On to another subject

What happens if we

return to oscill
but put multip
oscillators in t

ations,
e

ne

system, and we
couple/connect them

together)

In other words, what if
the behavior of one
oscillator affects the
behavior of another?




Recall this example...
O X oL d oL

> 06, — dt 0,

—mglllgéléQ sin(91 — 92) — (m1 + m2)911 sin 01 =

E % [mllfél + mgl%91 T m2515292 cos(6r — ‘92)]
E oL _doc
5 mi 00y dt pp,

mglllgélég sin(6’1 — (92) — mggl2 sin 92 —

d ' :
| mat3hs + malilofy cos(6: — 62)]

0



What we’ll deal with

We solved systems with 1 oscillator, and will work
on systems with 2 or 3 oscillators. If you go into
certain areas of physics (such as condensed
matter), you might have to deal with N objects in a

coupled system, where N is very large (almost
infinite!)

So, not this:

}SO
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Start with a simple coupled case

K1 . ko

W ’
l~ b

If ko = 0 then springs are not coupled to each

other, but with ko can see that if m1 moves to

the right, then this compresses k2 and will push
m2 to the right (for example)



Start with a simple coupled case
Xi defined from equilibrium position
K1 ko

W ’
l~ -

—

Force on m1 = -k1x1-k2(X1-X2) = m4a
Check that this is in the right direction!

Force on mz = -ko(Xx2-X1)-ks(X2) = maaz
Can again check the + and - signs



Rewriting

Xi defined from equilibrium position

mlii'.l — —(kl m

mQCI’}.Q — —(kg m
Matrix form_, Mx =

of Hooke’s B
Law t T {

~
]

- k2$2

—Kx

L1
L2

[lﬁ—l—

- k221 | et's work out this
matrix to make sure

we see that it contains
the same info

ko —ko }

— ko ko + ks



Guessing at the solution (as always)

We are of course interested in x(t) = Re(z(t))



Plugging in our guess

Mx = —Kx

x(t) = Re z(t) = Re {

:| ezwt — Re aezwt

—w’Mae™?t = —Kae™?

(K —w*M)a =0

This again looks a lot like the equations we
got one for a single oscillator. Can have
a = 0, which is a trivial solution of no
motion. Or else...



Solving such matrix equations (generically)

x 0
Al %= o]
— ax1 + bxrs =0,cx1 +dxryg =0
ro = —(c/d)xq
ari + b(—c/d)x1 =0

x1=0o0orad —bc=0

det () = |Q| means ad — bc




And for 3 dimensions? Gets a big uglier...

— axq1 + bro 4+ cxz =0,
dx1 + exs + fx3 =0
gr1 + hxg +ixs =0

(de/ f)xy + (ec/ f)xg + cxs =0
(di/f)xy + (ei/ f)xg +ixs =0
(a —dc/f)z1+ (b—ec/f)xa =0
(g —di/f)z1+ (h—ei/flza =0
(af —dc)xy + (bf —ec)xy =0
(9f —di)x1 + (hf —ei)xza =0
x1 = x2(ec — bf)/(af — de)
z2(gf — di)(ec = bf)/(af —dc) + (hf — et)z2 =0
(9f — di)(ec — bf) + (hf — ei)(af — de) = 0
a(hf? —eif) +b(dif — gf?) + clgef — die) + d(eic — hfc) =0
a(hf? — eif) + b(dif — gf?) + clgef — hfd) =0
a(hf —ei)+b(di — gf) + c(ge — hd) =0
a(ei — fh) —b(di — fh) + c(dh — ge) =0



Back to our guess

Mx = —Kx

x(t) = Re z(t) = Re {

:| ezwt — Re aezwt

—w’Mae™?t = —Kae™?

