
357On to Feynman calculus

Recall that most of the particles we play with are 
unstable. Want to calculate their decay rate (!), 
the probability per unit time of decay

dN “ ´�Ndt

Nptq “ Np0qe´�t

Npt ` dtq “ N0e
´�pt`dtq “ N0e

´�t
e

´�dt

e

x „ 1 ` x Ñ e

´�dt „ 1 ´ �dt

Npt ` dtq “ N0e
´�t p1 ´ �dtq

Nptq ´ Npt ` dtq „ N0e
´�t ´ N0e

´�t p1 ´ �dtq “ N0e
´�t�dt

Number of particles 
that make it to N(t) and 
decay at N(t+dt)



358What is the average lifetime?

Number of 
particles that 
make it to N(t) 
and decay at 
N(t+dt):

N0e
´�t�dt

Average lifetime

So average lifetime = 1/!

So, fraction that 
decay at 
N(t+dt) is then

e´�t�dt

⌧ “
ª 8

0
t

`
e´�t�dt

˘

⌧ “ �

ª 8

0
te´�tdt

u “ t, dv “ e´�tdt, du “ dt, v “ ´1

�
e´�t

⌧ “ �

„´t

�
e´�t

⇢8

0

´ �

ª 8

0

´1

�
e´�tdt

⌧ “ ´�

„
1

�2
e´�t

⇢8

0

“ 1

�



359Decays

Typically define partial widths !i which are defined 
as the rates for specific decays. The total decay 
rate is the sum of the partial widths, and the 
lifetime is given by ":

� “
nÿ

i“1

�i

⌧ “ 1

�

The branching ratio (BR) is the fraction of all 
decays to that go to a specific final state

BRpiq “ �i

�



360Scattering

We’re also very often interested in the collision 
between two objects. Collisions can be:

A+B→A+B (elastic, no energy lost)
A+B→Other (inelastic, energy “lost” in the form of 
conversion to other particles)

Typically we refer to the cross section (σ) for a 
collision process. A natural way to think of a 
collision that relates to classical scattering theory. 
Units of area



361Cross sections

Sometimes in particle physics we think of 
differential cross sections (dσ/dX), which refer to 
how often a process occurs per unit of X

X can be energy (ex: cross section for collision to 
produce a particle with a certain energy)
X can be number of objects (ex: how often does a 
collision produce a process with a certain number 
of jets)
X can be angle (ex: cross section where collision 
decay products travel in a certain direction)



362Cross section units

In particle physics, we typically use “barns” (b). 
1 barn =10-28 m2 (typically ~area of Uranium nucleus)
If you believe Wikipedia and its references ...

1 barn is a huge number in particle physics!



∫
L dt

[fb−1] Reference

W±W±jj EWK 20.3 PRL 113, 141803 (2014)

Wγγ 20.3 arXiv:1503.03243 [hep-ex]

H→γγ 20.3 JHEP 09 112 (2014)

ZjjEWK 20.3 JHEP 04, 031 (2014)

t̄tγ 4.6 arXiv:1502.00586 [hep-ex]

t̄tZ 20.3 arXiv:1509.05276 [hep-ex]

t̄tW 20.3 arXiv:1509.05276 [hep-ex]

Zγ 4.6 PRD 87, 112003 (2013)
arXiv:1407.1618 [hep-ph]

Wγ 4.6 PRD 87, 112003 (2013)
arXiv:1407.1618 [hep-ph]

ts−chan 20.3 ATLAS-CONF-2015-047

ZZ 4.6 JHEP 03, 128 (2013)

20.3 ATLAS-CONF-2013-020

WZ 4.6 EPJC 72, 2173 (2012)

13.0 ATLAS-CONF-2013-021

Wt 2.0 PLB 716, 142-159 (2012)

20.3 arXiv:1510.03752 [hep-ex]

γγ 4.9 JHEP 01, 086 (2013)

WW 4.6 PRD 87, 112001 (2013)

20.3 ATLAS-CONF-2014-033

tt−chan 4.6 PRD 90, 112006 (2014)

20.3 ATLAS-CONF-2014-007

t̄t
4.6 Eur. Phys. J. C 74: 3109 (2014)

20.3 Eur. Phys. J. C 74: 3109 (2014)

0.085 ATLAS-CONF-2015-049

Z 0.035 PRD 85, 072004 (2012)

0.085 ATLAS-CONF-2015-039

W 0.035 PRD 85, 072004 (2012)

0.085 ATLAS-CONF-2015-039

Dijets R=0.4 4.5 JHEP 05, 059 (2014)0.3 < mjj < 5 TeV

Jets R=0.4 4.5 arXiv:1410.8857 [hep-ex]0.1 < pT < 2 TeV

pp 8×10−8 Nucl. Phys. B, 486-548 (2014)

σ [pb]
10−3 10−2 10−1 1 101 102 103 104 105 106 1011

data/theory
0.5 1 1.5 2

Theory

LHC pp
√
s = 7 TeV

Data
stat
stat+syst

LHC pp
√
s = 8 TeV

Data
stat
stat+syst

LHC pp
√
s = 13 TeV

Data
stat
stat+syst

Standard Model Production Cross Section Measurements Status: Nov 2015

ATLAS Preliminary

Run 1,2
√
s = 7, 8, 13 TeV

363Cross sections at the LHC

1 pb = 10-12 b
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inelastic Pythia8

W → pp FEWZ

*γ / Z → pp FEWZ

tt → pp
top++ NNLO+NNLL

tq → pp
NLO+NNLL

H → pp LHC-XS

ZZ → pp MCFM

inelastic
, Nat. Commun. 2, 463 (2011)-1bµ7 TeV, 20 

, ATLAS-CONF-2015-038-1bµ13 TeV, 63 

W → pp
, PRD 85, 072004 (2012)-17 TeV, 36 pb

, ATLAS-CONF-2015-039-113 TeV, 85 pb

*γ / Z → pp
, PRD 85, 072004 (2012)-17 TeV, 36 pb

, ATLAS-CONF-2015-039-113 TeV, 85 pb

tt → pp
, Eur. Phys. J. C 74:3109 (2014)-17 TeV, 4.6 fb

, Eur. Phys. J. C 74:3109 (2014)-18 TeV, 20.3 fb
, ATLAS-CONF-2015-049-113 TeV, 78 pb

tq → pp
, PRD 90, 112006 (2014)-17 TeV, 4.6 fb

, ATLAS-CONF-2014-007-18 TeV, 20.3 fb
, ATLAS-CONF-2015-079-113 TeV, 3.2 fb

H → pp
, arXiv:1507.04548-17 TeV, 4.5 fb

, arXiv:1507.04548-18 TeV, 20.3 fb
, ATLAS-CONF-2015-069-113 TeV, 3.2 fb

ZZ → pp
, JHEP 03, 128 (2013)-17 TeV, 4.6 fb

, ATLAS-CONF-2013-020-18 TeV, 20.3 fb
, arXiv:1512.05314-113 TeV, 3.2 fb

  PreliminaryATLASPrediction
Measurement

364Cross sections at the LHC

Small but weak dependence



365Limits on processes instead

Model !, γ Jets Emiss
T

∫
L dt[fb−1] Limit Reference
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ADD GKK + g/q − ≥ 1 j Yes 20.3 n = 2 1502.015185.25 TeVMD

ADD non-resonant !! 2e, µ − − 20.3 n = 3 HLZ 1407.24104.7 TeVMS

ADD QBH→ !q 1 e, µ 1 j − 20.3 n = 6 1311.20065.2 TeVMth

ADD QBH − 2 j − 20.3 n = 6 1407.13765.82 TeVMth

ADD BH high Ntrk 2 µ (SS) − − 20.3 n = 6, MD = 3 TeV, non-rot BH 1308.40754.7 TeVMth

ADD BH high
∑
pT ≥ 1 e, µ ≥ 2 j − 20.3 n = 6, MD = 3 TeV, non-rot BH 1405.42545.8 TeVMth

ADD BH high multijet − ≥ 2 j − 20.3 n = 6, MD = 3 TeV, non-rot BH 1503.089885.8 TeVMth

RS1 GKK → !! 2 e, µ − − 20.3 k/MPl = 0.1 1405.41232.68 TeVGKK mass

RS1 GKK → γγ 2 γ − − 20.3 k/MPl = 0.1 1504.055112.66 TeVGKK mass

Bulk RS GKK → ZZ → qq!! 2 e, µ 2 j / 1 J − 20.3 k/MPl = 1.0 1409.6190740 GeVGKK mass

