
NIU PHYS 500, Fall 2006 Classical Mechanics Assignment HW6

Assignment: HW6 [40 points]

Assigned: 2006/11/10
Due: 2006/11/17

P6.1 [4 + 3 + 3 = 10 points]
Consider a particle of mass m moving in two dimensions in a potential
well. Let us choose the origin of our coordinate system at the minimum
of this well. The well would be termed isotropic if the potential did not
depend on the polar angle.

(a) First, consider the anisotropic potential in a given Cartesian coordi-
nate system:

V (x1, x2) =
k

2
(x2

1
+ x2

2
) + k′x1x2; k > k′ > 0. (1)

Find the eigenfrequencies and normal modes, preferably by reason-
ing rather than brute-force matrix diagonalization. Give a physical
interpretation of the normal modes.

(b) Use a qualitative physics-based argument to write down two indepen-
dent constants of the motion. Verify your choice using the Poisson
bracket equation

u̇ = {u, H}
PB

+
∂u

∂t
, (2)

where u = u(q, p, t) and H is the Hamiltonian.

(c) The oscillator becomes isotropic if k′ = 0. Again use a qualita-
tive physics-based argument to write down an additional indepen-
dent constant of motion if k′ = 0, and verify your choice with the PB
equation above.

P6.2 [5 + 1 + 2 = 8 points]

(a) Verify the Poisson bracket equation

{Li, Lj} = εijkLk (3)

among the Cartesian components of angular momentum of a spherical
pendulum of mass m in a gravitaional field of acceleration ~g pointing
opposite to the pole. εijk represents the Levi-Civita tensor1.
Hint: Start with expressing the Lagrangian in spherical coordinates:

L = L(θ, φ, θ̇, φ̇).

(b) Likewise, verify
{pθ, pφ} = 0 (4)

for the spherical pendulum.

1In 3 dimensions, the (antisymmetric) Levi-Civita tensor is defined as ε123 = ε231 =
ε312 = 1, ε132 = ε213 = ε321 = −1, all other εijk = 0. In n dimensions ε123...n and its even
permutations (i.e., even number of swapping of adjacent indices) are 1, odd permutations −1,
all others 0.
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(c) The mathematical machinery of Poisson brackets evidently tells us
that some perpendicular momentum components are valid canonical
momenta (e.g., pθ and pφ), while others are not (e.g., the Carte-
sian components of angular momentum above). Explain the physics
behind this.

P6.3 [2 + 5 + 2 + 1 = 10 points]
Consider a system with a time-dependent Hamiltonian

H(q, p, t) = H0(q, p) − εq sin (ωt), (5)

where ε and ω are known constants and
∂H0

∂t
= 0.

(a) Derive Hamilton’s canonical equations of motion for the system.

(b) Use a canonical transformation generating function G(q, P, t) to find
a new Hamiltonian H ′ and new canonical variables Q, P such that
H ′(Q, P ) = H0(q, p).
Hint: The partial differential equations do not tell us how q and P are

related in the generating function. We can take an educated guess

though. G = qP − εq

ω
cos (ωt) works.

(c) Verify that Hamilton’s canonical equations of motion are invariant
under the transformation.

(d) Suggest a possible physical interpretation of the time-dependent term
in H .

P6.4 [4 points]
Show that canonical transformations leave the physical dimension of the
product piqi unchanged, i.e., [PiQi] = [piqi]. Let Φ be the generating
functin for a canonical transformation. Show that

[PiQi] = [piqi] = [Φ] = [Ht], (6)

where H is the Hamiltonian and t the time.

P6.5 [4 + 4 = 8 points]

The Hamiltonian H =
p2

2m
+

mω2q2

2
describes a simple harmonic oscillator

of mass m and frequency ω. Introducing the transformation

x1 ≡ ω
√

mq, x2 ≡ p√
m

, τ ≡ ωt, (7)

we obtain H = 1

2
(x2

1
+ x2

2
).

(a) What is the generating function Φ̂1(x1, y1) for the canonical transfor-
mation {x1, x2} → {y1, y2} that corresponds to the function Φ(q, Q) =
mωq2

2
cotQ?

(b) Calculate the matrix Mij ≡ ∂xi

∂yj

and confirm that detM = 1 and

M
T εM = ε (ε is the antisymmetric matrix used in the lectures to put

the coordinates qi and momenta pi in a single array wµ).

Hint: y1 = Q, y2 = ωP , where Q and P are the new generalized coordi-

nates and momenta, respectively.
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