(K — w?Ma = 0 «— Eigenvalue

equation

K — w*M| =0

m1 0 K — kl + k2 —kQ
— ks ko + k3



Let’'s simplify things

K — w*M| =0

o m1 0 . k1—|—k2 —kQ
M_{ 0 mg}K_{ —kz k2—|—]€3]

As Taylor does, assume m1 = mg, k1 = k2 = k3

m 0 2k —k
N



Let’'s simplify things

G KR L Ry

—k 2k

2%k — mw? —k
—k 2k — mw?

(2k —mw?)? —k*=0
m2w* — 4kmw? + 3k* =0
,  4km 4+ /16k2m?2 — 12m?2k?2
W —
2m? Normal
= (k/m)(2 £ 1)/Frequencies

0 m

=0

Two purely sinuisoidal frequencies possible. One
Is standard sqrt(k/m), other is sqrt(3k/m)



But recall...

. - al(t) iwt __ iwt
x(t) = Re z(t) = Re { 0 (1) }e = Re ae
Let’s plug in our first normal frequency,
w=sqgrt(k/m), and find the first normal mode
(K — w*M)ae™! = 0

k—k%
-k k

()
a1 —as =0,a1 =ag = Ae™ %0

2(t) = ( ﬁ )eiw_é)
x(t) = Re z(t) = ( 2 ) = ( ﬁigzgﬁig )

KwQM[



The first normal mode

So in first normal mode (K — o Mac™! = 0
both blocks move

together, as if ko = 0,
with frequency [ ~F ] ( a )
w=sqgrt(k/m)

K — w’M = [_k _kk]%

a1 — a9 =0,a1 = as = Ae %0

2(t) = ( 4 )eiw—a)
<) =reat) = (71) = (G35 )



The first normal mode
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The second normal mode

So in second normal (K - w’M)ae™" =0
mode both blocks K - M — [ :’; :Z ] .
move in opposite e

direction, [ ok ] ( )
with frequency Gty = 0.0y = —ay = Ae—i

w=sqrt(3k/m), ie out 2(t) = ( _AA )e%wt—@

of phase
x(t) = Re z(t) = ( o ) = ( _AAcﬁiéfit_—% )



K

0.5

0

-0.5)
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The generic solution

with w1=sqgrt(k/m), w2=sqgrt(3k/m)

x(t) = O B Aj cos(wit — 61) + Ag cos(wat — d2)
-\ xzo /] \ —Ajcos(wit — 1) — Ag cos(wat — d2)

Note: Two second order differential
equations, so four unknown constants!



Normal coordinates

A not-so-nice feature of our coordinate
system is that in both normal modes, x:
and x2 do not vary independently. Would be
nice to have coordinates where that is
true...




Normal coordinates

Introduce:
Gt) = 5 (1) + (1)
Galt) = g (1) — w2 (1)




In first normal mode

We then have:

Ci(t) = %(l’l(t) + x2(t)) = Ay cos(wit — 1)
Ca(t) = %(:cl(t) —x9(t)) =0




In second normal

We get:
C1(t) = %(fl(t) + x2(t)) =0

Galt) = 5 (x1(1) — a(t)) = Ag cos(nt — b2)




Let's do some problems together

Taylor 11.2, 11.4



Two weakly coupled oscillators

o[ 28

0O m —ko k+ ko
mi1=m | kA ke —mw? — ko
T—=RI— K, K —Muw?|=0—= (k+ky —mw?)? —ks=0
Ko << K m2wt — 2k + ko)mw® + k2 + % + 22+ 2eky — k2 = 0
m2w* — 2(k + ko)mw? 4+ k? + 2kko = 0
Check that o 2k I) & /AT ) — A2 (2 + 2Fhy)
. o 2m2
we get rlght 2 k+ ko N VAm?2k3 + 8m2kky — 8m2kks
answer if = T m 2m?
ke = k Bl