Bulk RS GKK →WW → qq!ν 1 e, µ 2 j / 1 J Yes 20.3 k/MPl = 1.0 1503.04677760 GeVW′ mass

Bulk RS GKK → HH → bb̄bb̄ − 4 b − 19.5 k/MPl = 1.0 1506.00285500-720 GeVGKK mass

Bulk RS gKK → tt 1 e, µ ≥ 1 b, ≥ 1J/2j Yes 20.3 BR = 0.925 1505.070182.2 TeVgKK mass

2UED / RPP 2 e, µ (SS) ≥ 1 b, ≥ 1 j Yes 20.3 1504.04605960 GeVKK mass

SSM Z ′ → !! 2 e, µ − − 20.3 1405.41232.9 TeVZ′ mass

SSM Z ′ → ττ 2 τ − − 19.5 1502.071772.02 TeVZ′ mass

SSM W ′ → !ν 1 e, µ − Yes 20.3 1407.74943.24 TeVW′ mass

EGM W ′ →WZ → !ν !′!′ 3 e, µ − Yes 20.3 1406.44561.52 TeVW′ mass

EGM W ′ →WZ → qq!! 2 e, µ 2 j / 1 J − 20.3 1409.61901.59 TeVW′ mass

EGM W ′ →WZ → qqqq − 2 J − 20.3 1506.009621.3-1.5 TeVW′ mass

HVT W ′ →WH → !νbb 1 e, µ 2 b Yes 20.3 gV = 1 1503.080891.47 TeVW′ mass

LRSM W ′
R
→ tb 1 e, µ 2 b, 0-1 j Yes 20.3 1410.41031.92 TeVW′ mass

LRSM W ′
R
→ tb 0 e, µ ≥ 1 b, 1 J − 20.3 1408.08861.76 TeVW′ mass

CI qqqq − 2 j − 17.3 ηLL = −1 1504.0035712.0 TeVΛ

CI qq!! 2 e, µ − − 20.3 ηLL = −1 1407.241021.6 TeVΛ

CI uutt 2 e, µ (SS) ≥ 1 b, ≥ 1 j Yes 20.3 |CLL | = 1 1504.046054.3 TeVΛ

EFT D5 operator (Dirac) 0 e, µ ≥ 1 j Yes 20.3 at 90% CL for m(χ) < 100 GeV 1502.01518974 GeVM∗
EFT D9 operator (Dirac) 0 e, µ 1 J, ≤ 1 j Yes 20.3 at 90% CL for m(χ) < 100 GeV 1309.40172.4 TeVM∗

Scalar LQ 1st gen 2 e ≥ 2 j − 20.3 β = 1 Preliminary1.05 TeVLQ mass

Scalar LQ 2nd gen 2 µ ≥ 2 j − 20.3 β = 1 Preliminary1.0 TeVLQ mass

Scalar LQ 3rd gen 1 e, µ ≥1 b, ≥3 j Yes 20.3 β = 0 Preliminary640 GeVLQ mass

VLQ TT → Ht + X 1 e, µ ≥ 2 b, ≥ 3 j Yes 20.3 T in (T,B) doublet 1505.04306855 GeVT mass

VLQ YY →Wb + X 1 e, µ ≥ 1 b, ≥ 3 j Yes 20.3 Y in (B,Y) doublet 1505.04306770 GeVY mass

VLQ BB → Hb + X 1 e, µ ≥ 2 b, ≥ 3 j Yes 20.3 isospin singlet 1505.04306735 GeVB mass

VLQ BB → Zb + X 2/≥3 e, µ ≥2/≥1 b − 20.3 B in (B,Y) doublet 1409.5500755 GeVB mass

T5/3 →Wt 1 e, µ ≥ 1 b, ≥ 5 j Yes 20.3 1503.05425840 GeVT5/3 mass

Excited quark q∗ → qγ 1 γ 1 j − 20.3 only u∗ and d∗, Λ = m(q∗) 1309.32303.5 TeVq∗ mass

Excited quark q∗ → qg − 2 j − 20.3 only u∗ and d∗, Λ = m(q∗) 1407.13764.09 TeVq∗ mass

Excited quark b∗ →Wt 1 or 2 e, µ 1 b, 2 j or 1 j Yes 4.7 left-handed coupling 1301.1583870 GeVb∗ mass

Excited lepton !∗ → !γ 2 e, µ, 1 γ − − 13.0 Λ = 2.2 TeV 1308.13642.2 TeV!∗ mass

Excited lepton ν∗ → !W , νZ 3 e,µ, τ − − 20.3 Λ = 1.6 TeV 1411.29211.6 TeVν∗ mass

LSTC aT →W γ 1 e, µ, 1 γ − Yes 20.3 1407.8150960 GeVaT mass

LRSM Majorana ν 2 e, µ 2 j − 20.3 m(WR ) = 2.4 TeV, no mixing 1506.060202.0 TeVN0 mass

Higgs triplet H±± → !! 2 e, µ (SS) − − 20.3 DY production, BR(H±±L → !!)=1 1412.0237551 GeVH±± mass

Higgs triplet H±± → !τ 3 e,µ, τ − − 20.3 DY production, BR(H±±
L
→ !τ)=1 1411.2921400 GeVH±± mass

Monotop (non-res prod) 1 e, µ 1 b Yes 20.3 anon−res = 0.2 1410.5404657 GeVspin-1 invisible particle mass

Multi-charged particles − − − 20.3 DY production, |q| = 5e 1504.04188785 GeVmulti-charged particle mass

Magnetic monopoles − − − 7.0 DY production, |g | = 1gD , spin 1/2 Preliminary1.34 TeVmonopole mass

Mass scale [TeV]10−1 1 10
√
s = 7 TeV

√
s = 8 TeV

ATLAS Exotics Searches* - 95% CL Exclusion
Status: July 2015

ATLAS Preliminary∫
L dt = (4.7 - 20.3) fb−1

√
s = 7, 8 TeV

*Only a selection of the available mass limits on new states or phenomena is shown.



366Luminosity

Luminosity defines how many particles we have to 
collide. More specifically, the number of particles per 
unit time per unit area. We often think of the 
instantaneous luminosity, which is the luminosity at 
any one given time

Month in 2010                          Month in 2011                          Month in 2012
Jan Apr Jul Oct Jan Apr Jul Oct Jan Apr Jul Oct

]
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33
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ak
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um
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 [1
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8

10  = 7 TeVs  = 7 TeVs  = 8 TeVs
ATLAS
Online Luminosity



367Luminosity

We also think of the integrated luminosity over time, 
which when multiplied by a cross section, tells us how 
many events of a certain process we expected to 
produce.

Example: ATLAS collected ~20 fb-1 of data at energy 
of 8 TeV. The cross section for Higgs bosons at 8 TeV 
is ~20 pb = 20,000 fb, so ~400,000 Higgs bosons 
were produced in the full data set at ATLAS

The branching ratio for Higgs bosons to pairs of 
photons is 0.0023, so 920 Higgs bosons were 
produced in the diphoton final state



368Fermi’s Golden Rule

Have you seen this before in Quantum Mechanics? 
We’ll need the relativistic version of it. If not, suggest 
you look it up

Fermi was a smart man (hard to think of someone 
with more things named after him). He told us that the 
rate for a process to occur is equal to the square of 
the amplitude (aka the matrix element), multiplied by 
the density of states



369Aside on Dirac Delta functions

Dirac was also a smart man (maybe fewer things 
named after him than Fermi, but not by that much)

�pxq “ 0, x ‰ 0
8, x “ 0

fpxq�pxq “ fp0q�pxq
ª 8

´8
fpxq�pxqdx “

ª 8

´8
fp0q�pxqdx “ fp0q

ª 8

´8
�pxqdx “ fp0q

�px ´ aq “ 0, x ‰ a

8, x “ a

fpxq�px ´ aq “ fpaq�px ´ aq
ª 8

´8
fpxq�px ´ aqdx “

ª 8

´8
fpaq�px ´ aqdx “ fpaq

ª 8

´8
�px ´ aqdx “ fpaq



370Aside on Dirac Delta functions
ª 8

´8
fpxq�pkxqdx “?

z “ kx, dx “ dz{k
ª 8

´8
fpxq�pkxqdx “ 1

k

ª 8

´8
fpxq�pzqdz “

1

k

ª 8

´8
fpxq�pzqdz “ fp0q

k

ª 8

´8
�pzqz “ fp0q

k

Note that here, limits of integration go from -infinity to 
+infinity only if k is positive



371What if k is negative?
ª 8

´8
fpxq�pkxqdx “?

z “ kx, dx “ dz{k (k negative)
ª

x“8

x“´8
fpxq�pkxqdx “ 1

k

ª
z“´8

z“`8
fpxq�pzqdz “ ´1

k

ª
z“`8

z“´8
fpxq�pzqdz

´1

k

ª 8

´8
fpxq�pzqdz “ fp0q

|k|

ª 8

´8
�pzqz “ fp0q

|k|

�pkxq “ 1

|k|�pxq



372What about any arbitrary function?

