v “
a

p� ` 1qp� ´ 1q
�



518Rewriting  

a`�0 ´ a´�1 “ pa`� ` a´�vq �0 ` pa´� ` a`�vq �1

a`� ` a´�v “ �

c
1

2
p� ` 1q ´ �

c
1

2
p� ´ 1q

a
p� ` 1qp� ´ 1q

�

a`� ` a´�v “ �

c
1

2
p� ` 1q ´

c
1

2
p� ´ 1q

a
p� ` 1qp� ´ 1q

a`� ` a´�v “ �

c
1

2
p� ` 1q ´ p� ´ 1q

c
1

2
p� ` 1q

a`� ` a´�v “
c

1

2
p� ` 1q p� ´ � ` 1q

a`� ` a´�v “
c

1

2
p� ` 1q “ a`



519Now the second part

a`�0 ´ a´�1 “ pa`� ` a´�vq �0 ` pa´� ` a`�vq �1

a´� ` a`�v “ ´�

c
1

2
p� ´ 1q ` �

c
1

2
p� ` 1q

a
p� ` 1qp� ´ 1q

�

a´� ` a`�v “ ´�

c
1

2
p� ´ 1q `

c
1

2
p� ` 1q

a
p� ` 1qp� ´ 1q

a´� ` a`�v “ ´�

c
1

2
p� ´ 1q ` p� ` 1q

c
1

2
p� ´ 1q

a´� ` a`�v “
c

1

2
p� ´ 1q p´� ` � ` 1q

a´� ` a`�v “
c

1

2
p� ´ 1q “ ´a´



520Second equation

S�0 “ �0S� ` �1S�v

S�1 “ �0S�v ` �1S�

S�2 “ �2S

S�3 “ �3S

S�1 “ �0S�v ` �1S�
`
a` ` a´�0�1

˘
�1 “ �v�0

`
a` ` a´�0�1

˘
` ��1

`
a` ` a´�0�1

˘

a`�1 ´ a´�0 “ �va`�0 ` �va´�1 ` �a`�1 ´ �a´�0

a`�1 ´ a´�0 “ �0 p�va` ´ �a´q ` �1 p�va´ ` �a`q

These are the exact conditions we already just 
worked out!



521Phew! Is this an invariant?

 : “ p ˚
1 

˚
2 

˚
3 

˚
4 q

¨

˚̊
˝

 1

 2

 3

 4

˛

‹‹‚“ | 1|2 ` | 2|2 ` | 3|2 ` | 4|2

`
 : 

˘1
“

´
 

1:
 

1 ¯ “ pS q: S “  :S:S ‰
`
 : 

˘NO!

But define:

`
  

˘1
“

`
 :�0 

˘1
“ p 1: q�0 1

`
  

˘1
“ pS q:�0S “  :S:�0S “  :�0 “

`
  

˘

S:�0S “ �0
Part of your
homework

 “  :�0 “ pp ˚
1 q p ˚

2 q p´ ˚
3 q p´ ˚

4 qq



522What about parity transformation?

S

´1
�

µ
S

Bx⌫

Bxµ1 “ �

⌫

Our
earlier
friend:

All other partial derivatives are zero

S´1�0S “ �0 Ñ �0S “ S�0

´S´1�1S “ �1 Ñ �1S “ ´S�1

´S´1�2S “ �2 Ñ �2S “ ´S�2

´S´1�3S “ �3 Ñ �3S “ ´S�3

x

1 “ ´x; y1 “ ´y; z1 “ ´z

t “ t

Bx0

Bx01 “ 1

Bx1

Bx11 “ ´1

Bx2

Bx21 “ ´1

Bx3

Bx31 “ ´1

S “ �0



523How does our spinor transform under P?

 Ñ �0 

p  q1 “ p :�0 q1 “ p :q1
�0 

1 “ p�0 q:�0�0 

p  q1 “  :�0
:
�0�0 “ p :�0 q “ p  q

So it transforms like a scalar



524Can we make a pseudoscalar?

 �5 

�5 “ i�0�1�2�3

`
 �5 

˘1 “ p :�0�5 q1 “  
1:
�0

1
�5

1
 

1

`
 �5 

˘1 “  :�0:�0�5�0 
`
 �5 

˘1 “  :�5�0 

�5�0 “ i�0�1�2�3�0 “ ´i�0�1�2�0�3 “ `i�0�1�0�2�3

�5�0 “ ´i�0�0�1�2�3 “ ´�0�5

`
 �5 

˘1 “ ´ :�0�5 “ ´p �5 q

 �5 Pseudoscalar



525Similarly

Vector  �µ 

 �µ�5 Pseudovector



526OK, let’s get to QED. A useful table from Griffiths



527Example QED diagram

Here we have one 
of the diagrams 
contributing to 
electron-positron 
scattering into 
muon+antimuon 
pairse�

e+

µ�

µ+



528Feynman rules for QED (1)

p1

p2

p3

p4

q1

Label all incoming 
and outgoing lines 
with p1, p2, ... pn
Internal lines can 
go either way
Use arrows to 
keep track of what 
is going in and out 
(of course we have 
arrows on the anti-
particles, but that 
is different)

e�

e+

µ�

µ+



529Feynman rules for QED (2)

p1

p2

p3

p4

q1

Incoming (outgoing) 
electrons/muons 
get a factor of u(u),
outgoing (incoming) 
anti-electrons/anti-
muons get a factor 
of v(v). Incoming 
(outgoing) photons 
get a factor of εµ (εµ*)

e�

e+

µ�

µ+

u

v

u

v



530Feynman rules for QED (3)

Add factors of 
ieγµ at each vertex

p1

p2

p3

p4

q1

e�

e+

µ�

µ+

u
u

ieγµ ieγ"
vv



531Feynman rules for QED (4)

p1

p2

p3

p4

q1

e�

e+

µ�

µ+

u
u

ieγ"

For each internal 
photon line add a 
factor for the 
propagator

ieγµ

i p�µqµ ` mq
q2 ´ m2 for internal electrons/positrons

´igµ⌫
q2

vv



532Feynman rules for QED (5)

p1

p2

p3

p4

q1

e�

e+

µ�

µ+

u
u

ieγ"ieγµ ´igµ⌫
q2

Impose 
conservation of 
energy and 
momentum at 
each vertex with 
4d Dirac Delta 
function (with 
appropriate 2pi 
normalization)

p2⇡q4�4pp1 ` p2 ´ q1q

p2⇡q4�4pq1 ´ p3 ´ p4q

vv



533Feynman rules for QED (6)