Now let’s use the weakly coupled assumption

ki =ks=Kk, ke <<k so oy — k + 2ko
w1=sqgrt(k/m)~w1~w2 m
W1 1+ W2
Wo —
2



Now the normal modes

6’i(w0—€)t _I_ 02 1 ei(w0—|—€)t

| . | . .
Z(t) _ {Cl 1 e—zet 14 02 ezet} ezwot

Term in {} varies very very slowly with time
since € is small. Only changes z(t) over
long periods of time



Now the normal modes

Just one

—Cy=A
choice, but — - ¢ C:i.et /it Is this clear/
an interesting z(t):{A/2[ _zet+e ]} ! obvious to

one o5l all?
zwot
Z(t) —q¢ s1n €t

z1(t) = Re z1(t) = Re (Acos et cos wot + Ai cos et sin wot) = A cos €t cos wyt

75(t) = Re 25(t) = Re (—Aisin et coswyt — Ai” sin et sinwgt) = A sin et sin wyt



Examining the solution

x1(t) = A cos €t cos wyt
xo(t) = Asin et sin wyt
t1(t) = —Aesin et cos wgt — Awg cos et sin wyt

To(t) = Aecosetsinwgt + Awg sin et cos wot

What does our solution look like at t=07?



Examining the solution
A=1, epsilon =0.01, omega_0 =1

K-
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t

Beat patterns
due to
iInterference
(constructive and
destructive)
between the
modes! At any
given time, one
interference is
constructive, the
other destructive



Examining the solution
A=1, epsilon =0.01, omega_0 =1

Al
x
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Let’s rewrite our solutions again

x1(t) = A cos et cos wyt
ro(t) = Asin et sin wpt
z1(t) + x2(t)

Ci(t) = 5 = A /2 (cos €t cos wot + sin et sin wyt)
t) — t
G2(t) = 71(t) 5 z2(1) = A/2 (cos €t cos wot — sin et sin wyt)
A
(1(t) = 5 cos(wot — €t) = 5 cos w1t

A A
CQ (t) — 5 COS((,UQt + Et) — 5 COS wat

It's the normal modes that oscillate with
equal amplitude / simpler motion!



To the Lagrangian formalism

No clear
advantage here
but for other problems
this Is much easier

ma . mo . k1 ko ks
2$% 2$% 7%—5(@—%1)2—33
oL
O = —kix1 + ko(x2 — 271)
oL
8—x2 = —k3x2 — kz(ﬂﬁz - 961)
8_£ = mix
or, !
oL .
— = MeX
O a2
d 0L .
%6_331 =MmM1xr1 = —k:lxl + kQ(ZEQ — 261)
d 0L .
= Mmalo = —ksxy — ka(z2 — x1)

dt 922
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Finally moving back to this (a recap)

1 : . 1 : :
O X £=T-U=gm(+u)+ 5malds +5) — migyr — magys
> x1 =l1sinfy,y; =11 (1 — cosbq)

To = X1 + losinfy = [{sin 6y + > sin O
Yo = y1 + la(1 —cosfz) = 11(1 — cosBy) + lo(1 — cos bs)

Jfl = ll COS 9191

?J1 = ll sin (919.1

. 9 . 92 :
r1~ + Y1 ZZ%Q%

0

Lo = l1 COS 9191 + 5 cos 9292
Yo = [1 sin 9191 + [5 sin 9292
15?4 1jo? = l%@% + lg@% + 2l1129192(cos 61 cos 5 + sin 6y sin 6)
2o 4 1jo% = 126% + 1262 + 214150165 cos(01 — 0y)

Makes sense that second
mass velocity has factor
related to angular difference



This does not have a nice, analytical solution

1 : : 1 : .
O X) L=T-U-= §m1(x% + y%) + §m2(x§ + y%) — mMi1gyr — M2gy2
1 : 1 : : .
L= §mll%9% + 5ms (l%&% + 1503 + 201156165 cos(6; — 92))