�pgpxqq, gpxiq “ 0, i “ 1, 2, 3...

gpxq “ gpxiq ` px ´ xiqg1pxiq ` 1

2
px ´ xiq2g2pxiq ` ....

Any arbitrary function with potentially any 
number of zeros.

if xi something other than 
zero, this just shifts the 

delta function
g’(xi) is “k” in the previous 

slide



373What about any arbitrary function?

�pgpxqq “ 1

|g1pxiq|�px ´ xiq
For one zero:

In total:
�pgpxqq “

ÿ

i

1

|g1pxiq|�px ´ xiq



374Heaviside step function

Wikipedia image of 
Oliver Heaviside

✓pxq “ 0px † 0q
✓pxq “ 1px ° 0q

�pxq “ d✓

dx

What does he 
look like to you?



375Maybe it’s just me?



376Let’s do

Griffiths problems A1 and A3 together



377Back to Fermi

Fermi’s Golden Rule: nothing to do with how 
you should treat others (that’s a different 
Golden Rule). It tells us that the rate for a 

process (a given collision or decay) is a product 
of the square of the matrix element (dynamics 
specific to the theory of the forces at play) and 

the phase space (recall that things like to 
happen the more phase space there is for it to 

happen)



378On the phase space

For example, let’s begin by considering 
1→2+3+4+....n

In other words, object 1 decaying to 
objects 2, 3, 4... (n-1 total particles)

Up to some overall normalization, consider the 
phase space of the jth object as d4pj=d(p0j)d3(pj)
Hopefully that makes some intuitive sense as a 

definition of phase space?
But of course, the jth object can’t just have any 

arbitrary value of energy and momentum



379Constraints on the phase space

The decay products have a definite mass. In other 
words, pj2 = mj2. Can enforce this in an integral 

with a delta function, #(pj2 - mj2)

Don’t allow negative energy states of decay 
productions, so pj0 > 0. Can enforce this with 

Heaviside function, θ( pj0)
Conserve energy and momentum. Can enforce 

this with #(p1-p2-p3-...pn)

1→2+3+4+....n



380Golden rule for decays

1→2+3+4+....n

� “ 1

2m1

ª
|M|2p2⇡q4�4pp1 ´ p2 ´ p3... ´ pnqˆ

nπ

j“2

2⇡�pp2j ´ m2
j q✓pp0j q d4pj

p2⇡q4

Normalization Matrix element squared (to 
be worked on later)

Momentum/energy 
conservation

On-shell final
products E>0

Phase 
space

Decay
rate



381Where did that come from, though?

�fi “ 2⇡|Tfi|2⇢pEiq

Recall from basic QM: What is the 
transition rate from state |i> to state |f>, 
given some interaction Hamiltonian (   )? 

Given by $fi:

|Tfi| “† f |Ĥ 1|i ° `
ÿ

j‰i

† f |Ĥ 1|j °† j|Ĥ 1|i °
Ei ´ Ej

` ...

Ĥ 1

Matrix element 
(“transition”)

Density of states 
(phase space)

⇢pEiq “
ˇ̌
ˇ̌ dn
dE

ˇ̌
ˇ̌
Ei



382We can rewrite phase space as:

ˇ̌
ˇ̌ dn
dE

ˇ̌
ˇ̌
Ei

“
ª

dn

dE
�pEi ´ EqdE

⇢pEiq “
ˇ̌
ˇ̌ dn
dE

ˇ̌
ˇ̌
Ei

�fi “ 2⇡

ª
|Tfi|2�pEi ´ Eqdn



3831d Boundary conditions in non-relativistic QM

a

Recall in a one 
dimensional box that 
boundary conditions 
force quantization of 
momentum

 px ` aq “  pxq Ñ p

x

“ n

x

2⇡

a



3843d Boundary conditions in non-relativistic QM

Similarly, in 3 
dimensions (if in a 3D 
cube of length a on 
each side, total 
volume V)

pp
x

, p
y

, p
z

q “ pn
x

, n
y

, n
z

q2⇡
a

What is the volume of 
a state in momentum 
space?

d3p “ dp
x

dp
y

dp
z

“
ˆ
2⇡

a

˙3

“ p2⇡q3
V



385Normalizing things

Common to normalize 
to a particle per unit 
volume, so that the 
number of states for 
ith particle is 

dni “ d3pi

p2⇡q3

And then the total 
number of states is

dn “
N´1π

i“1

dni “
N´1π

i“1

d3pi

p2⇡q3

Note that we “lost” the lost dni 
because it is not independent (fixed, 
due to momentum conservation)



386Rewriting this a bit more nicely

dn “
N´1π

i“1

d3pi

p2⇡q3 “
N´1π

i“1

d3pi

p2⇡q3 �
3

˜
pa ´

Nÿ

i“1

pi

¸
d3pN

We’ve added in the last missing d3pN by 
including a delta function, which forces 
momentum conservation (particle a is the 
one decaying)

dn “ p2⇡q3
Nπ

i“1

d3pi

p2⇡q3 �
3

˜
pa ´

Nÿ

i“1

pi

¸



387Putting it together

For particle a decaying 
to particles 1 and 2...

�fi “ 2⇡

ª
|Tfi|2�pEa ´ E1 ´ E2qdn

�fi “ p2⇡q4
ª

|Tfi|2�pEa ´ E1 ´ E2q d
3p1

p2⇡q3
d3p2

p2⇡q3 �
3 ppa ´ p1 ´ p2q



388What about relativistic mechanics?

Recall that we normalized our transition matrix 
element to one particle per unit volume. 

What happens in another reference frame? 
Perpendicular to direction of motion, nothing.

Parallel to direction of motion, we get a Lorentz 
contraction of 1/γ = m/E, therefore to be Lorentz 
invariant our normalization must be proportional to 
1/E (we choose 1/2E)



389Why 2E and not E?

Nπ

i“1

d3pi

2Eip2⇡q3
ª
�pE2

i ´ p2
i ´ m2

i qdEi “ 1

2Ei

Our new Lorentz-
invariant phase 
space

Energy-momentum 
relation delta function. 
Is this clear?



390So we can rewrite the phase space again

Now let’s use 4-vector 
notation

Nπ

i“1

d3pi

2Eip2⇡q3 “
Nπ

i“1

d3pi

p2⇡q3
ª
�pE2

i ´ p2
i ´ m2

i qdEi

Nπ

i“1

d3pi

2Eip2⇡q3 “
ª Nπ

i“1

d3pidEi

p2⇡q3 �pE2
i ´ p2

i ´ m2
i q

phase space “
ª Nπ

i“1

d4pi
p2⇡q3 �pp2i ´ m2

i q



391More on phase space

Let’s take another look 
at our Lorentz-invariant 
phase space and 
check that it really is 
Lorentz-invariant

d3p

p2⇡q32E

Let’s look at a transformation 
along the z axis. What is the 
phase space?

d3p1 “ dp1
x

dp1
y

dp1
z

“ dp
x

dp
y

dp
1
z

dp
z

dp
z

“ d3p
dp

1
z

dp
z



392More on phase space

d3p1 “ dp1
x

dp1
y

dp1
z

“ dp
x

dp
y

dp
1
z

dp
z

dp
z

“ d3p
dp

1
z

dp
z

So ... d3p1 “ d3p
E1

E
Ñ d3p1

E1 “ d3p

E

p1
z

“ �pp
z

´ �Eq, E1 “ �pE ´ �p
z

q, E2 “ p2
x

` p2
y

` p2
z

` m2

dp1
z

dp
z

“ �p1 ´ �
BE
Bp

z

q
BE
Bp

z

“ 1

2
¨ 2p

z

´b
p2
x

` p2
y

` p2
z

` m2
¯´1

“ p
z

E

dp1
z

dp
z

“ �p1 ´ �
p
z

E
q “ �

E
pE ´ �p

z

q “ E1

E



393Aside on your final presentation
Many of you already proposed topics to me over email 
already - thanks! 

