Schrodinger equation

E=T+U=—+U
2m

— —V, FE — 11—
p 7 Zdt

2
EV=TU+U¥ = 2 9100w

2m
2y W —
2mv +U 1
1 oV
——V?WU = j— (for free particle)
2m dt

Many problems with
this! Most noticeably:
1) No discussion of
spin

2) Energy is the
classical definition

3) Equations are not
Lorentz invariant
(second order in
position, first order in
time!)



L et’'s build in Lorentz invariance

p* = ppt =m’

. .0
pu—>zé’u :Z&Ij—“
2 2 2 2
228_\11_7;2&_\1!_2'26_\11_@2&_\1] — m2\J
Ot? 012 0y? 072
0*
2 - 2

Klein-Gordon equation. One major
problem left over - doesn’t account
for spin!



486

Dirac’s crazy idea

(P2 —m2=0= " +m)p° —m) = (E +m)(E —m) only for p = 0
What happens when p is not 07
p'py —m* =0 = (8%pr + m)(y px — m)

Need to find 3 and y (each
have 4 components, so 8
numbers in total)

B v ppx + m(y pa — Bpr) —m?* =0



Dirac’s crazy idea rewritten a bit

By pepx + m(y pa — BFpr) —m? =0
B pepx + m(Y" — B¥)pr —m? =0

5k7ApkpA + m(Wk — 5k)pk —m? =0 = P“pu —m?

Note that right-hand side has no p, terms,
which implies...

(Y* = B") =0~ =p"

By prepa = YV prpa = *p,.



Let’s write this out

Ve prpa = pHp,

Y e (V0o — v'p1 — P2 — ¥Pp3) = (0)? — (p1)? — (p2)* — (p3)?
(v*po — v'p1 — VP2 — ¥°p3) ("*po — ¥'p1 — VP2 — ¥Pp3) = (00)? — (11)? — (p2)? — (p3)°

p5(7°7°) + i (V') + 3 (%) + o3 (7)) +
Po (—vovlpl — v99%ps — %77 ps) +
p1 (=77 po + ' p2 + 7' ps) +
pz( Y7 po + vy p1 + v ps) +
p3 (=77 po + 77y pL + 7 p2) =
)

(po)” — (p1)” — (p2)” — (ps

2



Let’s rewrite that a bit
p5 (") + T (') + p3(7P?) + p3(7P) +
po (—7°v'p1 —1"v?p2 —1°77ps) +
p1 (—=7'7"po + ' p2 + 7' p3) +
p2 (—v*7"po + ¥* ' p1 + v p3) +
p3 (=7°7"po + v y'p1 + 77 p2) =
(Po)® = (p1)* — (p2)* — (p3)°

pe(Y°7°) + P (v'Y) + P () + p3 (%) +

pop1 (="' —~4'7°) +
pop2 (—°7* —°7") +
pops (=7 —°7") +
piv2 (V' + %) +

pips (V' +9°9Y) +

paps (V2 +°77) =

(Po)* = (p1)* = (p2)° — (p3)°




Our solution

Does not hold for

ordinary numbers,

but it works if they
are matrices

{Y*, 9"} = A" + 4" = 29"

o (1 0 i ( 0 o
T Vo -1 )T T =t 0



Gamma matrices

o (1 0 - 0 o
TV =1 )7 T et 0

o= (Vo )= (00 )0 4

Pauli spin matrices

Gamma matrices are really 4x4
matrices, easier to write in this
form



Full Gamma matrix examples

o O = O

O O = O

Thursday, April 7, 16



Back to Dirac equation




Solution to Dirac equation

"o —mayp =0

If wave function does not depend on
position, then p = 0. Then equation
becomes

ivY 00t — ma = 0 L0 o
. g0V 2 ( )

0Z% _ _ 0 1
e my =0



Solution to Dirac equation

(10
Z(o —1)52"””

(1 0 O a /0t B (0

! 0 —1 5@3/875 - wB

Nicely factorizes like this since the
gamma matrix is diagonal

w&)w/@)

Two-component spinors



Solution to Dirac equation

—~——_
-
——
-

Spin up
Electrons %1 =e "™

Spin down

,¢2 _ e—imt

~—~ —
_ —

Spin down
Positrons 4, — ¢+imt

Spin up

w4 _ 6—|—imt
’

—~
_ o O o O Ok O
- —

N—

O R OO OO O

-
\
vl



Four solution to zero momentum Dirac equation

O a0t = —imapa — Pa(t) = e ™4 (0)
O /0t = imypp — Pp(t) = et Pp(0)

Recall that we object was not moving, so
energy of ya = m, as expected. But energy

of yg = -m!
wa represents particles such as electrons

with mass m and positive energy, ys

represents anti-particles such as anti-
electrons with mass m and negative energy



Let’s try and find generic solutions

(z) = ae " u(k) u(k) is a bi-spinor

Yo —my =
k-r=~kuo+k'y+Ek*z
k-z=K%t—k-r
Ot = % [ae—i(kot—k-r)u(k)] ~V, [ae—z’(kot—xk‘”—yky—zkz)u(k)]

0,0 = —ikO + ik + iKY + kP = —ikoh — ikgt) — ikytp — ikatp = —ikyab

/

Note super vs sub script and
change of sign...