Integrate over 
4-momentum 
of internal 
lines with 
appropriate 
2pi 
normalization 
factor

1

p2⇡q4 d
4q1

p1

p2

p3

p4

q1

e�

e+

µ�

µ+

u
u

ieγ"ieγµ ´igµ⌫
q2

p2⇡q4�4pp1 ` p2 ´ q1q

p2⇡q4�4pq1 ´ p3 ´ p4q

vv



534Feynman rules for QED (7)

1

p2⇡q4 d
4q1

p1

p2

p3

p4

q1

e�

e+

µ�

µ+

u
u

ieγ"ieγµ ´igµ⌫
q2

p2⇡q4�4pp1 ` p2 ´ q1q

p2⇡q4�4pq1 ´ p3 ´ p4q

Cancel 
remaining 
delta function 
and add a 
factor of i, and 
you have the 
matrix 
element

i
vv



535Feynman rules for QED (8)

1

p2⇡q4 d
4q1

p1

p2

p3

p4

q1

e�

e+

µ�

µ+

u
u

ieγ"ieγµ ´igµ⌫
q2

p2⇡q4�4pp1 ` p2 ´ q1q

p2⇡q4�4pq1 ´ p3 ´ p4q

Add minus sign 
between diagrams 
differing only in 
exchange of two 
incoming or two 
outgoing 
fermions, or 
incoming fermion 
and outgoing anti-
fermion (or vice 
versa)

i
vv



536One thing to be careful of

We’ll call the E&M 
coupling “e” and 
not ge so as not to 
get confused 
(Griffiths has “g”s 
all over the place!)



537Electron-muon scattering example

e�

µ�

e�

µ�

1

p2⇡q4 d
4q1

p2

p1

p4

p3

q1

u

u

u

u
ieγ"

ieγµ

´igµ⌫
q2

i
p2⇡q4�4pp2 ` q1 ´ p4q

p2⇡q4�4pp1 ´ q1 ´ p3q

i

ª
rups3qpp3qpie�µqups1qpp1qs´igµ⌫

q2
rups4qpp4qpie�⌫qups2qpp2qsp2⇡q4�4pp1 ´ q1 ´ p3qp2⇡q4�4pp2 ` q1 ´ p4q d4q1

p2⇡q4



538Electron-muon scattering example

Matrix element = 

Doesn’t look very insightful or useful, but 
this is a number that you can calculate 
given some initial-state and final-state 

kinematics

M “ ´ e2

pp1 ´ p3q2 rups3qpp3q�µups1qpp1qsrups4qpp4q�µups2qpp2qs

i

ª
rups3qpp3qpie�µqups1qpp1qs´igµ⌫

q2
rups4qpp4qpie�⌫qups2qpp2qsp2⇡q4�4pp1 ´ q1 ´ p3qp2⇡q4�4pp2 ` q1 ´ p4q d4q1

p2⇡q4



539Electron-Electron scattering

Matrix element = 

´ e2

pp1 ´ p3q2 rup3q�µup1qsrup4q�µup2qs Slightly simpler 
notation

e�

e�

e�

e�p2

p1

p4

p3

M “ ´ e2

pp1 ´ p3q2 rups3qpp3q�µups1qpp1qsrups4qpp4q�µups2qpp2qs



540Electron-Electron scattering, second diagram

Total matrix element = 

Slightly simpler 
notation

e�

e�

e�

e�p2

p1

p4

p3

Twisted/crossed 
diagram! Rule 8 says 
they get a relative 
minus sign

´ e2

pp1 ´ p3q2 rup3q�µup1qsrup4q�µup2qs`

e2

pp1 ´ p4q2 rup4q�µup1qsrup3q�µup2qs`



541Electron-Positron scattering, first diagram

e

e

e

e
Note that we must 
follow fermion lines 
backwards to get the 
matrix algebra right

p2

p1

p4

p3

´ e2

pp1 ´ p3q2 rup3q�µup1qsrvp2q�µvp4qs



542Electron-Positron scattering, second diagram

1

p2⇡q4 d
4q1

p1

p2

p3

p4
q1

u
u

ieγ"ieγµ ´igµ⌫
q2

p2⇡q4�4pp1 ` p2 ´ q1q

p2⇡q4�4pq1 ´ p3 ´ p4q

Similar to when 
we wrote down 
the rules

i
vv

e

e

e

e



543Electron-Positron scattering, second diagram

1

p2⇡q4 d
4q1

p1

p2

p3

p4
q1

u
u

ieγ"ieγµ

p2⇡q4�4pp1 ` p2 ´ q1q

p2⇡q4�4pq1 ´ p3 ´ p4q

i
vv

e

e

e

e

´igµ⌫
q21

i

ª
rup3qpie�µqvp4qs´igµ⌫

q21
rvp2qpie�⌫qup1qsp2⇡q4�4pp1 ` p2 ´ q1qp2⇡q4�4pq1 ´ p3 ´ p4q d4q1

p2⇡q4



544Electron-Positron scattering, second diagram

p1

p2

p3

p4
q1

u
u

vv

e

e

e

e

´p2⇡q4e2
ª

rup3qp�µqvp4qsgµ⌫
q21

rvp2qp�⌫up1qs�4pp1 ` p2 ´ q1q�4pq1 ´ p3 ´ p4qd4q1

i

ª
rup3qpie�µqvp4qs´igµ⌫

q21
rvp2qpie�⌫qup1qsp2⇡q4�4pp1 ` p2 ´ q1qp2⇡q4�4pq1 ´ p3 ´ p4q d4q1

p2⇡q4



545Electron-Positron scattering, second diagram

p1

p2

p3

p4
q1

u
u

vv

e

e

e

e

´p2⇡q4e2
ª

rup3qp�µqvp4qsgµ⌫
q21

rvp2qp�⌫up1qs�4pp1 ` p2 ´ q1q�4pq1 ´ p3 ´ p4qd4q1

´ p2⇡q4e2
pp1 ` p2q2

ª
rup3qp�µqvp4qsgµ⌫rvp2qp�⌫up1qs�4pq1 ´ p3 ´ p4q



546Electron-Positron scattering, both diagrams

p1

p2

p3

p4
q1

u
u

vv

e

e

e

e

´ e2

pp1 ` p2q2 rup3qp�µqvp4qsrvp2q�µup1qs

e

e

e

ep2

p1

p4

p3

´ e2

pp1 ´ p3q2 rup3q�µup1qsrvp2q�µvp4qs

If we swap p2 (incoming positron) and p3 
(outgoing electron) in first diagram, we get the 
second diagram! Need relative minus sign