Note 0: It’s not first-come/first-served, but instead we will 
flip coins or play rock-paper-scissors for who gets which 
topic. There’s one especially popular paper out there, as 
you might guess

Note 1: If you dropped by my office to discuss the paper, 
that does not count as fulfilling your homework 
assignment

Note 2: This really counts as a homework assignment. 
So don’t miss the deadline! If you do, you get points off - 
and I get to pick a topic for you :)



394Aside on your final presentation

Note 3: Only one topic per person, so you might 
want to have 1-2 backups in mind. I’ll let you 
know in class on Wednesday where we have 
duplicates (and alternates due then next Monday)

Note 4: You are not covering an “experiment”, but 
rather a single analysis/limit/measurement. So I 
want you to have the paper you will be reading in 
mind before Wednesday. If there is no physics 
result, then this does not count



395Scheduling the final presentation

There are ~9 of you, so if we have two 
presentations per class @ 20-25 + 10-15 minutes 
each, that would be 4.5 classes. We’ll aim to fit 
them into 4 classes (I expect 20 minute 
presentations, but perhaps some discussion can 
go short, or one night can go a few minutes long if 
all are OK with that).

That would mean using the last two weeks of 
classes, April 25, April 27, May 2 and May 4. The 
sessions devoted to finals (May 9 and May 11) 
are for overflow. I expect you all to show up and 
participate, to listen, and to ask good questions



396Order for presentations

You should be ready on the first day of 
presentations! That being said, we need to pick 

an order for them. So time for some random 
numbers (I will write them down so I know when 

you are presenting). But if someone doesn’t show 
you may be called to go, so... be ready



397OK, back to the golden rule... for decays

1→2+3+4+....n

� “ 1

2m1

ª
|M|2p2⇡q4�4pp1 ´ p2 ´ p3... ´ pnqˆ

nπ

j“2

2⇡�pp2j ´ m2
j q✓pp0j q d4pj

p2⇡q4

Start with this delta function. We know that   
pj2 = (p0)2-p2

�pp2j ´ m2
j q “ �

`
pp0q2j ´ pj

2 ´ m2
˘

Ñ pp0qj “ ˘
b

pj
2 ` m2



398Golden rule for decays

�pp2j ´ m2
j q “ �

`
pp0q2j ´ pj

2 ´ m2
˘

Ñ pp0qj “ ˘
b

pj
2 ` m2

d

dp0j

`
pp0q2j ´ pj

2 ´ m2
j

˘
“ 2p0j

Ñ �
`
pp0q2j ´ pj

2 ´ m2
j

˘
“ 1

2p0j

”
�

´
p0j ´

b
pj

2 ` m2
j

¯
` �

´
p0j `

b
pj

2 ` m2
j

¯ı



399Golden rule for decays

Heaviside forces pj0 to 
always be greater than 0

�
`
pp0q2j ´ pj

2 ´ m2
j

˘
“ 1

2p0j

”
�

´
p0j ´

b
pj

2 ` m2
j

¯
` �

´
p0j `

b
pj

2 ` m2
j

¯ı

✓pp0j q�
`
pp0q2j ´ pj

2 ´ m2
j

˘
“ ✓pp0j q

2p0j

”
�

´
p0j ´

b
pj

2 ` m2
j

¯
` �

´
p0j `

b
pj

2 ` m2
j

¯ı

✓pp0j q�
`
pp0q2j ´ pj

2 ´ m2
j

˘
“ 1

2p0j

”
�

´
p0j ´

b
pj

2 ` m2
j

¯ı



400Golden rule for decays

1→2+3+4+....n

� “ 1

2m1

ª
|M|2p2⇡q4�4pp1 ´ p2 ´ p3... ´ pnqˆ

nπ

j“2

2⇡�pp2j ´ m2
j q✓pp0j q d4pj

p2⇡q4

� “ 1

2m1

ª
|M|2p2⇡q4�4pp1 ´ p2 ´ p3... ´ pnqˆ
nπ

j“2

2⇡
�

`
p0j ´

a
pj

2 ` m2
˘

2p0j

d4pj
p2⇡q4

So...
Delta picks out specific value for pj0, 
no need to integrate



401Golden rule for decays

� “ 1

2m1

ª
|M|2p2⇡q4�4pp1 ´ p2 ´ p3... ´ pnqˆ
nπ

j“2

2⇡
�

`
p0j ´

a
pj

2 ` m2
˘

2p0j

d4pj
p2⇡q4

Make delta function 
substitution

� “ 1

2m1

ª
|M|2p2⇡q4�4pp1 ´ p2 ´ p3... ´ pnqˆ

nπ

j“2

2⇡
1

2
a

pj
2 ` m2

d3pj

p2⇡q4



402Golden rule for decays

And rearrange a bit

� “ 1

2m1

ª
|M|2p2⇡q4�4pp1 ´ p2 ´ p3... ´ pnqˆ

nπ

j“2

2⇡
1

2
a

pj
2 ` m2

d3pj

p2⇡q4

� “ 1

2m1

ª
|M|2p2⇡q4�4pp1 ´ p2 ´ p3... ´ pnqˆ

nπ

j“2

1

2
a

pj
2 ` m2

d3pj

p2⇡q3



403Let’s assume only two particles in final state

� “ 1

2m1

ª
|M|2p2⇡q4�4pp1 ´ p2 ´ p3... ´ pnqˆ

1

2
a

p2
2 ` m2

2

d3p2

p2⇡q3
1

2
a

p3
2 ` m2

3

d3p3

p2⇡q3

Rearrange...

� “ 1

32⇡2m1

ª
|M|2�4pp1 ´ p2 ´ p3... ´ pnqˆ
1a

p2
2 ` m2

2

1a
p3

2 ` m2
3

d3p2d
3p3

1→2+3



404More delta functions (a common theme)

Let’s choose reference 
frame where p1 is at rest, 
so p1=0 and p1 = (m1,0)

�4pp1 ´ p2 ´ p3q “ �pp01 ´ p02 ´ p03q�3pp1 ´ p2 ´ p3q

�4pp1 ´ p2 ´ p3q “ �pp01 ´
b
p2

2 ` m2
2 ´

b
p3

2 ` m2
3q�3pp2 ` p3q

� “ 1

32⇡2m1

ª
|M|2�pp01 ´

b
p2

2 ` m2
2 ´

b
p3

2 ` m2
3q�3pp2 ` p3qˆ

1a
p2

2 ` m2
2

1a
p3

2 ` m2
3

d3p2d
3p3



405Continuing to work this out

p3=-p2 (had to be, due to conservation of 
momentum if p1=0)

� “ 1

32⇡2m1

ª
|M|2�pp01 ´

b
p2

2 ` m2
2 ´

b
p3

2 ` m2
3q�3pp2 ` p3qˆ

1a
p2

2 ` m2
2

1a
p3

2 ` m2
3

d3p2d
3p3

� “ 1

32⇡2m1

ª
|M|2�pp01 ´

b
p2

2 ` m2
2 ´

b
p2

2 ` m2
3qˆ

1a
p2

2 ` m2
2

1a
p2

2 ` m2
3

d3p2



406Almost there

Let’s rearrange again

Stepping back, this is impressive but not surprising. 
Only have integral over momentum of one particle 

left for phase space (why not surprising?)!

� “ 1

32⇡2m1

ª
|M|2�pp01 ´

b
p2

2 ` m2
2 ´

b
p2

2 ` m2
3qˆ

1a
p2

2 ` m2
2

1a
p2

2 ` m2
3

d3p2

� “ 1

32⇡2m1

ª
|M|2 �pm1 ´

a
p2

2 ` m2
2 ´

a
p2

2 ` m2
3qa

p2
2 ` m2

2

a
p2

2 ` m2
3

d3p2



407Almost there

Let’s go to spherical coordinates, p2 = (r,θ,ϕ) 
and d3p2=r2sinθ dr dθ dϕ

Matrix element squared cannot be a function 
of anything but |p2| anymore since object 1 

was at rest and p3 is just -p2 so angular 
integrals can be easily done

ª
sin ✓d✓d� “ 4⇡

� “ 1

32⇡2m1

ª
|M|2 �pm1 ´

a
p2

2 ` m2
2 ´

a
p2

2 ` m2
3qa

p2
2 ` m2

2

a
p2

2 ` m2
3

d3p2



408Almost there

Do substitution and angular integrals

� “ 1

32⇡2m1

ª
|M|2 �pm1 ´

a
p2

2 ` m2
2 ´

a
p2

2 ` m2
3qa

p2
2 ` m2

2

a
p2

2 ` m2
3

d3p2

� “ 1

8⇡m1

ª
|Mprq|2 �pm1 ´

a
r2 ` m2

2 ´
a

r2 ` m2
3qa

r2 ` m2
2

a
r2 ` m2

3

r2dr

Let’s make another substitution...