—m1gly(1 —cosB1) —mog (I1(1 — cosBy) + l2(1 — cosbs))

w_dec
M1 001 dt 891

—mglllgélég Sin(¢91 — (92) — (m1 + mg)gll sin (91 =
— [mll%91 + mgl%91 + molqls05 COS(91 — (92)]

dt
e _doc
005 ot @6’2
mglllgélég Sin(91 — (92) — mgglg sin 92 —
d

|t + motalofy cos(6y — 6)

0



Let’s see if small angles have an analytical solution

1 : . 1 : .
L=T-U=gm(@ +9i) + 5ma(33 + 43) — magys — magys
1 1 . . .
L = §m1l%9% + §m2 (Z%H% + lgeg + 2[1129192 COS((91 — 92))

—mqgli(1 —cos 1) —mog (I1 (1 — cosby) + I2(1 — cos b))

1
COS((91 — (92)9.19.2

T

Two small numbers
multiplied by a number
close to 1. Approximate the
cosine by 1

0



Let’s see if small angles have an analytical solution

O x

0

1 : : 1 : .
> —-T U = iml(x% +97) + =ma(23 + U5) — migyr — migys

2
1 _ 1 . . oo
£ = Sml307 4 Smo (1567 + 1303 + 2011500 cos(0) — 0))

—m1 gl (1 — cosy) —mog (I1(1 — cosBy) + l5(1 — cos b))

l1
cos(0) ~ 1 —67/2

T

Approximate with this
Taylor expansion (not
multiplied by other small
numbers so we shouldn’t
use just “17)



Our new Lagrangian

1 : 1 : : ..
(.) X c~ Smali6} + Smo (z%e% 11262 1 211120192)
: Lo 0 -1+ a1
: (1— '+'?§) —mag (1 -1+ ?f) +1h(1—1+ ?f)
: Can drop constants from
E Lagrangian ...
: M1
y=0..®....
|2 L~ %mﬂ%é’% + %mg (l%@% -+ l%@g -+ 2[112(9.16.)2)

0>

02 02 02
_ [ L _ [ 2L 17,22
m1g12 mgg<12+22>



Equations with simplified Lagrangian

1 . 1 . . o

O X L~ §m1l%9% + §m2 (l%@% + l2(92 + 2[1[29192)

: > (92 (92 92

E —’m1951? — Mmag (112 + 122>

: oL

: 8(91 (ml + m2)91191

5 oL

: m+ 0, —magla0s

' oL

0

87 = (m1 + mg)l%6’1 + mzlllgég
1

6—9.2 = mglgeg + molila0,
(m1 + mg)lfﬁl + molilaly = —(m1 + mg)gh@l

mglggg + mglllgéi = —m291292
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Our coupled equations

O X) (m1 + mg)l%91 + m2l1l2(9"2 = —(m1 + mg)gllé’l

m2l§92 + m2l1l2(9"1 = —nglgﬁg

Can write in new form analogous
to coupled springs:

M1 Mo = —K6

0

E M — (m1 -+ mz)l% m211l2 |
E mzlllg mgl% |
K _ (m1 + ma)gly 0 |
: 0 magla |




Yet again, we guess a solution

: M — (m1 + mg)l% mglllg

: m2l1l2 mzl% |
E K — (m1 + mg)gll 0 ]
: M1 0 magls

0



S0 we once again look to solve

O X K — w?M]| =0

Following Taylor, let's simplify
things to make life easier, and
assumem=m1=mg, =11 =1

)" Wo =1/g/L

0



Plugging in the determinant

2 2 2
O X K—wZM:mZQ[ 26{)0 2w W , ]

—w? Wi — w

>

K —w’M| =0 = (2w5 — 2w?)(wj —w?) —w* =0
2wy — 2wiw? — 2wiw? + 2wt —w* =0
w + w?(—4ws) + 2wy = 0

M- L2 dwg + /16wi — 4(2)(w§)
B )

w? = 2wk + V2uwE = Wi (2 +V2)
wi = wh (2 —V2),ws = wi(2 + V2)