Plugging that in

iy (—ik,yY) —myp =0
v (ky —m)p = (Y*k, —m)ae” " u(k) = 0
(YMky —m)u(k) =

1 0 0 & KO k.
iz _ ~A020 _ o 1 — 1.0 L. _ 5
Yk, =7k —v-k k(0_1> k<_50> (k-& —k0>



Getting there







Getting there

(/Z 5)2 K2+ (ky — iky)(ky +iky)  ko(ky — iky) — ks (kg — iky)
k.(ky +iky) — k. (ky +iky)  (ky +ik,) (ks — ik,) + k2
Yy Yy Yy Yy z
. 2
(k 5) s




Let’'s get back to our solutions

k& i
“a = ko—muB: E—muB

k.o i
BRI AT Erm A

k =ﬁ-5=(

Independent solution 1:

—

1 k-o
ba=1o9 ) 4B = k0+mUA

—

1 k-o
ba=1o¢ ) 4B = k0+muA

Pick positive

solution so we
don't divide by
zero when p=0

From before:

z kx - Zky _ Pz Pz — ipy
k. + ’lk‘y —k, Pz + ’pr —Pz

1 Do
0 ) E+m

1 j
E+m \ pz+1py



Let’'s get back to our solutions

k& i
“a = ko—muB:E—m
k.o i
BT AT Exm

135:;76:(

Independent solution 2:

up

UA

[0 k-
Upg = 1 ’,UIB_]{,'O—F’)TL

Pick positive

solution so we
don't divide by
zero when p=0

From before:




Let’'s get back to our solutions
L Pick negative

k-o ) - O -
us = G——up = ]5 UE solution so we
om —m don’t divide by
k-o p-o zero when p=0
B m * E+m

(anti-particles)
From before:




Let’'s get back to our solutions

Pick negative

—

UA:kf"’ uB:Ep'U ug  solution so we
o - don’t divide by

k.o ) - O —
up = — T = P, zero when p=0
kY +m E+m (anti-particles)

From before:

4 x
(0 [0\ -7




On notation

As In Griffiths, we'll
follow notation to
use u for particles
and v for anti-
particles



Normalization of our spinors

Unnormalized 1)

1 k-o 1 D,
A 0 )" " kim T E+m Pz + 1Dy

Unnormalized 2)

(0 kg 1 D — Dy
UA_<1)’UB_kO+muA_E+m( —P- )




Normalization of our spinors

u()u(1) = |N|? <(1)<O> (E%m) <

p?

u'(1)u(1) = |N|? (1 +0+

(E 4+ m)?

Pz — Z.py

E+m

vy + 1,

(E 4+ m)?

uf(Du(1) = | N2 (1 + g _‘fm>2>
() = v (B
aF(Du(1) = [N]? (E2 — m? (+EEj ;)77;2 +2Em
() = v (22
2F

ul (L)u(1) = |NJ2

E+m

)

)

|

1
0

(p2)/(E +m)
(pe +ipy)/(E +m)

What do we
want the
spinor to be
normalized
to?
Convenient
choice is 2E



Normalization of our spinors

2F
uw'(Du(l) = |N|2E - =2E

N=+vVE+m

| leave it to you to check that the same
normalization holds true for u(2), v(1)
and v(2)
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Why is that? (Problem 7.11)
o —map =0
O —m =0 0, = = = O

0 oxr¥ 0 ox”

, v Ozt Ozt Oxv  OxH
Y =5y
o ox
iyt P 0y (SY) —m(SY) =0
5 [v O () m<s¢>] -
oxt
5 [v 0 B (50) — m<sw>] — 0= in"o, 1 — mp
oxt

aCE‘V/ g _ 7 g ”)/“S ox" ’YV

oxrt &CU'LL

O




Those partial derivatives

Ox! 1 ox” 5
- =" STAMS— =7
ox OxH
oxV
ox’
; 1 Others are zero (these just come
X .
- =~v  from the transformation laws)
ox
0 0 0 0
O’ 0= 508 gy 1g | g12g 0T g1 sg O
P 1/ =7 @xol 51‘11 5:13'21 &a;'?’l
X 1 —1_0 5:13 -1 1 ax 1 2 aCU 1 3 &LE’
T A T e P RS S PR R o
o2 v 7 50 g Py Y 3.2 Y P
=1 2 | 0 02° 1 1., Ox? 1 9., 0° 1 3., 0%
' =S NV S—+ STy S—=+5VS—+5 vS—
5332 Y Y 270 Y ol Y Py Y 73
65133 3 _ g-1,0g 0x° L1007 12 027 1 3 017
— / +S S / +S S / +S S 7
=1 K ! xV ! xl ! ox? ! ox3

O3



Those partial derivatives

Ox° B
&xo/ T /y
oz B
aajl/ T ’Y’U
ox! B
azEO/ T fY/U
ox! B
axlf T /y
ox?
ox2 =1
a 3
A

o3

70
’71

SIS~y + STt Sy
S™1A0Syu + STt Sy
,72 _ S_l”)/QS
,73 _ S—l,y3s

Now multiply by S




Does our solution satisfy these?