u “
b

r2 ` m2
2 `

b
r2 ` m2

3



409Almost there

u “
b

r2 ` m2
2 `

b
r2 ` m2

3

� “ 1

8⇡m1

ª
|Mprq|2 �pm1 ´

a
r2 ` m2

2 ´
a

r2 ` m2
3qa

r2 ` m2
2

a
r2 ` m2

3

r2dr

du

dr
“ ra

r2 ` m2
2

` ra
r2 ` m2

3

du

dr
“

r
´a

r2 ` m2
2 `

a
r2 ` m2

3

¯

a
r2 ` m2

2

a
r2 ` m2

3

du

dr
“ rua

r2 ` m2
2

a
r2 ` m2

3

� “ 1

8⇡m1

ª
|Mprq|2 �pm1 ´ uqa

r2 ` m2
2

a
r2 ` m2

3

r2dr



410Some more substitutions

� “ 1

8⇡m1

ª
|Mprq|2 �pm1 ´ uqa

r2 ` m2
2

a
r2 ` m2

3

r2dr

du

dr
“ rua

r2 ` m2
2

a
r2 ` m2

3

dr “ du

a
r2 ` m2

2

a
r2 ` m2

3

ru

� “ 1

8⇡m1

ª
|Mprq|2�pm1 ´ uq r

u
du

u=m1



411More on that delta function

� “ 1

8⇡m1

ª
|Mprq|2�pm1 ´ uq r

u
du

u=m1
u “

b
r2 ` m2

2 `
b

r2 ` m2
3

m1 “
b

r2 ` m2
2 `

b
r2 ` m2

3

m2
1 “ r2 ` m2

2 ` r2 ` m2
3 ` 2

b
pr2 ` m2

3qpr2 ` m2
2q

m2
1 ´ 2r2 ´ m2

2 ´ m2
3 “ 2

b
pr2 ` m2

3qpr2 ` m2
2q

m4
1 ` 4r4 ` m4

2 ` m4
3 ´ 4r2m2

1 ` 4r2m2
2 ` 4r2m2

3 ´ 2m2
1m

2
2 ´ 2m2

1m
2
3 ` 2m2

2m
2
3 “

4r4 ` 4m2
2m

2
3 ` 4r2m2

2 ` 4r2m2
3

´4r2m2
1 ` m4

1 ` m4
2 ` m4

3 ´ 2m2
1m

2
2 ´ 2m2

1m
2
3 ´ 2m2

2m
2
3 “ 0

r “ 1

2m1

b
m4

1 ` m4
2 ` m4

3 ´ 2m2
1m

2
2 ´ 2m2

1m
2
3 ´ 2m2

2m
2
3

What does 
SR tell us?



412Finalizing it

r “ |p2| “ 1

2m1

b
m4

1 ` m4
2 ` m4

3 ´ 2m2
1m

2
2 ´ 2m2

1m
2
3 ´ 2m2

2m
2
3

Note that matrix element factorizes (not 
always possible, but a pretty nice result!)

� “ |p|
8⇡m2

1

|M|2



413What about scattering?

1+2→3+4
� “ 1

4E1E2

ª
|M|2p2⇡q4�4pp1 ` p2 ´ p3 ´ p4qˆ

4π

j“3

2⇡�pp2j ´ m2
j q✓pp0j q d4pj

p2⇡q4

This is the rate, though not quite what 
we’re looking for. We are interested in 

the cross section (σ)

v1 v2

3

4



414Scattering

v1 v2

3

4

If we assume one particle per unit volume, 
then rate = (v1+v2)σ, ie the faster the set of 

objects 1 and 2 pass through each other, the 
larger the rate

� “ pv1 ` v2q�

� “ �

v1 ` v2

Be careful (v1 and v2
minus signs)



415So the cross section is ...

Looks a bit odd to have velocity there! 
Can that at all be Lorentz invariant?

� “ 1

4E1E2

1

v1 ` v2

ª
|M|2p2⇡q4�4pp1 ` p2 ´ p3 ´ p4qˆ

4π

j“3

2⇡�pp2j ´ m2
j q✓pp0j q d4pj

p2⇡q4

F “ 4E1E2pv1 ` v2q “ 4E1E2

ˆ |p1|
E1

` |p2|
E2

˙
“ 4 pE2|p1| ` E1|p2|q

F 2 “ 16
`
E2

2 |p1|2 ` E2
1 |p2|2 ` 2E1E2|p1||p2|

˘



416So the cross section is ...

In case where particles 1 and 2 are collinear

Remember the extra minus sign here

Lorentz
invariant!

pp1 ¨ p2q “ E1E2 ` p1p2

pp1 ¨ p2q2 “ E2
1E

2
2 ` p1

2p2
2 ` 2E1E2p1p2

F 2 “ 16
`
E2

2 |p1|2 ` E2
1 |p2|2 ` 2E1E2|p1||p2|

˘

F 2 “ 16
`
E2

2 |p1|2 ` E2
1 |p2|2 ` pp1 ¨ p2q2 ´ E2

1E
2
2 ´ p1

2p2
2
˘

F 2 “ 16
“
pp1 ¨ p2q2 ´ pE2

1 ´ p1
2qpE2

2 ´ p2
2q

‰

F 2 “ 16
“
pp1 ¨ p2q2 ´ m2

1m
2
2

‰

F “ 4
b

pp1 ¨ p2q2 ´ m2
1m

2
2



417So the cross section is ...

� “ 1

4
a

pp1 ¨ p2q2 ´ m2
1m

2
2

ª
|M|2p2⇡q4�4pp1 ` p2 ´ p3 ´ p4qˆ

4π

j“3

2⇡�pp2j ´ m2
j q✓pp0j q d4pj

p2⇡q4

As before, 1d delta function is easy (and 
rearranges some 2%’s). Heaviside enforces only 
one solution

p0j “ Ej “
b
p2
j ` m2

j

� “ 1

4
a

pp1 ¨ p2q2 ´ m2
1m

2
2

ª
|M|2p2⇡q4�4pp1 ` p2 ´ p3 ´ p4qˆ

4π

j“3

1

2
b

p2
j ` m2

j

d3pj

p2⇡q3



418Moving along with cross sections

p0j “ Ej “
b
p2
j ` m2

j

Let’s put back the earlier form for F

� “ 1

4
a

pp1 ¨ p2q2 ´ m2
1m

2
2

ª
|M|2p2⇡q4�4pp1 ` p2 ´ p3 ´ p4qˆ

4π

j“3

1

2
b

p2
j ` m2

j

d3pj

p2⇡q3

� “ 1

4E1E2

1

v1 ` v2

ª
|M|2p2⇡q4�4pp1 ` p2 ´ p3 ´ p4qˆ
4π

j“3

1

2
b

p2
j ` m2

j

d3pj

p2⇡q3



419Moving along with cross sections

In Center of Mass frame, |p2| = |p1|

F “ 1

4E1E2

1

v1 ` v2
“ 1

4E1E2

1

p1{E1 ` p2{E2

F “ 1

4

1

E2p1 ` E1p2

F “ 1

4|p1|
1

E1 ` E2

� “ 1

4|p1|pE1 ` E2q

ª
|M|2p2⇡q4�4pp1 ` p2 ´ p3 ´ p4qˆ
4π

j“3

1

2
b

p2
j ` m2

j

d3pj

p2⇡q3



420Let’s combine some factors

� “ 1

64⇡2|p1|pE1 ` E2q

ª
|M|2�4pp1 ` p2 ´ p3 ´ p4qˆ

4π

j“3

1b
p2
j ` m2

j

d3pj

p0j “ Ej “
b
p2
j ` m2

j

Let’s split up the 4d delta function

�4pp1 ` p2 ´ p3 ´ p4q “ �pE1 ` E2 ´ E3 ´ E4q�3pp1 ` p2 ´ p3 ´ p4q



421Delta functions in action

p0j “ Ej “
b
p2
j ` m2

j

�4pp1 ` p2 ´ p3 ´ p4q “ �pE1 ` E2 ´ E3 ´ E4q�3pp1 ` p2 ´ p3 ´ p4q

In CoM frame, we know that p1+p2 = 0
�4pp1 ` p2 ´ p3 ´ p4q “ �pE1 ` E2 ´ E3 ´ E4q�3pp3 ` p4q