547Electron-Positron total matrix element

´ e2

pp1 ´ p3q2 rup3q�µup1qsrvp2q�µvp4qs`

` e2

pp1 ` p2q2 rup3qp�µqvp4qsrvp2q�µup1qs



548Compton scattering

p1

p2

p3

p4

q1

u

u

e

�

�

e

e

�

�

e

p1

p2

p3

p4

q1

u

u

✏µ

✏µ

✏˚
⌫

✏˚
⌫



549Let’s start with first diagram

p1

p2

p3

p4

q1

u

u

e

�

�

e
✏µ

✏˚
⌫

ieγ"

ieγµ
ip2⇡q4�4pp1 ´ q1 ´ p3qp2⇡q4�4pp2 ` q1 ´ p4q

1

p2⇡q4 d
4q1

i p�µqµ ` mq
q2 ´ m2

ª
ip2⇡q4�4pp1 ´ q1 ´ p3qp2⇡q4�4pp2 ` q1 ´ p4q✏µp2qup4qpie�µq ip�

�q� ` mq
q2 ´ m2

pie�⌫qup1q✏˚
⌫ p3q d4q1

p2⇡q4



550Let’s start with first diagram

p1

p2

p3

p4

q1

ue

�

�

e
✏µ

✏˚
⌫

ª
ip2⇡q4�4pp1 ´ q1 ´ p3qp2⇡q4�4pp2 ` q1 ´ p4q✏µp2qup4qpie�µq ip�

�q� ` mq
q2 ´ m2

pie�⌫qup1q✏˚
⌫ p3q d4q1

p2⇡q4

u

p2⇡q4e2
ª
�4pp1 ´ q1 ´ p3q�4pp2 ` q1 ´ p4q✏µp2qup4qp�µq p��q� ` mq

q2 ´ m2
p�⌫qup1q✏˚

⌫ p3qd4q1

“ p��pp1 ´ p3q� ` mq
pp1 ´ p3q2 ´ m2

e2p2⇡q4�4pp2 ` q1 ´ p4q✏µp2qvp4qup4qp�µqp�⌫qup1q✏˚
⌫ p3q



551So first diagram matrix element is 

p1

p2

p3

p4

q1

ue

�

�

e
✏µ

✏˚
⌫

u

e2
p��pp1 ´ p3q� ` mq

pp1 ´ p3q2 ´ m2
✏µp2qup4qp�µqp�⌫qup1q✏˚

⌫ p3q



552Let’s introduce some (more!) notiation

“Slash” notation is very useful:

{x “ x

µ
�µ



553Rewriting first diagram matrix element ... 

e2
p��pp1 ´ p3q� ` mq

pp1 ´ p3q2 ´ m2
✏µp2qup4qp�µqp�⌫qup1q✏˚

⌫ p3q

e2
p {p1 ´ {p3 ` mq

pp1 ´ p3q2 ´ m2
✏µp2qup4qp�µqp�⌫qup1q✏˚

⌫ p3q

e2
p {p1 ´ {p3 ` mq

pp1 ´ p3q2 ´ m2 {✏µp2qup4qup1q{✏˚
⌫ p3q



554Now the second diagram

e

�

�

e

p1

p2

p3

p4

q1

u

u
✏µ

✏˚
⌫

ip2⇡q4�4pp1 ` p2 ´ q1qp2⇡q4�4pq1 ´ p3 ´ p4q

ª
ip2⇡q4�4pp1 ` p2 ´ q1qp2⇡q4�4pq1 ´ p3 ´ p4q✏µp2qup4qpie�µq ip�

�q� ` mq
q2 ´ m2

pie�⌫qup1q✏˚
⌫ p3q d4q1

p2⇡q4

Can proceed in same way, and total 
matrix element is sum of the two



555On traces and matrices and spins

Potentially want to calculate processes 
with given initial and final state spins 

and polarizations, but more often than 
not we don’t specify either: average 
over initial state configurations and 
sum over final state configurations



556Back to electron-muon scattering

|M|2 “ e4

pp1 ´ p3q4 rups3qpp3q�µups1qpp1qsrups4qpp4qp�µups2qpp2qsrups3qpp3q�⌫ups1qpp1qs˚rups4qpp4qp�⌫ups2qpp2qs˚

rups3qpp3q�µups1qpp1qsrups3qpp3q�⌫ups1qpp1qs˚
So how to calculate (for example): ???

G “ rupaq�1upbqsrupaq�2upbqs˚
Or more generally

M “ ´ e2

pp1 ´ p3q2 rups3qpp3q�µups1qpp1qsrups4qpp4q�µups2qpp2qs



557Evaluating G

G “ rupaq�1upbqsrupaq�2upbqs˚

Reminder that a “ a:�0

For 1dx1d 
matrix, dagger 
and star are 
the same

�0: “ �0

G “ rupaq�1upbqsrupaq�2upbqs˚

G “ rupaq:�0�1upbqsrupaq:�0�2upbqs:

G “ rupaq:�0�1upbqsrupbq:�:
2�

0:upaqs
G “ rupaq:�0�1upbqsrupbq:�:

2�
0upaqs



558Continuing with G
G “ rupaq:�0�1upbqsrupbq:�:

2�
0upaqs

G “ rupaq:�0�1upbqsrupbq:�0�0�:
2�

0upaqs
G “ rupaq:�0�1upbqsrupbq�2upaqs
G “ rupaq�1upbqsrupbq�2upaqs

�2 “ �0�:
2�

0 For a matrix
a “ a:�0 For a spinor

CAREFUL!

rups3qpp3q�µups1qpp1qsrups3qpp3q�⌫ups1qpp1qs˚
We were looking at: G “ rupaq�1upbqsrupaq�2upbqs˚

�a “ p�aq:�0 “ a:�:�0

�a “ a:�0�0�:�0

�a “ pa:�0qp�0�:�0q “ a�

WHY?!