Useful relation (I leave it to
you to remember this!):

= e# Y
Ensures that last two
equations hold (see why?)

e, 0 0 0 0 0 0 a
0 a, 0 0 0 0 a. 0
o 0o.1 +
S=ar e =1 v 0 a4 o0 |T| 0 a o0 0
0 0 0 a. a. 0 0 0
a4 O O a_
0 1 O a4 a_ O



First equation

SV = A0Sy + 4t Sy
(a+ +a-1"7") 7" =" (a4 + a-7"7") v + 7" (a4 +a-2"y") v

Yy =1, p=0
V= —Lp#0

Another useful relation:

ary” +a"yy" =7 ary + 9 ey Yy + v e + ey y

0.0.1 0.0.1

ar’ — a_Y09" = ar 9y’ + a0y + apyoyt — amqyuyty AP

ary’ —a-y' =ayy’ +a-yy +ayvy +a-qvy’
ayy’ —a_yt = (ary + a_yv)y’ + (a—y + ayyv) Y



Rewriting

ayy’ —a_n' = (apy + a_y) 7’ + (a—y + ayyv) v

y=(1-v?) " ()2 = . _1@2
1 —v° = 1
(7)
02:1_L: (v)? — 1
(v ()7




Rewriting

ayy’ —a_n' = (apy + a_y) 7’ + (a—y + ayyv) v

VO + Dy -1)

~

aty +a_yv = v\/l(v+ 1) —v\/%(v— 1)

DO

sy +aw =5+ 1) -y S - DV F DG D)

Aty + a_yv = 7\/%(’y+ 1) —(v— 1)\/%(7+ 1)

2

1
a+'y+afyv=\/§(’y+1)=a+ /

1
ary+a-yv=47/s(v+1)(y—7+1)




Now the second part

ayy’ —a_n' = (apy + a_y) 7’ + (a—y + ayyv) v

A + apyv = 7\/ \/1(v+1)\/w+1)w_1)

2 Y
a_vy + aLyv = 7\/

l\DIr—t

v—1) \/ (v + D/ (v +1)(y—1)

l\DlH

a- v+awv——V\/2(7—1)+(v+1)\/%(7—1)

1
a—y+apyw =45y =D (=v+y+1)

1
a_y + ayyv = \/5(7—1) = —a_ /




Second equation

Sy =428y + v Syw
Syl = ~AVSyu 4+ 41 Sy
Sv* = %S
S~3 =~38

Syt = AYSyv + v Sy
(as +a—y"y') v = 7° (ag + a"y') + 97 (ay + a—r"y)
apyt —a_n’ = yvary’ + ya_yt +yapyt —ya_y’
ayy' —a_y =4 (ywag —va—) + " (yva— + vag)

These are the exact conditions we already just
worked out!



Phew! Is this an invariant?

[ 1)
Wt = EEeEeD) | 52 | = 1+ 1l sl +

\ ¥1 )

| NO!
(W'y) = ("¢) = (Sv) Sy = ity # (4Ty)
But define: ¢ = ¢™" = ((¥F) (¥3) (—v3) (=)
f g , Partof your
5175 =7 homework

(py) = (17%) = (' )10y ‘/

() = (S)T4PSy = T ST708Sy = T~ = (Yo))




What about parity transformation?

Our y
" —1 8x 1%
earlier S~'4#"S— =~
friend: o S =7
= —xy = —y; 2 = —z
t=1
020 SIS =97 =y"S = 877
(9&1310/ STy S =4 -y’ S
851’ — 1 —5_1725272—>’)/2S
o> _ —S71438 =~ 51488
0x?
3
ox .
ox3

All other partial derivatives are zero



How does our spinor transform under P?

Y — Y

(W) = (WT%) = (1) A% = (7°1%)T104 %

() = 172" 709% = (¥T~0) = (Py)

So it transforms like a scalar



Can we make a pseudoscalar?

(07°0) = (T7045) = " 7245y’

. )~ W
5 Wowl - (P7°0) = T7"17079°4 %
7° =i’y Y —
(py°0) = 177"
B0 — i OB 0 = i On 12008 0,100,203

VBWO _ —WOWOWlW273 _ —W075

(9759 = —¢Ty09% = — (")

Pseudoscalar



Similarly

Vector y~y*y
Pseudovector ¥~y ~°y



OK, let’s get to QED. A useful table from Griffiths

Elecirons Positrons

¥(x) = ae—i/Rpx u(’)(p) Y(x) = aeli/hpx,,(s) (p) (7.94)

wheres = 1,2 forthe two spin states. The sp'inors u®® and v satisfy the momentum
space Diirac equation(s):

(¥*pu — meju =0 (r*pu + mcjp =0 (7.95)
their adjoints, % = uly%,7 = vTy?, satisfy
w(y¥py —me) =0 vy p. + mc) =0 (7.96)

They are orthogonal,
@ =0 W@ =0 (7.97)

normalized,

Uu = 2mc V= —2mc (798)



Example QED diagram

Here we have one
of the diagrams
contributing to
electron-positron
scattering into
muon+antimuon
pairs



Feynman rules for QED (1)

Label all incoming
and outgoing lines
with p1, p2, ... pn
Internal lines can
go either way

Use arrows to
keep track of what
IS going Iin and out
(of course we have
arrows on the anti-
particles, but that
s different)



Feynman rules for QED (2)

Incoming (outgoing)
electrons/muons
get a factor of u(u),
outgoing (incoming)
anti-electrons/anti-
muons get a factor
of v(v). Incoming
(outgoing) photons

get a factor of €, gy



Feynman rules for QED (3)

Add factors of
ley! at each vertex




Feynman rules for QED (4)