0



Looking for the first normal mode

O X (K — wiM)ae™! =0
2w2 —2(2 —V2)wZ  —(2—V2)w? ]
—2-V2w§ Wi (2-V2)wp
W2 -2 2442
-24+v2 V2-1 ]

mi (K—wa)(Zi)zO
(2v2 — 2)a; + az(—2+v2) =0
2v/2 — 2
a2 = 2_\@@1
_ (2vV2-2)(2+V?2)
T e-vae+ve)
_4ﬂ+4—4—2ﬂa1

2
as = \@&1

K—w%M:mF[

K — w?M = ml*w] [

0

az



Looking for the first normal mode

0

> 0(t) = [ 01 t% ] = Re z(t) = Re ae™*' = Re [ \/%1611 ]eiwli

ai (t) = Al 6_i51

0(t) = A; Re e™ ™1 [ \}5 ] 't

m- 0(t) = Ay cos(wit — 6) [ ;5 ]

In first normal mode, both
pendulums oscillate in
phase, with second
pendulum having
amplitude sqrt(2) of the
first one

0>



Looking for the second normal mode

O X (K — wsM)ae™t = 0

2w2 — 2(2 + V2)w? —(2 + V2)w? ]
—(2+V2)wg Wi~ 2+ V2)wp

K—wgmzmﬂ[

K—w%M=ml2w(Q)[ 2-4-2v2 242 ]

: —2-+2 1-2-+2
: K—wiM =it | 7R TR VE
: m1 |
: K—wgl\/[(ad)ew?t:()—)

a2

0

(=2 —2v2)a; — (2 ++2)az =0
—2 —2¢/2

2+ /2 “

. _(—2—2\@)(2—\@)a

TE+VR-v2)

_ A+ 2V2-4v2 44

2
as = —V/2a,

as =

as 1



Looking for the second normal mode

0(t) = [ g;gg ] = Re z(t) = Re ae™®?! = Re [ _\C/%al ]ewzt

ai (t) = A2 6_7;62

0(t) = Ay Re ™92 1 etwat
—V2

m- 0(t) = Ay cos(wat — 65) [ _1& ]

0

In second normal mode,
both pendulums oscillate
out of phase, with second
pendulum having
amplitude sqrt(2) of the
first one



And as before

O(t) = Ay cos(wit —d1) [ \% ] + As cos(wat — 6) [ _1@ ]

0

Generic solution is any
arbitrary linear combination
of the two solutions



On to another system

Three equal mass
attached via pendulums
of equal length,
connected via two
springs of the same
spring constant. What is
the motion?

We will begin already knowing that we have to
make small-angle approximations to find a
solution



Three coupled pendulums

As before, expand
cos(x) small ~1-x2/2

L=T-U
mL? :
= — (07 + 05 + ;)

Ugrav = mgL [(1 —cosf1) + (1 —cosfz) + (1 — cosbs)]




Three coupled pendulums

What about the spring
PES?



Three coupled pendulums

To first order, pendulums
don’'t move in y direction,
only x direction, and
change is | sin(B) ~

8. So ...
k 2 2
Usp’ring ~ 5((332 — 331) + (333 — $2) )
k
Uspm'ng ~ 5(([482 — Lel)2 T (L93 — L92)2)
kL?

Uspring ~ T(0% + 205 + 05 — 20105 — 20,503)



Putting it together

L=T— Ugrcw — Uspm'ng —

L2 0 o .o kL2 L
T2 62 462 1 62) - T(9% 42602 4+ 02 — 20,05 — 20505) — %(9% + 62 +62)




The equations

mL?
2

[ —

. . : k1?2
(67 + 03 + 63) — =~ (07 + 203 + 03 — 2010, — 20203) -
oL = —kL?0, + kL*05 — mglh,
064
oL 2 2 2
= —2kL%05 + kL?01 + kL?05 — mglls
2
oL = —kL?05 + kL?*05 — mglhs
005
% = mL26’1
00
8—‘,6 = mL26’2
065
8£ = mLQég