559So now we have G

rups3qpp3q�µups1qpp1qsrups3qpp3q�⌫ups1qpp1qs˚
We were looking at:

G “ rupaq�1upbqsrupaq�2upbqs˚

G “ rupaq�1upbqsrupbq�2upaqs
And defined
And found that

We are interested in summing over spins s1 and 
s3 since we are not isolating any particular spin

G “ upaq�1

ÿ

b´spin

rupbqupbqs�2upaq

Now we have a new problem (it is progress, I 
promise). Need to find ÿ

b´spin

rupbqupbqs



560Aside: The completeness relation
ÿ

b´spin

rupbqupbqs

Reminder of our two solutions for u (not v), 
appropriately normalized

up1q “

¨

˚̊
˚̋

?
E ` m
0
p
z?

E`m
p
x

`ip
y?

E`m

˛

‹‹‹‚ up2q “

¨

˚̊
˚̋

0?
E ` m
p
x

´ip
y?

E`m´p
z?

E`m

˛

‹‹‹‚

ÿ

b´spin

rupbqupbqs “ up1qup1q ` up2qup2q



561The completeness relation
ÿ

b´spin

rupbqupbqs “ up1qup1q ` up2qup2q

+

u “ u:�0 “

u:

¨

˚̊
˝

1 0 0 0
0 1 0 0
0 0 ´1 0
0 0 0 ´1

˛

‹‹‚
Minus signs

Minus 
signs

¨

˚̊
˚̋

?
E ` m
0
p

z?
E`m

p

x

`ip

y?
E`m

˛

‹‹‹‚

ˆ?
E ` m 0

´p
z?

E ` m

´p
x

` ip
y?

E ` m

˙
`

¨

˚̊
˚̋

0?
E ` m
p

x

´ip

y?
E`m´p

z?
E`m

˛

‹‹‹‚

ˆ
0

?
E ` m

´p
x

´ ip
y?

E ` m

p
z?

E ` m

˙

But also 
extra -1 on 
every i

¨

˚̊
˚̋

E ` m 0 ´p
z

´p
x

` ip
y

0 0 0 0

p
z

0 ´p

2
z

E`m

´p

x

p

z

`ip

y

p

z

E`m

p
x

` ip
y

0 ´p

x

p

z

´ip

y

p

z

E`m

´p

2
x

´p

2
y

E`m

˛

‹‹‹‚

¨

˚̊
˚̋

0 0 0 0
0 E ` m ´p

x

´ ip
y

p
z

0 p
x

´ ip
y

´p

2
x

´p

2
y

E`m

p

x

p

z

´ip

y

p

z

E`m

0 ´p
z

p

x

p

z

`ip

y

p

z

E`m

´p

2
z

E`m

˛

‹‹‹‚



562The completeness relation
ÿ

b´spin

rupbqupbqs “ up1qup1q ` up2qup2q

=

+

¨

˚̊
˚̋

E ` m 0 ´p
z

´p
x

` ip
y

0 0 0 0

p
z

0 ´p

2
z

E`m

´p

x

p

z

`ip

y

p

z

E`m

p
x

` ip
y

0 ´p

x

p

z

´ip

y

p

z

E`m

´p

2
x

´p

2
y

E`m

˛

‹‹‹‚

¨

˚̊
˚̋

0 0 0 0
0 E ` m ´p

x

´ ip
y

p
z

0 p
x

´ ip
y

´p

2
x

´p

2
y

E`m

p

x

p

z

´ip

y

p

z

E`m

0 ´p
z

p

x

p

z

`ip

y

p

z

E`m

´p

2
z

E`m

˛

‹‹‹‚

¨

˚̊
˚̋

E ` m 0 ´p
z

´p
x

` ip
y

0 E ` m ´p
x

´ ip
y

p
z

p
z

p
x

´ ip
y

´p

2
x

´p

2
y

´p

2
z

E`m

0

p
x

` ip
y

´p
z

0
´p

2
x

´p

2
y

´p

2
z

E`m

˛

‹‹‹‚



563The completeness relation
ÿ

b´spin

rupbqupbqs “ up1qup1q ` up2qup2q
¨

˚̊
˚̋

E ` m 0 ´p
z

´p
x

` ip
y

0 E ` m ´p
x

´ ip
y

p
z

p
z

p
x

´ ip
y

´p

2
x

´p

2
y

´p

2
z

E`m

0

p
x

` ip
y

´p
z

0
´p

2
x

´p

2
y

´p

2
z

E`m

˛

‹‹‹‚

¨

˚̊
˚̋

E ` m 0 ´p
z

´p
x

` ip
y

0 E ` m ´p
x

´ ip
y

p
z

p
z

p
x

´ ip
y

´p2

E`m

0

p
x

` ip
y

´p
z

0 ´p2

E`m

˛

‹‹‹‚



564The completeness relation
ÿ

b´spin

rupbqupbqs “ up1qup1q ` up2qup2q

¨

˚̊
˚̋

E ` m 0 ´p
z

´p
x

` ip
y

0 E ` m ´p
x

´ ip
y

p
z

p
z

p
x

´ ip
y

´p2

E`m

0

p
x

` ip
y

´p
z

0 ´p2

E`m

˛

‹‹‹‚

´p2

E ` m
“ m2 ´ E2

E ` m
“ pm ´ Eqpm ` Eq

E ` m
“ m ´ E

�
x

“
ˆ

0 1
1 0

˙

�
y

“
ˆ

0 ´i
i 0

˙

�
z

“
ˆ

1 0
0 ´1

˙
p ¨ � “

ˆ
p
z

p
x

´ ip
y

p
x

` ip
y

´p
z

˙



565The completeness relation
ÿ

b´spin

rupbqupbqs “ up1qup1q ` up2qup2q

¨

˚̊
˚̋

E ` m 0 ´p
z

´p
x

` ip
y

0 E ` m ´p
x

´ ip
y

p
z

p
z

p
x

´ ip
y

´p2

E`m

0

p
x

` ip
y

´p
z

0 ´p2

E`m

˛

‹‹‹‚ =

¨

˚̊
˝

m ` E 0
0 m ` E

m ´ E 0
0 m ´ E

˛

‹‹‚

p ¨ �

p ¨ �

-
=

m ` �0E ´ p ¨
ˆ

0 �
´� 0

˙
“ �µpµ ` m



566The completeness relation (phew)

ÿ

b´spin

rupbqupbqs “ up1qup1q ` up2qup2q “ �µpµ ` m

Phew! Will not prove but (you can...)