� “ 1

64⇡2|p1|pE1 ` E2q

ª
|M|2�pE1 ` E2 ´ E3 ´ E4q�3pp3 ` p4qˆ
1a

p2
3 ` m2

3

1a
p2
4 ` m2

4

d3p3d
3p4



422Delta functions in action

The 3D delta function enforces p3 = -p4

� “ 1

64⇡2|p1|pE1 ` E2q

ª
|M|2�pE1 ` E2 ´ E3 ´ E4q�3pp3 ` p4qˆ
1a

p2
3 ` m2

3

1a
p2
4 ` m2

4

d3p3d
3p4

� “ 1

64⇡2|p1|pE1 ` E2q

ª
|M|2�pE1 ` E2 ´ E3 ´ E4qˆ

1a
p2
3 ` m2

3

1a
p2
3 ` m2

4

d3p3



423Delta functions in action

Recall that we had delta functions on E3 
and E4 (the mass relations)

� “ 1

64⇡2|p1|pE1 ` E2q

ª
|M|2�pE1 ` E2 ´

b
p2
3 ` m2

3 ´
b

p2
4 ` m2

4qˆ
1a

p2
3 ` m2

3

1a
p2
3 ` m2

4

d3p3

� “ 1

64⇡2|p1|pE1 ` E2q

ª
|M|2�pE1 ` E2 ´ E3 ´ E4qˆ

1a
p2
3 ` m2

3

1a
p2
3 ` m2

4

d3p3



424Delta functions in action

The 3D delta function enforced p3 = -p4

� “ 1

64⇡2|p1|pE1 ` E2q

ª
|M|2�pE1 ` E2 ´

b
p2
3 ` m2

3 ´
b

p2
3 ` m2

4qˆ
1a

p2
3 ` m2

3

1a
p2
3 ` m2

4

d3p3

� “ 1

64⇡2|p1|pE1 ` E2q

ª
|M|2�pE1 ` E2 ´

b
p2
3 ` m2

3 ´
b

p2
4 ` m2

4qˆ
1a

p2
3 ` m2

3

1a
p2
3 ` m2

4

d3p3



425As before, we change coordinate systems

� “ 1

64⇡2|p1|pE1 ` E2q

ª
|M|2�pE1 ` E2 ´

b
p2
3 ` m2

3 ´
b

p2
3 ` m2

4qˆ
1a

p2
3 ` m2

3

1a
p2
3 ` m2

4

d3p3

d3p3 “ r2drd⌦

d�

d⌦
“ 1

64⇡2|p1|pE1 ` E2q

ª
|M|2�pE1 ` E2 ´

b
r2 ` m2

3 ´
b
r2 ` m2

4qˆ
1a

r2 ` m2
3

1a
r2 ` m2

4

r2dr



426Evaluating the integral

d�

d⌦
“ 1

64⇡2|p1|pE1 ` E2q

ª
|M|2�pE1 ` E2 ´

b
r2 ` m2

3 ´
b
r2 ` m2

4qˆ
1a

r2 ` m2
3

1a
r2 ` m2

4

r2dr

Same exact form as last ugly integral, so 
nothing new here



427Differential cross section

d�

d⌦
“ 1

64⇡2

|M |2
pE1 ` E2q2

|pf |
|pi|



428On to (toy) theories of particle physics!

I think this is where Griffiths does a 
really nice job. We won’t dive into 
QED, but will instead start with a 
simpler theory.

Feynman’s calculus/his rules tell us 
how to calculate the matrix elements 
(why? we won’t be diving into QFT, so 
for now please just accept them, as 
unappealing as that might be)



429Our toy theory

Our toy theory has 
3 types of spin-0 
particles, A, B and 
C. Let’s assume 
that mA > mB +mC.
Here, A is 
incoming, and B 
and C are 
outgoing. This is a 
decay vertex

A

C

B



430Our toy theory

Here we have 
scattering
A+B→A+B (one 
example diagram)

C

A

B

B

A



431Feynman rules (1)

C

A

B

B

Ap1

p2

p3

p4

q1

Label all incoming 
and outgoing lines 
with p1, p2, ... pn
Internal lines can 
go either way
Use arrows to 
keep track of what 
is going in and out 
(here this looks 
trivial, but can be 
more tricky with 
anti-particles)p vs q is pure 

convention!



432Feynman rules (2)

C

A

B

B

Ap1

p2

p3

p4

q1

Add factors of -ig 
for each vertex, 
specifying the 
coupling constants

-ig

-ig



433Feynman rules (3)

C

A

B

B

Ap1

p2

p3

p4

q1

For each internal 
line add a factor 
for the propagator 
(note that we don’t 
have to be on-shell 
here!)

-ig

-ig
i

q21 ´ m2
C



434Feynman rules (4)

C

A

B

B

Ap1

p2

p3

p4

q1

-ig

-ig
i

q21 ´ m2
C

p2⇡q4�4pp1 ` q1 ´ p3q

p2⇡q4�4pp2 ´ q1 ´ p4q

Impose 
conservation of 
energy and 
momentum at 
each vertex with 
4d Dirac Delta 
function (with 
appropriate 2pi 
normalization)



435Feynman rules (5)

C

A

B

B

Ap1

p2

p3

p4

q1

-ig

-ig
i

q21 ´ m2
C

p2⇡q4�4pp1 ` q1 ´ p3q

p2⇡q4�4pp2 ´ q1 ´ p4q

Integrate over 
4-momentum 
of internal 
lines with 
appropriate 
2pi 
normalization 
factor

1

p2⇡q4 d
4q1



436Feynman rules (6)

C

A

B

B

Ap1

p2

p3

p4

q1

-ig

-ig
i

q21 ´ m2
C

p2⇡q4�4pp1 ` q1 ´ p3q

p2⇡q4�4pp2 ´ q1 ´ p4q

Cancel 
remaining 
delta function 
and add a 
factor of i, and 
you have the 
matrix 
element

1

p2⇡q4 d
4q1

i



437Feynman rules for decay of object A (1)

A

C

B

p1

p2

p3

Label external (p) 
and internal lines 
(q) and draw 
arrows. Here we 
have no internal 
lines



438Feynman rules for decay of object A (2)

A

C

B

p1

p2

p3

-ig Single factor of -ig 
for our one vertex



439Feynman rules for decay of object A (3)

A

C

B

p1

p2

p3

-ig

For each internal 
line add a factor 
for the propagator, 
but we don’t have 
one here! (It’s nice 
when things are 
simple)



440Feynman rules for decay of object A (4)

A

C

B

p1

p2

p3

-ig

Impose 
conservation of 
energy and 
momentum at 
each vertex with 
4d Dirac Delta 
function (with 
appropriate 2pi 
normalization)

p2⇡q4�4pp1 ´ p2 ´ p3q



441Feynman rules for decay of object A (5)

A

C

B

p1

p2

p3

-ig

p2⇡q4�4pp1 ´ p2 ´ p3q

Integrate over 4-
momentum of 
internal lines with 
appropriate 
2pi normalization 
factor (here, 
none)



442Feynman rules for decay of object A (6)

A

C

B

p1

p2

p3

-ig

p2⇡q4�4pp1 ´ p2 ´ p3q

Add factor of i 
and cancel 
remaining 
delta function

i



443Feynman rules for decay of object A 

A

C

B

p1

p2

p3

-ig

p2⇡q4�4pp1 ´ p2 ´ p3q

We’re left only 
with M = i(-ig) = g

i

� “ |p|
8⇡m2

1

|M|2 “ g2|p|
8⇡m2

A

|p| “ 1

2mA

b
m4

A ` m4
B ` m4

C ´ 2m2
Am

2
B ´ 2m2

Am
2
C ´ 2m2

Bm
2
C



444Lifetime of object A 

� “ |p|
8⇡m2

1

|M|2 “ g2|p|
8⇡m2

A

|p| “ 1

2mA

b
m4

A ` m4
B ` m4

C ´ 2m2
Am

2
B ´ 2m2

Am
2
C ´ 2m2

Bm
2
C

⌧ “ 1

�
“ 8⇡m2

A

g2|p|



445Let’s calculate matrix element for AA→BB

C

A

A

B

B

Leading order diagram (there are 
others at higher order, as we’ll see)



446AA→BB Rule 1

p1

p2

p3

p4

q1

Label all incoming 
and outgoing lines 
with p1, p2, ... pn
Internal lines can 
go either way
Use arrows to 
keep track of what 
is going in and out 
(here this looks 
trivial, but can be 
more tricky with 
anti-particles)