For each internal
photon line add a
factor for the
propagator

i (vMq,, +m)

for internal electrons/positrons

q2_m2



Feynman rules for QED (5)

Impose
conservation of
energy and
momentum at
each vertex with
4d Dirac Delta
function (with
appropriate 2pi
normalization)




Feynman rules for QED (6)

(2m)*6*(p1 + p2 — q1)

Integrate over
4-momentum
of internal
lines with
appropriate
2pI
normalization
factor



Feynman rules for QED (7)

Cancel
remaining
delta function
and add a
factor of I, and
you have the
matrix
element




Feynman rules for QED (8)

Add minus sign
between diagrams
differing only in
exchange of two
Incoming or two
outgoing
fermions, or
Incoming fermion
and outgoing anti-
fermion (or vice
versa)



One thing to be careful of

We'll call the E&M
coupling “e” and
not ge SO as not to
get confused
(Griffiths has “g’s

all over the place!)



Electron-muon scattering example

Z'J[ﬂ(83)(p3)(i67“)u(81)(pl)]%[ﬂ(s‘” (p4) (ier” )ul? (p2)](27) 6" (p1 — @1 — p3)(27m)*6* (p2 + 1 — pa)

()

(27)*0% (p2 + q1 — pa)




Electron-muon scattering example

Z'J[ﬂ(sg’) (p3)(iey” )U(Sl)(pl)]%[ﬂ(s‘” (p4) (iey” )u*? (p2)](27) 6" (01 — 1 — p3)(2m)*6* (p2 + @1 — pa) (ﬁg)l‘l
Matrix element =
62
M = — ( E [@*®) (p3)y+ut*Y (p1)][@*Y (p4)y,u "2 (p2)]
P1 — D3

Doesn't look very insightful or useful, but
this iIs a number that you can calculate
given some initial-state and final-state

Kinematics



Electron-Electron scattering

e~ P2 P4 e~

/
P Matrix element =
e e
2
M = = [0 (3) D (1) [ (p4) ) (52)]

- ~[a(3)y*u(1)][a(4)y.u(2)] Slightly simpler
(P1 = ps) notation



Electron-Electron scattering, second diagram

Twisted/crossed
diagram! Rule 8 says
they get a relative
minus sign

P3
e~ Total matrix element =

2 Slightly simpler
7 [@()y u(1)][E(3)v,u(2)]+ notation




Electron-Positron scattering, first diagram

Note that we must
follow fermion lines
backwards to get the
matrix algebra right




Electron-Positron scattering, second diagram

(2m)*6*(p1 + p2 — q1)

da Similar to when
we wrote down
the rules




Electron-Positron scattering, second diagram

(2m)*6*(p1 + p2 — q1)

[ ) e o4 = [ (2) e (1) 2m) 5" (1 + 2 = 1) 27)*5* a1 — s = ) 5 0



Electron-Positron scattering, second diagram

[ ) ey ()] =2 () 7 ()] 2m) 601 + 2 = 00)2)"6" a1 = s = )




Electron-Positron scattering, second diagram

—(2m)%e? J[ﬂ(3)(7“)v(4)]g;%y [0(2) (v u(1)]6* (p1 + p2 — ¢1)8" (a1 — p3 — pa)d"qx




Electron-Positron scattering, both diagrams

— - w(3)yHu v v ¢ - —
=g OO @] = [1(3) ()0 ()] [F() (1)

If we swap p2 (incoming positron) and p3
(outgoing electron) in first diagram, we get the
second diagram! Need relative minus sign



Electron-Positron total matrix element




Compton scattering

y pZ\‘ o Y pz\A e
‘\/\’\’\'\/pél/ u EL D4 n




Let’s start with first diagram




Let’s start with first diagram

T‘q1

/pi

4

4%/)'//'

c u

\«M,}.

~

(27T)4 ’ f54(p1 —q1— p2 + q1 — pa)€eu(2

:W

(7 g +m)

¢ —m?

(v )u(1)e; (3)d a1

7 )u(1)e;(3)



So first diagram matrix element is




Let’s introduce some (more!) notiation

“Slash” notation is very useful:

r ="



Rewriting first diagram matrix element ...

2 0L PINTI) o) () (47 (1) (3)

(p1 — p3)? — m?
e’ (p/l__ ]%j_m)g en(2)u(4)(v") (v )u(l)e; (3)
(p1 — p3) m

(1 — p5 +m)
(p1 —p3)2 —m?

62

¢, (2)u(4)u(1)¢;(3)



554

Now the second diagram

i(2m)*6* (p1 + p2 — q1)(2m)*6* (q1 — p3 — pa)

Y e
P2\,
W P4 /UY

9
—> Y1
/pv/ ps\
e u E* Y

fi(27r)454(191 +p2 —q1)(2m) 6 (@1 — p3 — 104)%(2)@(4)(ie'yu)Z.(7 —

Can proceed in same way, and total
matrix element is sum of the two



On traces and matrices and spins

Potentially want to calculate processes
with given initial and final state spins
and polarizations, but more often than
not we don't specify either: average
over initial state configurations and
sum over final state configurations



Back to electron-muon scattering

2
e B _
M ey @ (p3)y" ™V (p1)][@* (p4)y,u>? (p2)]
M[? = (p1 i4p3)4 [u3) (p3) 7wV (p1)] [u*? (p4) (7w (p2)][u?) (p3) 7" u*V (p1)]* [w*? (p4) (3, u'*? (p2)]*