ÿ

b´spin

rvpbqvpbqs “ vp1qvp1q ` vp2qvp2q “ �µpµ ´ m

G “ upaq�1

ÿ

b´spin

rupbqupbqs�2upaq “ upaq�1r�µpbµ ` mbs�2upaq

G “ upaq�1p{pb ` mbq�2upaq



567Continuing on with G

G “ upaq�1p{pb ` mbq�2upaq

Now let’s sum over a spins
ÿ

a,b spins

G “
ÿ

sa“1,2

upsaq�1p{pb ` mbq�2upsaq

4x1
matrix 
(spinor)

4x4 
matrix1x4 matrix

Scalar
quantity
we’re
calculating
(sum of 4
numbers)



568Continuing on with G

ÿ

a,b spins

G “
ÿ

sa“1,2

upsaq�1p{pb ` mbq�2upsaq

ÿ

a,b spins

G “
ÿ

sa“1,2

4ÿ

i,j“1

upsaqi
”
�1p{pb ` mbq�2

ı

ij
upsaqj

ÿ

a,b spins

G “
4ÿ

i,j“1

”
�1p{pb ` mbq�2

ı

ij

ÿ

sa“1,2

upsaqjupsaqi

ÿ

a,b spins

G “
4ÿ

i,j“1

”
�1p{pb ` mbq�2

ı

ij
p{pa ` maqji “ Tracer�1p{pb ` mbq�2p{pa ` maqs



569In summary

ÿ

spins

rupaq�1upbqsrupaq�2upbqs˚ “ Tracer�1p{pb ` mbq�2p{pa ` maqs

If u is replaced by v, the 
mass gets a minus sign 

(as we saw before)

Did this really gain us anything except for 
a headache?!?!

|M|2 “ e4

pp1 ´ p3q4 rups3qpp3q�µups1qpp1qsrups4qpp4q�µups2qpp2qsrups3qpp3q�⌫ups1qpp1qs˚rups4qpp4qp�⌫ups2qpp2qs˚



570Electron-muon scattering

ÿ

spins

rupaq�1upbqsrupaq�2upbqs˚ “ Tracer�1p{pb ` mbq�2p{pa ` maqs

e�

µ�

e�

µ�

p2

p1

p4

p3

m1 = m3 = me
m2 = m4 = mµ

1/4
to average
over
initial
spins

|M|2 “ e4

4pp1 ´ p3q4Tracer�µp{p1 ` m1q�⌫p{p3 ` m3qsTracer�µp{p2 ` m2q�⌫p{p4 ` m4qs

|M|2 “ e4

pp1 ´ p3q4 rups3qpp3q�µups1qpp1qsrups4qpp4q�µups2qpp2qsrups3qpp3q�⌫ups1qpp1qs˚rups4qpp4qp�⌫ups2qpp2qs˚



571One missing piece
�µ “ �0�µ:�0

�0 “ �0�0:�0 “ �0�0�0 “ �0

�i “ �0�i:�0 “ �0

ˆ
0 �i

´�i 0

˙:
�0

�i “ �0

ˆ
0 ´�i:

�i: 0

˙
�0

�i “ �0

ˆ
0 ´�i

�i 0

˙
�0 “ ´�0

ˆ
0 �i

´�i 0

˙
�0 “ ´�0�i�0

�i “ ´p´�i�0q�0 “ �i

�µ “ �µ

�i “ �0�i:�0 “ �0

ˆ
0 �i

´�i 0

˙:
�0

Obvious?



572Electron-muon scattering

|M|2 “ e4

4pp1 ´ p3q4Tracer�µp{p1 ` m1q�⌫p{p3 ` m3qsTracer�µp{p2 ` m2q�⌫p{p4 ` m4qs

|M|2 “ e4

4pp1 ´ p3q4Tracer�µp{p1 ` m1q�⌫p{p3 ` m3qsTracer�µp{p2 ` m2q�⌫p{p4 ` m4qs

Griffiths has a number of “Trace 
theorems” in Chapter 7.7. Please look 

at them (don’t want to spend time 
deriving them all, but we’ll go over a 

couple)



573Trace theorems from Griffiths

Phew

TrpA ` Bq “ TrpAq ` TrpBq
Trp↵Aq “ ↵TrpAq
TrpABq “ TrpBAq

gµ⌫g
µ⌫ “ 4

�µ�⌫ ` �⌫�µ “ 2gµ⌫

{a{b ` {b{a “ 2a ¨ b
�µ�

µ “ 4

�µ�
µ�⌫ “ ´2�⌫

�µ{a�µ “ ´2{a
�µ�

⌫���µ “ 4g⌫�

�µ{a{b�µ “ 4pa ¨ bq
�µ�

⌫�����µ “ ´2�����⌫

�µ{a{b{c “ ´2{c{b{a
Trp�µ�⌫��q “ 0

Trp�µ�⌫q “ 4gµ⌫

Trp{a{bq “ 4pa ¨ bq
Trp�µ�⌫����q “ 4

`
gµ⌫g�� ´ gµ�g⌫� ` gµ�g⌫�

˘

Trp{a{b{c{dq “ 4pa ¨ bc ¨ d ´ a ¨ cb ¨ d ` a ¨ db ¨ cq



574Some trace theorem proofs

TrpAq “
ÿ

i

Aii

TrpA ` Bq “
ÿ

pA ` Bqii “
ÿ

Aii `
ÿ

Bii “ TrA ` TrB

Trp↵Aq “
ÿ

p↵Aqii “
ÿ

p↵Aiiq “ ↵TrpAq
TrpABq “

ÿ
pABqii “

ÿ

i

ÿ

j

pAijBjiq “
ÿ

i

ÿ

j

BjiAij “
ÿ

j

pBAqjj “ TRpBAq

TrpABCq “
ÿ

pABCqii “
ÿ

i

ÿ

j

ÿ

k

pAijBjkCkiq “
ÿ

i

ÿ

j

ÿ

k

CkiAijBjk “
ÿ

j

ÿ

k

pCAqkjBjk “ TRpCABq

Tr(ABC) = Tr(CAB) = Tr(BCA) but this is 
not the same as Tr(BAC)