005

mgL

(63 + 65 + 63)



The equations
mL%0; = —kL?0, + kL?05 — mglh,
mL?0y = —2kL%05 + kL?6, + kL?*05 — mglfs
mL%0s = —kL?05 + kL?05 — mglfs

M6 = —K6
1 0 0 kL? + mgL —kL? 0
M=mL?’| 0 1 0| ,K= —kL? 2kL? + mgL —kL?
0 0 1 0 —kL? kL? + mgL
k + mw? —k 0
K = L? —k 2k + mw? —k wy = g/L
—k k 4+ mw?

As usual, we look for the
same oscillatory motion,
and thus the same sort of
solution to the eigenvalue
equation




Determinant of 3x3 matrix

k + mwi — mw? —k 0
‘K—wQM‘ = L? —k 2k + mwi — mw? —k =0
0 —k k 4+ mw3 — mw?
(k + mwi — mw?) ((2k + mwg — mw?)(k + mwi — mw?) — k*) — (=k)(—=k(k + mwi — mw?)) =0

(k + mwi — mw?) ((2k + mwi — mw?)(k + mwi — mw?) — k* — k) =0

One solution:

k+mwi —mw” =0 — w? =w; +k/m




Finding other eigenvalues
© — mw?) —2k? =0

(2k + mwi — mw?) (k + mwj
2 2 4

wh(m?) + w?(—mk — m?wi — 2km — m2w}) + (2kmw; + kmwi + m?ws) = 0

m2w* + w?(=3km — 2m2w3) + (3kmw? + m?wy) = 0

2 3km + 2m2w2 £ \/(=3km — 2m2w?2)? — 4m?2(3kmw? + m2wy)
2m?
2 3km + 2m2w2 £ \/9k2m?2 + 4m2w3 + 12km3w? — 12km3w? — dmiw;
2m?
3k + 3k
2 _ 9
w oon) + 2
2 2
1T %0 From
W2 — o2 4 £ before
2 7/ %0
™m
3k
2 2

m




Finding the eigenvectors (first)

K-wiM|a=L"| -k 2k -k az | =0

kal—kCLQ:O%Cleag
—]{‘ag—l—kagz()%ag:&g:al
First eigenvector: all pendulums

oscillate in unison. Physical

Interpretation?

2 _ 2
wi = Wy

k
2 2
Wo = W —
2 O—I_m
3k
2: 2 —_—
3 w0+m



Finding the eigenvectors (second)

K-wM|a=L"| -k k —k az | =0
0 —k 0 as
—kas =0 —>a, =0

—kal -+ kag — kag =0— a1 = —ajg
Second eigenvector: middle pendulum at
rest, outer ones oscillate out of phase.

Physical interpretation?

wi = wi
k
w%:w§+—
m

3k
W:%:WgﬂLE




Finding the eigenvectors (third)

0 —k =2k as
—2kay — kas =0 — a1 = —ag /2
—ka; — kas — kas =0
—kas — 2kaz =0 — a3 = —ag /2
— a1 = a3z = —az/2

hird eigenvector: middle pendulum out
of phase with outer ones, with twice the

amplitude

2 _ 2
wi = Wy

—2k —k 0 an
K-wM]a=L*| -k -k —k az | =0

k
2 2
m

3k
W:%:WgﬂLE




And as always

O(t) = Ay cos(wit — d1) [

1
1
1

1
+ As cos(wat — 03) [ 0
—1

+ As cos(wst — 03) [

Generic solution is any
arbitrary linear combination
of the three solutions

wi = W
k
w%:w§+—
m
3k
w§:w§+—
m

1
—2
1

|



Let's do one more problem together if there’s time

Taylor 11.19



Homework, due in 1 week, as usual

Another computational
problem - let’s look at it now