So how to calculate (for example): ?7?7?
[@?) (p3)y*u (p1)][a? (p3)7*ul*V (p1)]*

Or more generally
G = [u(a)I1u(d)][u(a)T2u(d)]”



Evaluating G

G = [a(a)T1u(b)][a(a)l2u(b)]*
Reminder that @ = a'+°

For 1dx1d

G = [u(a)Tyu(b)][u(a)Tau(b)]* ,» Matrix, dagger
: 0 and star are
the same

701‘ _ 70



Continuing with G

T, = 1%v1+° For a matrix —;:
a=a'y’ Fora spinor Ta = ('19)(1°T1°) = aT
CAREFUL!

We were looking at: G = [@(a)T 1 u(b)][@(a)Tou(b)]*
[@*?) (p3)yHu*Y (p1)][@*? (p3)7" u*V (p1)]*



So now we have G

We were looking at:

[@) (p3)y# ™D (p1)][w* (p3)y"u* (p1)
And defined G = [u(a)l1u(d)]|[u(a)Tou(b)]*
And found that G = [a(a)T1u(d)]|[w(b)Tou(a)]

S

We are interested in summing over spins s1 and
s3 since we are not isolating any particular spin

G=u(a)l1 ) [u(b)u(b)]Tru(a)

b—spin
Now we have a new problem (it is progress, |
promise). Need to find Z [u(b)u(b)]

b—spin



Aside: The completeness relation

>, [u)a(d)]

b—spin
Reminder of our two solutions for u (not v),
appropriately normalized

/\/Eer\ / 0 \

0 VE+m
U(l) — Dz U(Q) — pm_ipy
Dot 1Dy vELrm
=y \ VEim



The completeness relation

U
b—spin 100 0
S I S
_ _ 0 0 -1 0
Minus signs 00 0 -1
But also :
Minus
extra -1 on :
every | SIgns
E+m 0
0 _ —Dy +ip vVE+m —Dg — D p
: VE+m 0 ——2_ —be y)+ .= ity (O\/E+ N )
]\D/]_%Tgb ( " VE+m E+m f/ﬁ " VE+m E+m
JErm TFom
E+m 0O —D2 —Pz + 1Dy 0 0 0. 0
0 0 0 0 0 E+m —py—ipy 2
_n2 —DeDs iy - o _pi_pz pacpz_ipypz
. — —1 —po— xPzTPyPz —D.
Pz +ip, O pm%:mpypz Zinlzy 0 —D. = o



The completeness relation

>, [u®)a®)] = u(l)al) + u(2)a(2)

b—spin
E+m 0 —p. —ps + ipy 0 0 0 0
0 0 0 0 0 E+m —py—ipy D=
—p2 — 7 2 . _pi_pz ePz—1 yPz
p. 0 g e 0 pr—ipy Tt P
i _ —i - — i— 12! o pacpz+7;pypz _pi
pe +ipy 0 “Pepotab el 0 —p:  TEHEmT Fem
/ E+m 0 —D, —Pa T 1Py \
0 E+m  —p, —ipy, j
2 2 2
. _px _py _pz
Pz Px — 1Py E+m , 02 ,
—Dp—Dy—D

\ Pz T+ ipy — Pz 0 E+m )



The completeness relation

>, [u®)a®)] = u(l)al) + u(2)a(2)

b—spin
/ E+m 0
0 E+m
Pz Pz — ipy
\ Px -+ ipy —Pz
/' E+m 0
0 E+m

Pz Px — ipy
\ Px T ipy —Pz

—Pz

—Px — 1Py
—p.—p —p>

E+m
0

— Pz T+ ipy \
Pz

—p-.—p. —p> )

—Px + Z.py \
Pz
0
2



The completeness relation




The completeness relation

0 m—E}



The completeness relation (phew)




Continuing on with G

G =u(a)l'1(p, + mp)2ula)

Now let's sum over a spins

Z G = Z u(sa)l' (p, + my)ou(sa)

a,b spins sa=1,2 T

Scalar /
quantity

, |
were 1x4 matrix axa A%

- matrix

calculating matrix
(sum of 4 (spinor)

numbers)



Continuing on with G

Z G = Z ﬂ(sa)Fl(prrmb)fgu(sa)

a,b spins sa=1,2
S G= 33 atsa g, + ma] atsa),
a,b spins sa=1,21,57=1 (]
Z G = Z [Fl + mp)Ls ] Z u(sa);u(sa);
a,b spins 1,7=1 *J sa=1,2

Z G = Z [Fl + my)T ] (P, + ma)ji = Trace[I'; (p, + mb)fQ(pa +Mmy)]

a,b spins 1,7=1 v



In summary

Z [w(a)l1u(b)][w(a)lau(b)]* = Trace[I'1 (p, + my )L s (P, + ma)]
If u is replaced by v, the
mass gets a minus sign
(as we saw before)

Did this really gain us anything except for
a headache?!?!