575Some trace theorem proofs

gµ⌫g
µ⌫ “ g00g

00 ` g01g
01 ` g02g

02 ` g03g
03`

g10g
10 ` g11g

11 ` g12g
12 ` g13g

13`
g20g

20 ` g21g
21 ` g22g

22 ` g23g
23`

g30g
30 ` g31g

31 ` g32g
32 ` g33g

33

gµ⌫g
µ⌫ “ g00g

00 ` g11g
11 ` g22g

22 ` g33g
33 “ p1qp1q ` p´1qp´1q ` p´1qp´1q ` p´1qp´1q “ 4



576Some trace theorem proofs

�µ�
⌫�µ “ �µ p2gµ⌫ ´ �µ�⌫q

�µ�
⌫�µ “ 2�µg

µ⌫ ´ �µ�
µ�⌫

�µ�
⌫�µ “ 2�⌫ ´ 4�⌫

�µ�
⌫�µ “ ´2�⌫

{a{b ` {b{a “ paµ�µqpb⌫�⌫q ` pb⌫�⌫qpaµ�µq
{a{b ` {b{a “ paµb⌫qp�µ�⌫ ` �⌫�µq

{a{b ` {b{a “ paµb⌫qp2gµ⌫q “ 2aµb
µ “ 2a ¨ b

�µ�⌫ ` �⌫�µ “ 2gµ⌫

gµ⌫ p�µ�⌫ ` �⌫�µq “ gµ⌫p2gµ⌫q
�⌫�

⌫ ` �⌫�
⌫ “ 2�⌫�

⌫ “ 2gµ⌫g
µ⌫

�⌫�
⌫ “ gµ⌫g

µ⌫

�⌫�
⌫ “ 4



577Some trace theorem proofs

Trp�µ�⌫��q “ Trp�µ�⌫���5�5q
Trp�µ�⌫��q “ p´1q1Trp�µ�⌫�5���5q
Trp�µ�⌫��q “ p´1q2Trp�µ�5�⌫���5q
Trp�µ�⌫��q “ p´1q3Trp�5�µ�⌫���5q

TrpABq “ TrpBAq Ñ Trp�µ�⌫��q “ p´1q3Trp�5�µ�⌫���5q “ p´1q3Trp�µ�⌫���5�5q
Trp�µ�⌫��q “ p´1q3Trp�µ�⌫���5�5q Ñ Trp�µ�⌫��q “ 0

True for any odd number of 
gamma matrices



578Some trace theorem proofs

Trp1q “ Tr

¨

˚̊
˝

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

˛

‹‹‚“ 1 ` 1 ` 1 ` 1 “ 4

Trp�µ�⌫q “ Trp�⌫�µq Ñ Trp�µ�⌫q “ 1

2
rTrp�µ�⌫q ` Trp�⌫�µqs “ 1

2
Trp�µ�⌫ ` �⌫�µq

Trp�µ�⌫q “ 1

2
Trp2gµ⌫q “ gµ⌫Trp1q “ 4gµ⌫

Trp�5q “ Tr

¨

˚̊
˝

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

˛

‹‹‚“ 0



579OK, back to Electron-muon scattering

Phew. Are we ready to 
calculate some matrix 
elements again? (It’s 

been awhile since 
we’ve calculated any, 
and for sure been a 

long detour)



580Back to Electron-muon scattering

|M|2 “ e4

4pp1 ´ p3q4Tracer�µp{p1 ` m1q�⌫p{p3 ` m3qsTracer�µp{p2 ` m2q�⌫p{p4 ` m4qs

Trr�µp{p1 ` m1q�⌫p{p3 ` m3qs “
Trr�µ{p1�

⌫ {p3s ` Trr�µm1�
⌫ {p3s ` Trr�µ{p1�

⌫m3s ` Trr�µm1�
⌫m3s “

Trr�µ��p1,��
⌫��p3,�s ` Trr�µm1�

⌫��p3,�s ` Trr�µ��p1,��
⌫m3s ` Trr�µm1�

⌫m3s

Trp�µ�⌫��q “ 0



581Electron-muon scattering

|M|2 “ e4

4pp1 ´ p3q4Tracer�µp{p1 ` m1q�⌫p{p3 ` m3qsTracer�µp{p2 ` m2q�⌫p{p4 ` m4qs

Trr�µp{p1 ` m1q�⌫p{p3 ` m3qs “
Trr�µ��p1,��

⌫��p3,�s ` Trr�µm1�
⌫m3s

Trp�µ�⌫q “ 4gµ⌫

Trp�µ�⌫����q “ 4
`
gµ⌫g�� ´ gµ�g⌫� ` gµ�g⌫�

˘

Trr�µp{p1 ` m1q�⌫p{p3 ` m3qs “
Trr�µ��p1,��

⌫��p3,�s ` Trr�µm1�
⌫m3s “

4p1,�p3,�
“
gµ�g⌫� ´ gµ⌫g�� ` gµ�g�⌫

‰
` 4m1m3g

µ⌫



582Electron-muon scattering

|M|2 “ e4

4pp1 ´ p3q4Tracer�µp{p1 ` m1q�⌫p{p3 ` m3qsTracer�µp{p2 ` m2q�⌫p{p4 ` m4qs

m1 = m3 = me
m2 = m4 = mµ

Trr�µp{p1 ` m1q�⌫p{p3 ` m3qs “
4p1,�p3,�

“
gµ�g⌫� ´ gµ⌫g�� ` gµ�g�⌫

‰
` 4m1m3g

µ⌫ “
4rpµ1p⌫3 ´ gµ⌫p1 ¨ p3 ` p⌫1p

µ
3 ` m1m3g

µ⌫s “
4rpµ1p⌫3 ` p⌫1p

µ
3 ` gµ⌫pm2

e ´ p1 ¨ p3qs

Careful of 
µ index vs muon object!