C

A

A

B

B



447AA→BB Rule 2

p1

p2

p3

p4

q1
C

A

A

B

B

Add factors of -ig 
for each vertex, 
specifying the 
coupling constants

-ig

-ig



448AA→BB Rule 3

p1

p2

p3

p4

q1
C

A

A

B

B

-ig

-ig For each internal 
line add a factor 
for the propagator 
(note that we don’t 
have to be on-shell 
here!)

i

q21 ´ m2
C



449AA→BB Rule 4

p1

p2

p3

p4

q1
C

A

A

B

B

-ig

-ig
i

q21 ´ m2
C

p2⇡q4�4pp1 ` q1 ´ p3q

p2⇡q4�4pp2 ´ q1 ´ p4q

Impose 
conservation of 
energy and 
momentum at 
each vertex with 
4d Dirac Delta 
function (with 
appropriate 2pi 
normalization)



450AA→BB Rule 5

p1

p2

p3

p4

q1
C

A

A

B

B

-ig

-ig
i

q21 ´ m2
C

p2⇡q4�4pp1 ` q1 ´ p3q

p2⇡q4�4pp2 ´ q1 ´ p4q

Integrate over 
4-momentum 
of internal 
lines with 
appropriate 
2pi 
normalization 
factor

1

p2⇡q4 d
4q1



451AA→BB Rule 5, putting it together

p1

p2

p3

p4

q1
C

A

A

B

B

-ig

-ig
i

q21 ´ m2
C

p2⇡q4�4pp1 ` q1 ´ p3q

p2⇡q4�4pp2 ´ q1 ´ p4q

1

p2⇡q4 d
4q1

ª
p´igqp´igq i

q21 ´ m2
C

p2⇡q4�4pp1 ` q1 ´ p3qp2⇡q4�4pp2 ´ q1 ´ p4q d4q1
p2⇡q4



452AA→BB Rule 5, simplification

ª
p´igqp´igq i

q21 ´ m2
C

p2⇡q4�4pp1 ` q1 ´ p3qp2⇡q4�4pp2 ´ q1 ´ p4q d4q1
p2⇡q4

Integral is over 4-momentum of q1 but this gets 
picked up by the Delta function. Let’s use the first 

one, so q1 = p3-p1

p2⇡q4p´g2q
ª

i

q21 ´ m2
C

�4pp1 ` q1 ´ p3q�4pp2 ´ q1 ´ p4qd4q1



453AA→BB Rule 5, simplification

Integral is over 4-momentum of q1 but this gets 
picked up by the Delta function. Let’s use the first 
one, so q1 = p3-p1 (note that this is true for each 
component of q1, as we’re using some notation 

shorthand here)

Conservation of p/E for total system

p2⇡q4p´g2q
ª

i

q21 ´ m2
C

�4pp1 ` q1 ´ p3q�4pp2 ´ q1 ´ p4qd4q1

p2⇡q4p´g2q i

pp3 ´ p1q2 ´ m2
C

�4pp2 ` p1 ´ p3 ´ p4q



454AA→BB Rule 6

Rule 6: cancel delta function (and 2pi)4 
and multiply by i to get Matrix Element

p2⇡q4p´g2q i

pp3 ´ p1q2 ´ m2
C

�4pp2 ` p1 ´ p3 ´ p4q

M “ ip2⇡q4p´g2q i

pp3 ´ p1q2 ´ m2
C

M “ g2

pp3 ´ p1q2 ´ m2
C



455First complication for AA→BB scattering

C

A

A

B

Bp1

p2

p3

p4

q1

This is not the only 
diagram. There is 
another similar 
one with the same 
initial state and the 
same final state. 
So they must be 
added together, as 
they interfere!M “ g2

pp3 ´ p1q2 ´ m2
C



456Second AA→BB diagram

C

A

A

B

Bp1

p2

p3

p4

q1 C

A

A

B

B
C

A

A

B

B

C

A

A

B

B
C

A

A

B

B

C

A

A

B

B
p1

p2

p3

p4

q1

Same diagram 
except that p1 
connects to p4, not 
to p3

M “ g2

pp3 ´ p1q2 ´ m2
C

Let’s work this out 
together on the board



457Second AA→BB diagram

C

A

A

B

Bp1

p2

p3

p4

q1 C

A

A

B

B
C

A

A

B

B

C

A

A

B

B
C

A

A

B

B

C

A

A

B

B
p1

p2

p3

p4

q1

M “ g2

pp3 ´ p1q2 ´ m2
C

M “ g2

pp4 ´ p1q2 ´ m2
C



458So total AA→BB ME is 

As in Griffiths, let’s assume mC is zero to 
simplify things, mA=mB=m

M “ g2
„

1

pp3 ´ p1q2 ´ m2
C

` 1

pp4 ´ p1q2 ´ m2
C

⇢

M “ g2
„

1

pp3 ´ p1q2 ` 1

pp4 ´ p1q2
⇢



459AA→BB ME for toy with massless mC

p1 p2

p3

p4

θ

Use center of mass
reference frame, where
|p1|=|p2|, |p3|=|p4|
Since mA=mB this 
means 
|p1|=|p2|=|p3|=|p4|=p E1=E2=E3=E4=E

That clear?

M “ g2
„

1

pp3 ´ p1q2 ` 1

pp4 ´ p1q2
⇢



460AA→BB ME for toy with massless mC

p1 p2

p3

p4

θ

pp4 ´ p1q2 “ p21 ` p24 ´ 2p4 ¨ p1 “ 2m2 ´ 2E4E1 ` 2p4 ¨ p1

pp4 ´ p1q2 “ 2m2 ´ 2E2 ` 2p4 ¨ p1 “ 2pE2 ´ p2q ´ 2E2 ` 2p4 ¨ p1

pp4 ´ p1q2 “ 2pE2 ´ p2q ´ 2E2 ` 2p4 ¨ p1 “ ´2p2 ` 2p4 ¨ p1

pp4 ´ p1q2 “ ´2p2 ´ 2p2
cos ✓ “ ´2p2p1 ` cos ✓q



461AA→BB ME for toy with massless mC

pp4 ´ p1q2 “ ´2p2p1 ` cos ✓q
pp3 ´ p1q2 “ ´2p2p1 ´ cos ✓q

M “ g2
„

1

pp3 ´ p1q2 ` 1

pp4 ´ p1q2
⇢

M “ g2
„

1

´2p2p1 ´ cos ✓q ` 1

´2p2p1 ` cos ✓q

⇢

M “ g2

´2p2

„
1

p1 ´ cos ✓q ` 1

p1 ` cos ✓q

⇢

M “ g2

´2p2

„ p1 ` cos ✓q ` p1 ´ cos ✓q
p1 ´ cos ✓qp1 ` cos ✓q

⇢

M “ g2

´2p2

„
2

1 ´ cos

2 ✓

⇢

M “ ´g2

p2
sin

2 ✓



462Differential cross section here

M “ ´g2

p2 sin2 ✓

|pf | “ |pi| “ |p|
E1 “ E2 “ E

|M|2 “ g4

p4 sin4 ✓

d�

d⌦
“ 1

64⇡2

|M |2
pE1 ` E2q2

|pf |
|pi|

Infinite cross section
as θ→0

d�

d⌦
“ 1

64⇡2

g4

p2Eq2p4 sin4 ✓



463We are very close except for one final thing

C

A

A

B

Bp1

p2

p3

p4

q1 C

A

A

B

B
C

A

A

B

B

C

A

A

B

B

C

A

A

B

B

C

A

A

B

B
p1

p2

p3

p4

q1

Here we have two instances of particle B in the 
final state. For every s identical particles, we 
add factor of 1/(s!) to account for this, or else we 
have overcounted the phase space



464The final differential cross section

d�

d⌦
“ 1

2!

1

64⇡2

g4

p2Eq22 ˚ p4 sin4 ✓

d�

d⌦
“ 1

1024⇡2

g4

E2p4 sin4 ✓



465What about beyond leading order

“Self-energy” diagrams

Box diagram Vertex correction 
diagrams

There are many of these. And 
even more at higher order

(From Griffiths)



466The good thing...