LLL [@*2) (p3)y"ul* (p1)][@*? (p4)y,u*? (p2)][@*?) (p3)7"u*V (p1)*[@Y (p4) (ut*? (p2)]*

M|? =
l | (pl—p3)



Electron-muon scattering

Z [w(a)l1u(b)][w(a)lau(b)]* = Trace[I'1 (p, + my )L s (P, + ma)]

spins

o
(pl — P3

MJ? = 20 (03)7" D (pDIE (P4 ™ () (03)7 6 (D] [ (p4) (™ w2)]"

64

4(p1 p3)4Trace[7“(p +ma )7 (P, + ms)|Trace|y,(p, + m2)7, (P, + ma)]

1/4 / M1 = M3 = Me
to average m2 = M4 =My
over

initial /|51

spins

M| =



One missing piece

70 =7"717% =797%90 =4

i = A0nifa0 — 40 (

i — A0 ( 0 —o'f )fyo Obvious?

i 0 —o 0 o -
'yz=70< S )v0=—vo( i )70=—707”y0



Electron-muon scattering

64

M? =
M 4(p1 — p3)*

Trace[y"(p, + m1)7" (p, + ms)|Trace[v,(p, + m2)7, (p, + ma4)]

64

M? =
M 4(p1 — p3

)4Trace[7“ (p, + ma)y” (p, + ms)|Trace[v,(p, + ma)v. (P, + ma)]

Griffiths has a number of “Trace
theorems” in Chapter 7.7. Please look
at them (don’t want to spend time
deriving them all, but we’ll go over a
couple)



Trace theorems from Griffiths

Tr(A+ B)=Tr(A)+Tr(B)
Tr(aA) = aTr(A)
Tr(AB) =Tr(BA)

guugwj =4
VYT + AT = 2"
Qi% + 5¢i =2a-b
Yy =
MY = =2y
PheW Tudy" = =24

VY Y = 47
Vudtby" = 4(a - b)
WA = =297 YA
Vugib¢ = —2¢bd
Tr(y"y"y*) =0
Tr(y"y") = 49"
Tr(gh) = 4(a - b)
Tr(y'y"v*7) = 4 (9" 9™ — g"*g"" + g"7g")
Tr(gpid) = 4(a-bc-d—a-cb-d+a-db-c)



Some trace theorem proofs

- 2 Ay
Tr(A+ B) = ) (A+ B); ZAM +) By =TrA+TrB
Tr(ad) = ) (ad); = ) (ady) = oT'r(A)
Tr(AB) = ) (AB); ZZ AijBj;) = ZZBﬂAw = Z BA);; = TR(BA)

Tr(ABC) = Y (ABC); ZZZ (AijBjxCri) = > > > CriAijBjx = Y Y (CA)y;Bjy = TR(CAB)

Tr(ABC) = Tr(CAB) = Tr(BCA) but this is
not the same as Tr(BAC)



Some trace theorem proofs

Guwg"" = go0g™" + gorq"" + go2q"” + gozd -+
Q}@lo +9119"" + g}@m + 9134+
9@{20 + %21 + 922922 +g 23_|_

30 31 32 33
g3pg~ + g3xg" + g329”" + G339

9w g™ = go0g™ + g11g" + 922072 + g33g®* = (1)(1) + (—=1)(=1) + (=1)(=1) + (=1)(~1) = 4



Some trace theorem proofs
b + b = (a,v")(b,7") + (b,7") (auy™)
dh + bt = (a,b,)(Y'y" +7"7*)
dp + ba = (a,b,)(2g"") = 2a,b" = 2a - b

VYT T = 29"
G (VY + ") = 91 (26"7)
WY+ =20y = 299"
YWY = Guwg"”
v =4 VY'Y = v (29" = 477Y)
VY Y = 279" — vty
Ty Y =297 Ay
Ty = =27



Some trace theorem proofs

Tr(y""7) = Tr(y"9"477°°)

Tr(y""7) = (=1)'Tr(y"4"7*°~")
Tr(y"9"y7) = (=1)*Tr(1"7°7"777")
Tr(y"y"y7) = (=1)°Tr(y°7"9"777")

Tr(AB) = Tr(BA) — Tr(y'9"y7) = (=1)*Tr(y°7"7"777%) = (=1)°Tr(y"7"777°7")
Tr(y*4"v7) = (=1)°Tr(v*4"777°7°) = Tr(v*4"77) = 0

True for any odd number of
gamma matrices



Some trace theorem proofs

0
0
1
0

Tr(1) =Tr =1+1+1+1=4

[0 0 1 0
Tr(y°) = Tr (1) 8 8 (1) =0
\ 0 1 0 0 )



OK, back to Electron-muon scattering

Phew. Are we ready to
calculate some matrix
elements again? (It's
been awhile since
we've calculated any,
and for sure been a
long detour)



Back to Electron-muon scattering

64

M|? =
| ‘ 4(]?1—]93

)4Trace[’y” (p, + ma)y” (p, + ms)|Trace[v,(p, + ma)v. (P, + ma)]

Triy*(p, + mi)y” (p, + ms)| =
Tr(y"p, 7Pl + Trivmin"pyl + Triy"p v ms] + Tr[y*miy"ms] =
Try"y7p1e7" v p3xl + Triv*miy” v ps sl + Tr[v#47p1.o7v ms] + Tr[y"m1y"ms]



Electron-muon scattering

64

4(]?1 — D3

IM|* = )4Trace[’y“(p1 + mq)y” (pg + 7713)]Trace[vu(;z§2 + mg)%(p4 + my)]