583Electron-muon scattering

|M|2 “ e4

4pp1 ´ p3q4Tracer�µp{p1 ` m1q�⌫p{p3 ` m3qsTracer�µp{p2 ` m2q�⌫p{p4 ` m4qs

m1 = m3 = me
m2 = m4 = mµ

Trr�µp{p1 ` m1q�⌫p{p3 ` m3qs “
4rpµ1p⌫3 ` p⌫1p

µ
3 ` gµ⌫pm2

e ´ p1 ¨ p3qs

Trr�µp{p2 ` m2q�⌫p{p4 ` m4qs “
4rp2µp4⌫ ` p2⌫p4µ ` gµ⌫pm2

µ ´ p2 ¨ p4qs

|M|2 “ e4

4pp1 ´ p3q4Trr�µp{p1 ` m1q�⌫p{p3 ` m3qsTrr�µp{p2 ` m2q�⌫p{p4 ` m4qs “

e4

4pp1 ´ p3q4 4rpµ1p⌫3 ` p⌫1p
µ
3 ` gµ⌫pm2

e ´ p1 ¨ p3qsˆ

4rp2µp4⌫ ` p2⌫p4µ ` gµ⌫pm2
µ ´ p2 ¨ p4qs



584Electron-muon scattering

|M|2 “ 4e4

pp1 ´ p3q4 rpµ1p⌫3 ` p⌫1p
µ
3 ` gµ⌫pm2

e ´ p1 ¨ p3qs ˆ rp2µp4⌫ ` p2⌫p4µ ` gµ⌫pm2
µ ´ p2 ¨ p4qs

|M|2 “ 4e4

pp1 ´ p3q4 pp1 ¨ p2p3 ¨ p4 ` p1 ¨ p4p2 ¨ p3`

m2
µp1 ¨ p3 ´ p1 ¨ p3p2 ¨ p4 ` p1 ¨ p4p2 ¨ p3 ` p1 ¨ p2p3 ¨ p4`
m2

µp1 ¨ p3 ´ p1 ¨ p3p2 ¨ p4 ` m2
ep2 ¨ p4 ´ p2 ¨ p4p1 ¨ p3`

m2
ep2 ¨ p4 ´ p2 ¨ p4p1 ¨ p3 ` 4pm2

e ´ p1 ¨ p3qpm2
µ ´ p2 ¨ p4qq

|M|2 “ 4e4

pp1 ´ p3q4 p2p1 ¨ p2p3 ¨ p4 ` 2p1 ¨ p4p2 ¨ p3 ´ 2m2
µp1 ¨ p3 ´ 2m2

ep2 ¨ p4 ` 4m2
em

2
µq



585Electron-muon scattering (getting there, I promise)

|M|2 “ 8e4

pp1 ´ p3q4 ppp1 ¨ p2qpp3 ¨ p4q ` pp1 ¨ p4qpp2 ¨ p3q ´ m2
µpp1 ¨ p3q ´ m2

epp2 ¨ p4q ` 2m2
em

2
µq

d�

d⌦
“ 1

64⇡2

|M |2
pE1 ` E2q2

|pf |2
|pi|2

What if muon is stationary and we neglect its 
recoil? (Even better - protons are heavier than 

muons, have same |q|, and don’t decay!)



586Electron-proton scattering

d�

d⌦
“ 1

64⇡2

|M |2
pE1 ` E2q2

|pf |2
|pi|2

When electron scatters off of a proton (we’re 
assuming we’re not so energetic that the 
electron sees the quarks!), the proton doesn’t 
budge. It’s an elastic collision and |pf| = |pi|. 
E1+E2 = E1 + mp = mp

d�

d⌦
“ 1

64⇡2

|M |2
m2

p



587Electron-proton scattering

Before

(E,p1)

After

(E,p3)
ϴ

p1 = (E,p1)
p2 = (mp,0)
p3 = (E,p3)
p4 = (mp,0)

|p1|= |p3|



588Electron-proton scattering

Before

(E,p1)

After

(E,p3)
ϴ

p1 ¨ p3 “ p2
cos ✓

pp1 ´ p3q2 “ pE ´ Eq2 ´ pp1 ´ p3q2 “ ´p2
1 ´ p2

3 ` 2p1 ¨ p3

pp1 ´ p3q2 “ ´2p2 ` 2p2
cos ✓ “ ´2p2p1 ´ cos ✓q

p1 = (E,p1)
p2 = (mp,0)
p3 = (E,p3)
p4 = (mp,0)

p1 ¨ p2 “ p3 ¨ p4 “ p1 ¨ p4 “ p2 ¨ p3 “ Emp

p1 ¨ p3 “ E2 ´ p1 ¨ p3 “ E2 ´ p2
cos ✓

p2 ¨ p4 “ m2
p

|M|2 “ 8e4

pp1 ´ p3q4 ppp1 ¨ p2qpp3 ¨ p4q ` pp1 ¨ p4qpp2 ¨ p3q ´ m2
ppp1 ¨ p3q ´ m2

epp2 ¨ p4q ` 2m2
em

2
pq



589Electron-proton scattering

p1 ¨ p2 “ p3 ¨ p4 “ p1 ¨ p4 “ p2 ¨ p3 “ Emp

p1 ¨ p3 “ E2 ´ p1 ¨ p3 “ E2 ´ p2
cos ✓

p2 ¨ p4 “ m2
p

pp1 ´ p3q2 “ ´2p2p1 ´ cos ✓q

|M|2 “ 8e4

4p4p1 ´ cos ✓q2 pE2m2
p ` E2m2

p ´ m2
ppE2 ´ p2

cos ✓q ´ m2
em

2
p ` 2m2

em
2
pq

|M|2 “ 8e4

pp1 ´ p3q4 ppp1 ¨ p2qpp3 ¨ p4q ` pp1 ¨ p4qpp2 ¨ p3q ´ m2
ppp1 ¨ p3q ´ m2

epp2 ¨ p4q ` 2m2
em

2
pq

|M|2 “ 2e4m2
p

p4p1 ´ cos ✓q2 pE2 ` p2
cos ✓ ` m2

eq

E2 “ p2 ` m2
e

|M|2 “ 2e4m2
p

p4p1 ´ cos ✓q2
`
p2p1 ` cos ✓q ` 2m2

e

˘



590Electron-proton scattering

If electron is not relativistic, me >> p2 and 
p4 = (mev)4

d�

d⌦
“ 1

64⇡2

|M |2
m2

p

d�

d⌦
“ e4

32⇡2p4p1 ´ cos ✓q2
`
p2p1 ` cos ✓q ` 2m2

e

˘

d�

d⌦
“ e4

32⇡2m4
ev

4p1 ´ cos ✓q2
`
2m2

e

˘

d�

d⌦
“ e4

16⇡2m2
ev

4p1 ´ cos ✓q2



591Skipping a topic

Will skip Example 7.8 (pair annihilation). But 
please read it!