Each vertex carries a factor of 
“g” in the matrix element, so g2 
for physical quantities. So 
diagrams with extra vertices 
should be sub-dominant 
corrections, or so we hope



467Griffiths’ suggested diagram to calculate

1. Label your p’s and q’s
2. Vertex factors
3. Propagators
4. Momentum and Energy 

conservation
5. Internal momentum 

integration
6. Cancel delta function 

and add extra ‘i’



468Let’s try this one

1. Label your p’s and q’s
2. Vertex factors
3. Propagators
4. Momentum and Energy 

conservation
5. Internal momentum 

integration
6. Cancel delta function 

and add extra ‘i’

p´igq4



469Let’s try this one

1. Label your p’s and q’s
2. Vertex factors
3. Propagators
4. Momentum and Energy 

conservation
5. Internal momentum 

integration
6. Cancel delta function 

and add extra ‘i’

p´igq4 i

q24 ´ m2
C

i

q22 ´ m2
A

i

q23 ´ m2
B

i

q21 ´ m2
C



470Let’s try this one

1. Label your p’s and q’s
2. Vertex factors
3. Propagators
4. Momentum and Energy 

conservation
5. Internal momentum 

integration
6. Cancel delta function 

and add extra ‘i’

p´igq4

p2⇡q4�4pp2 ` q4 ´ p4qp2⇡q4�4pq2 ` q3 ´ q4qp2⇡q4�4pq1 ´ q2 ´ q3qp2⇡q4�4pp1 ´ q1 ´ p3q

i

q24 ´ m2
C

i

q22 ´ m2
A

i

q23 ´ m2
B

i

q21 ´ m2
C



471Let’s try this one

1. Label your p’s and q’s
2. Vertex factors
3. Propagators
4. Momentum and Energy 

conservation
5. Internal momentum 

integration
6. Cancel delta function 

and add extra ‘i’

p´igq4

p2⇡q4�4pp2 ` q4 ´ p4qp2⇡q4�4pq2 ` q3 ´ q4qp2⇡q4�4pq1 ´ q2 ´ q3qp2⇡q4�4pp1 ´ q1 ´ p3q
d4q1
p2⇡q4

d4q2
p2⇡q4

d4q3
p2⇡q4

d4q4
p2⇡q4

ª
i

q24 ´ m2
C

i

q22 ´ m2
A

i

q23 ´ m2
B

i

q21 ´ m2
C



472Let’s combine / cancel terms

p´igq4

p2⇡q4�4pp2 ` q4 ´ p4qp2⇡q4�4pq2 ` q3 ´ q4qp2⇡q4�4pq1 ´ q2 ´ q3qp2⇡q4�4pp1 ´ q1 ´ p3q
d4q1
p2⇡q4

d4q2
p2⇡q4

d4q3
p2⇡q4

d4q4
p2⇡q4

ª

Now let’s use those delta functions

i

q24 ´ m2
C

i

q22 ´ m2
A

i

q23 ´ m2
B

i

q21 ´ m2
C

g4
ª

1

q24 ´ m2
C

1

q22 ´ m2
A

1

q23 ´ m2
B

1

q21 ´ m2
C

�4pp2 ` q4 ´ p4q�4pq2 ` q3 ´ q4q�4pq1 ´ q2 ´ q3q�4pp1 ´ q1 ´ p3qd4q1d4q2d4q3d4q4



473Delta functions to the rescue

First eliminate q1

Now q4

g4
ª

1

q24 ´ m2
C

1

q22 ´ m2
A

1

q23 ´ m2
B

1

q21 ´ m2
C

�4pp2 ` q4 ´ p4q�4pq2 ` q3 ´ q4q�4pq1 ´ q2 ´ q3q�4pp1 ´ q1 ´ p3qd4q1d4q2d4q3d4q4

g4
ª

1

q24 ´ m2
C

1

q22 ´ m2
A

1

q23 ´ m2
B

1

pp1 ´ p3q2 ´ m2
C

�4pp2 ` q4 ´ p4q�4pq2 ` q3 ´ q4q�4pp1 ´ p3 ´ q2 ´ q3qd4q2d4q3d4q4

g4
ª

1

pp4 ´ p2q2 ´ m2
C

1

q22 ´ m2
A

1

q23 ´ m2
B

1

pp1 ´ p3q2 ´ m2
C

�4pq2 ` q3 ` p2 ´ p4q�4pp1 ´ p3 ´ q2 ´ q3qd4q2d4q3



474Delta functions to the rescue

Now eliminate q2

Rearrange

g4
ª

1

pp4 ´ p2q2 ´ m2
C

1

q22 ´ m2
A

1

q23 ´ m2
B

1

pp1 ´ p3q2 ´ m2
C

�4pq2 ` q3 ` p2 ´ p4q�4pp1 ´ p3 ´ q2 ´ q3qd4q2d4q3

g4
ª

1

pp4 ´ p2q2 ´ m2
C

1

pp1 ´ p3 ´ q3q2 ´ m2
A

1

q23 ´ m2
B

1

pp1 ´ p3q2 ´ m2
C

�4pp1 ´ p3 ´ q3 ` q3 ` p2 ´ p4qd4q3

g4
ª

1

pp4 ´ p2q2 ´ m2
C

1

pp1 ´ p3 ´ q3q2 ´ m2
A

1

q23 ´ m2
B

1

pp1 ´ p3q2 ´ m2
C

�4pp1 ` p2 ´ p3 ´ p4qd4q3



475A bit more rearranging

Delta function implies (p4-p2) = (p1-p3)

g4
ª

1

pp4 ´ p2q2 ´ m2
C

1

pp1 ´ p3 ´ q3q2 ´ m2
A

1

q23 ´ m2
B

1

pp1 ´ p3q2 ´ m2
C

�4pp1 ` p2 ´ p3 ´ p4qd4q3

g4
ª

1

pp1 ´ p3q2 ´ m2
C

1

pp1 ´ p3 ´ q3q2 ´ m2
A

1

q23 ´ m2
B

1

pp1 ´ p3q2 ´ m2
C

�4pp1 ` p2 ´ p3 ´ p4qd4q3

g4
ª ˆ

1

pp1 ´ p3q2 ´ m2
C

˙2 1

pp1 ´ p3 ´ q3q2 ´ m2
A

1

q23 ´ m2
B

�4pp1 ` p2 ´ p3 ´ p4qd4q3



476We just finished step 5

1. Label your p’s and q’s
2. Vertex factors
3. Propagators
4. Momentum and Energy 

conservation
5. Internal momentum 

integration
6. Cancel delta function 

and add extra ‘i’

g4
ª ˆ

1

pp1 ´ p3q2 ´ m2
C

˙2 1

pp1 ´ p3 ´ q3q2 ´ m2
A

1

q23 ´ m2
B

�4pp1 ` p2 ´ p3 ´ p4qd4q3



477Last step

1. Label your p’s and q’s
2. Vertex factors
3. Propagators
4. Momentum and Energy 

conservation
5. Internal momentum 

integration
6. Cancel delta function 

and add extra ‘i’

i
´ g

2⇡

¯4
ˆ

1

pp1 ´ p3q2 ´ m2
C

˙2 ª
1

ppp1 ´ p3 ´ qq2 ´ m2
Aq pq2 ´ m2

Bqd
4q

(2pi)-4 from canceling delta



478Phew

M “ i
´ g

2⇡

¯4
ˆ

1

pp1 ´ p3q2 ´ m2
C

˙2 ª
1

ppp1 ´ p3 ´ qq2 ´ m2
Aq pq2 ´ m2

Bqd
4q

Can try and evaluate that 
ugly integral, but we find 
that it diverges at large 
momentum for internal q!



479How to deal with infinities?!?!

M “ i
´ g

2⇡

¯4
ˆ

1

pp1 ´ p3q2 ´ m2
C

˙2 ª
1

ppp1 ´ p3 ´ qq2 ´ m2
Aq pq2 ´ m2

Bqd
4q

More thorough investigation 
finds that the infinities are 
really just affecting the 
masses of objects and the 
coupling constants - but these 
are measured quantities 
anyway, so we can “use” the 
measured values. Such 
theories are renormalizable



480How to deal with infinities?!?!

M “ i
´ g

2⇡

¯4
ˆ

1

pp1 ´ p3q2 ´ m2
C

˙2 ª
1

ppp1 ´ p3 ´ qq2 ´ m2
Aq pq2 ´ m2

Bqd
4q

We can’t assume that physics 
inside those loops can have 
infinite momentum - there 
must be a “cutoff” at which 
new physics appears (of 
course, this is just a toy 
theory, but the same thing 
happens in real theories!)



481Beyond the infinities

M “ i
´ g

2⇡

¯4
ˆ

1

pp1 ´ p3q2 ´ m2
C

˙2 ª
1

ppp1 ´ p3 ´ qq2 ´ m2
Aq pq2 ´ m2

Bqd
4q

There are modifications to the 
matrix element that are not 
infinite that do provide 
corrections to m and g. 
Implies that there is energy 
dependence to masses and 
couplings! (See running of the 
couplings from earlier in the 
semester)