Try"(p, +mi)y” (P, +ms)] =
Tr[v" Y p1 oy v p3x] + Tr[y"miy"ms]

/

Tr(y"~") = 49"
Tr(yHy"yy7) = 4 ("9 — g g" + g7 g"?)
Tr{y"(p, +ma)y” (P, +ms)] =
TT[W“WUPLUVVVAPS,/\] + Trly*miy"m3] =

Ap1,op3x (97797 — 9" g7 + g" g7V | + dmimzgh”



Electron-muon scattering

64

M|? =
| ‘ 4(]?1—]93

)4Trace[’y” (p, + ma)y” (p, + ms)|Trace[v,(p, + ma)v. (P, + ma)]

Careful of M1 =M3 = Me
U index vs muon object! m2 = ms4 =my

Tr{y*(p, + mi)y"(p, + ms)| =

Ap1.op3n [947 97 — 9" g7 + g" g7V | + dmimaght =
A[p'ps — g" ' p1 - p3 + PYPE + mimsgh’] =

A[p'pY + pYph + g (mZ — p1 - p3)]



Electron-muon scattering

64

4(191 — D3

IM|* = )4Trace[’y“(p1 + mq)y” (pg + 7713)]Trace[vu(p2 + m2)v, (p4 + my)]

Triy*(p, + mi)y"(p, + ms)| =

v v v M1 =M3=M
A[phps + pYpl + g"" (m2 — p1 - p3)] °

M2 = m4 = my
Trlvu(p, + m2)v (P, + ma)] =
A[p2ppay + P2uPap + Guw (M7 — P2 - pa)]

64

4(]?1 — P3

M|? = )4T7“[7“’(7>1 +ma )y (P + ma) [Ty (P, + m2)v (P, + ma)| =

64

4(p1 — p3)4
A p2upav + D2vPay + Guu( i — P2 - P4)]

AlpYps + piph + ¢"(mZ — p1 - p3)]| x



Electron-muon scattering

4et

(p1 — p3)4

\M]Q = [P p% + PPk + g“”(mg —p1 - p3)] X [P2upav + D2uPay + gW(me — P2 - p4)]

de*
(291 —ps)
M. p1 - P3 — P1 - P3P2 - Pa + D1 - Pab2 - P3 + D1 - D23 - Pat

mipl *P3 — P1°P3P2 P4+ mgpz *P4 — P2 " PaP1 - P3T
MZps - Pa — P2 - pap1 - p3 + 4(m7 — p1 - p3)(m;, — p2 - pa))

M? = 1 (p1 - P2p3 - Pa + p1 - pap2 - P3+

4e?

(Pl — p3)

M? = 7 (2p1 - paps - pa + 2p1 - papa - p3 — 2mp1 - p3 — 2mZps - pa + 4mZm;,)



Electron-muon scattering (getting there, | promise)

8et

(p1 — P3

E ((p1 - p2)(p3 - pa) + (1 - Pa) (P2 - p3) — mi(p1 - p3) — mZ(p2 - pa) + 2mZm.,)

M| =

do 1 M2 |pyl?

dQ ~ 6472 (B, + E)? [py|?

What if muon is stationary and we neglect its
recoil? (Even better - protons are heavier than
muons, have same |q|, and don’t decay!)



Electron-proton scattering

do 1 M2 |pyl?
dﬂ 64’7’(’ (E1 —|-E2)2 |]_Z)7j|2

When electron scatters off of a proton (we're
assuming we're not so energetic that the
electron sees the quarks!), the proton doesn't

budge. It's an elastic collision and |pi| = |pil.
Eq+E2=E1 + mp =mp

d_a_ 1 |M|?
dQ) 6472 m?2

p




Electron-proton scattering

E,
(E,p1) - o 0.

Before After




Electron-proton scattering

(E,ps p1 = (E,p1)

(E,p1) . ° o O.. 02 = ggp,o))
P3 = (E,P3

Before After 04 = (Mo, 0)

P1-P3 = p’cosf
(p1 —p3)® = (E—E)? — (p1 — p3)® = —pi — P3 + 2p1 - P3
(p1 — p3)? = —2p* + 2p* cos = —2p*(1 — cos H)

8e?

(pl — D3

IM[* =

E ((p1 - p2)(p3 - pa) + (p1 - pa)(p2 - P3) — mzza(pl - p3) — m?(pz - pa) + 2mgm]23)

P1 D2 =DP3 P4 =DpP1-Ps=p2-p3=Em,
p1-ps = E° —py-ps = E° — p’cosf

D2 - P4 meg



Electron-proton scattering

8et

M|? =
| | (pl—p3)4

((p1 - p2)(p3 - pa) + (p1 - pa)(p2 - p3) — m(p1 - p3) — mZ(p2 - pa) + 2m7m)

P1-P2 = P3Py =DP1-Ps=Dp2-D3 = Em,
p1-ps = E° —p1-ps = E° — p*cosf
(p1 — p3)? = —2p*(1 — cos h) D2 - Py = m?)

8e

2 _
M = 4p4(1 — c089)2<

E*m; + E*m. — m.(E® — p? cos0) — mZm_, + 2mZm.)
2etm?
IM|* = P (E? + p*cos +m?)
401 0)2 €
p*(1 — cos0)

E? =p* +m?
2etm?