592Renormalization

Leading order
electron-muon
scattering

Vacuum 
polarization 
diagram modifying 
effective charge of 
electron



593Renormalization

Difference is modifying 
the photon propagator 
term. Naively, this leads 
to infinities! But we have 
tricks to deal with them



594Let’s see if we can calculate it

p2

p1

p4

p3

q

u

u

u

u

ieγ"

ieγµ

´igµ⌫
q2

iq

p2⇡q4�4pp1 ´ q ´ p3q

p2⇡q4�4pp2 ` q ´ p4q

q-kk
ieγκ

ieγλ
´ig�
q2

1

p2⇡q4 d
4q

1

p2⇡q4 d
4k

ip��k� ` mq
k2 ´ m2

ip�↵pq↵ ´ k↵q ` mq
pq ´ kq2 ´ m2

Cheated a bit here and 
already applied some 

delta functions!



595Let’s see if we can calculate it

i

ª
rup3qpie�µqup1qs´igµ⌫

q2

ie�⌫ ip��k�q ` mq
k2 ´ m2

ip�↵pq↵ ´ k↵q ` mq
pq ´ kq2 ´ m2

ie� ´ig�
q2

rup4qpie��qup2qs

p2⇡q4�4pp1 ´ q1 ´ p3qp2⇡q4�4pp2 ` q ´ p4q d4q

p2⇡q4
d4k

p2⇡q4



596Some cleanup

i

ª
rup3qpie�µqup1qs´igµ⌫

q2

ie�⌫ ip��k�q ` mq
k2 ´ m2

ip�↵pq↵ ´ k↵q ` mq
pq ´ kq2 ´ m2

ie� ´ig�
q2

rup4qpie��qup2qs

p2⇡q4�4pp1 ´ q1 ´ p3qp2⇡q4�4pp2 ` q ´ p4q d4q

p2⇡q4
d4k

p2⇡q4

ie4
ª

rup3qp�µqup1qsgµ⌫
q2

�⌫ p��k�q ` mq
k2 ´ m2

p�↵pq↵ ´ k↵q ` mq
pq ´ kq2 ´ m2

� g�
q2

rup4qp��qup2qs

p2⇡q4�4pp1 ´ q1 ´ p3qp2⇡q4�4pp2 ` q ´ p4q d4q

p2⇡q4
d4k

p2⇡q4



597Some cleanup
ie4

ª
rup3qp�µqup1qsgµ⌫

q2

�⌫ p��k�q ` mq
k2 ´ m2

p�↵pq↵ ´ k↵q ` mq
pq ´ kq2 ´ m2

� g�
q2

rup4qp��qup2qs

p2⇡q4�4pp1 ´ q1 ´ p3qp2⇡q4�4pp2 ` q ´ p4q d4q

p2⇡q4
d4k

p2⇡q4

ie4
ª

rup3qp�⌫qup1qs

�⌫

q2
p{k ` mq
k2 ´ m2

p{q ´ {k ` mq
pq ´ kq2 ´ m2

��
q2

rup4qp��qup2qs

p2⇡q4�4pp1 ´ q ´ p3qp2⇡q4�4pp2 ` q ´ p4q d4q

p2⇡q4
d4k

p2⇡q4



598Time to use those delta functions
ie4

ª
rup3qp�⌫qup1qs

�⌫

q2
p{k ` mq
k2 ´ m2

p{q ´ {k ` mq
pq ´ kq2 ´ m2

��
q2

rup4qp��qup2qs

p2⇡q4�4pp1 ´ q ´ p3qp2⇡q4�4pp2 ` q ´ p4q d4q

p2⇡q4
d4k

p2⇡q4

ie4
ª

rup3qp�⌫qup1qs

�⌫

pp1 ´ p3q2
p{k ` mq
k2 ´ m2

p {p1 ´ {p3 ´ {k ` mq
pp1 ´ p3 ´ kq2 ´ m2

��
pp1 ´ p3q2

d4k

p2⇡q4
rup4qp��qup2qs

p2⇡q4�4pp2 ` p1 ´ p3 ´ p4q



599Almost there

Cancel

ie4
ª

rup3qp�⌫qup1qs

�⌫

pp1 ´ p3q2
p{kq ` m

k2 ´ m2

p {p1 ´ {p3 ´ {kq ` m

pp1 ´ p3 ´ kq2 ´ m2

��
pp1 ´ p3q2

d4k

p2⇡q4
rup4qp��qup2qs

p2⇡q4�4pp2 ` p1 ´ p3 ´ p4q

ie4
ª

rup3qp�⌫qup1qs

�⌫

pp1 ´ p3q2
p{k ` mq
k2 ´ m2

p {p1 ´ {p3 ´ {k ` mq
pp1 ´ p3 ´ kq2 ´ m2

��
pp1 ´ p3q2

d4k

p2⇡q4
rup4qp��qup2qs

p2⇡q4�4pp2 ` p1 ´ p3 ´ p4q



600So ...

M “ ie4rup3qp�µqup1qsIµ⌫rup4qp�⌫qup2qs

If we compare this new matrix element to the 
leading order one, we see that it is a 

modification to the photon propagator! Not 
surprising. Note that it depends on (p1-p3), or q, 

which is not surprising

Iµ⌫ “
ª

�µ

pp1 ´ p3q2
{k ` m

k2 ´ m2

{p1 ´ {p3 ´ {k ` m

pp1 ´ p3 ´ kq2 ´ m2

�⌫

pp1 ´ p3q2
d4k

p2⇡q4



601What does integral look like?

Iµ⌫ “
ª

�µ

pp1 ´ p3q2
{k ` m

k2 ´ m2

{p1 ´ {p3 ´ {k ` m

pp1 ´ p3 ´ kq2 ´ m2

�⌫

q2
d4k

p2⇡q4

I9
ª

k2

k4
d4k

I9
ª

k2

k4
k3dk

I Ñ 8 for k Ñ 8



602Renormalization

“Infinity” can be removed if we include it in the 
definition of electron charge, ie the renormalized 
electron charge. That seems odd, but is OK - the 
renormalized charge (these diagrams, plus others 
up to infinite order) are really what we measure in 
the lab, not the bare value of e!



603Renormalization

When we renormalize the electric charge there is 
a leftover term that is finite, but depends on q2. 
This is as before the running of the coupling 
constant. One way to think of this - the larger q2 
the closer the particles can get, which changes 
the effective electromagnetic screening. A small 
but measurable effect!



604Of course, those were two terms... there are an infinite number!

↵pq2q “ ↵p0q
1 ´ ↵p0q

3⇡ lnpq2{m2q