IM|? = il _0589)2 (p2(1 + cosf) + ng)




Electron-proton scattering

d_a 1 | M|?
dQ) 6472 m?2

p

do e’
dQ)  3272p4(1 — cos b

E (p*(1 + cosf) + 2m;)

If electron is not relativistic, me >> p? and

p* = (Mev)*
do et
A — 9 2
dQY  32m?mivt(1 — cos6)? (2me)
do et

o 16m2m2v*(1 — cos #)?



Skipping a topic

Will skip Example 7.8 (pair annihilation). But
please read it!



Renormalization

Leading order
electron-muon
scattering

Vacuum
polarization
diagram modifying
effective charge of
electron



Renormalization

Difference is modifying
the photon propagator
term. Naively, this leads
to infinities! But we have
tricks to deal with them



594

Cheated a bit here and
already applied some
delta functions!

L et’'s see if we can calculate it

(2m)*6* (p2 + 4= pa)
g T

- P4
ngA
p2 TigyK ~ ()
5k5+m T Tq_kzw(q(q—ak_)zk_)mz &
—tq v
}/q d S )
/V pg‘\ (2’7'(')4 (27T)4



L et’'s see if we can calculate it

; f [a(3) (e yu(1)] 2

q
Z.evyi(v‘gka) +m) i(Y*(ga — ka) +m) e — 11\
k.2 L m2 (q L k)2 L m2 q2
[w(4) (iey™ )u(2)]
d*q d*k

(2m)* 6% (p1 — q1 — p3)(2m)* 6% (p2 + ¢ — pa) (27)1 (27)3



Some cleanup

| @ e yu(a) =

q
L i(Yks) +m) i(vY (g — ko) +m) . . —ige
L A A R (g — k)2 —m? very .2 :
[w(4)(ier )u(2)]

d*tq d*k
(2m)* (2m)*

f [a(3) (7" yu(1)] 222

q
”YV (/75’165) + m) (’YQ(QQ — koz) T m) w Yr

12 _ 2 (q — k)2 — m? i 7

[@(4)(v*)u(2)]

(2m)*6*(p1 — 1 — p3)(27)*6* (p2 + ¢ — p4)

(2m)*0%(p1 — q1 — p3)(2m)*6* (p2 + ¢ — pa)

d*q d*k
(2m)* (2m)*




Some cleanup

P N A Iuv
iet [[a)6m )%

L (Vks) +m) (7% (qa — ko) + M) . Grr
kQ . m2 (q . k.)2 . m2 /y q2

[@(4)(v")u(2)]

(277)454(191 —q1 — p3)(277)454(]92 +q — pa)

diq  d*k
(2m)* (2m)*

f [@(3) (7 )u(L)]

v (F+m) (d—Kk+m) 4,
¢* k*—m? (¢ —k

[@(4)(v*)u

(2ﬁ)454(p1 —q — p3)(2ﬂ)454(p2 +q — pa)

/N N~~~
V)
|

3
V)

K
V)

d*q d*k
(2m)* (2m)*




Time to use those delta functions
ie* [ [@@on)u(w)

VW (F+m) (d—F+m) g

q2 k2 — 92 (q_k2_m2q2

diq  d*k
(2m)* (2m)*

(2m)*6*(p1 — ¢ — p3)(2m)*6* (p2 + q — pa)

f [(3) (7 )u(1)]

ot (F+m) (;m—p5—Fk+m) Y d*k
(p1 — p3)? k2 —m? (p1 —p3s — k)? —m? (p1 — p3)? (2m)*
[@(4) (v )u(2)]

(2%)454(192 + p1 — D3 — D4)




Almost there

f [@(3) (0 )u(1)]

v (F+m) (-5 —k+m) Y d*k
(p1 —p3)? k2 —m? (p1 —p3 — k)? —m? (p1 — p3)? (2m)?
[@(4)(v)u(2)]

(27)*6* (p2 + p1 — p3 — pa)

et [ [@®n)u(w)

v)
ot By +m (o —nps — k) + YA d*k
(p1 —p3)? k* —m? (p1 —p3 — k) — m2 (p1 — p3)? (2m)4

[@(4) (v )u(2)]

Cancel
M)




M = ie*[a(3) (v u(1)]* [a(4) (10 )u(2)]

Iu’/—f " Ktm pops—kem Vo dtk
N (1

—p3)?2 k2 —m?2 (p1 —p3 — k)2 —m? (p1 — p3)? (2m)4

If we compare this new matrix element to the
leading order one, we see that it is a
modification to the photon propagator! Not
surprising. Note that it depends on (p1-p3), or q,
which is not surprising



What does integral look like”?

IHV:J 0l %_I_m p/l_p/S_k_'_m Y d*k
(p1 —p3)? k? —m? (p1 —ps — k)? —m? ¢ (2m)*

Iocf—d4

Toc J —k3dk

I — oo for kK — o0



Renormalization

“Infinity” can be removed if we include it in the
definition of electron charge, ie the renormalized
electron charge. That seems odd, but is OK - the
renormalized charge (these diagrams, plus others

up to infinite order) are really what we measure in
the lab, not the bare value of e!



Renormalization

When we renormalize the electric charge there is
a leftover term that is finite, but depends on g-.
This is as before the running of the coupling
constant. One way to think of this - the larger g2
the closer the particles can get, which changes
the effective electromagnetic screening. A small
but measurable effect!



Of course, those were two terms... there are an infinite number!




