NIU PHYS 500, Fall 2006 Classical Mechanics Solutions for HW1

Assignment: HW1 [40 points]

Assigned: 2006,/09/20
Due: 2006/09/27

P1.1 [10 points]
Show that the Galilei transformations g(R (¢, i), w,a, s),

r g r=Rr+wt+a

—~
[
~

t t'=M+s
with det R = +1, A = +1, form a group.!
S1.1 Consider the composition of two successive transformations,

ro JRCEN r; = ROVrg + w0 4 0.1
—

to t1 =to + 5
and
r, gh2) ro = RO2p; + w2 4 a(12)
— : (3)
t1 ty =ty + s

Writing the transformation from rg to ry in the same way,

Ig

g©2) ro = ROy + w02 4 5(0.2)
—

to to =tg + 5(0’2)

we read off the following relations

R(02 = ROLAROD),

w02 = RO2Dw(O1) 4 (1.2) -
a2 = R12a00) 4 501)w(1,2) | 4(12)

502 = 4(1,2) 4 ((0,1)

We can now see how these transformations form a group by verifying that
they satisfy the four group axioms:

1. There is an operation defining the composition of two Galilei trans-
formations

g0 g1:2) — 4(0.2) (6)
as we have explicitly worked out in Eq. 5.

2. The composition is an associative operation: g3(g291) = (93g2)91-
This is so because both addition and matrix multiplication have this

property.

IThis is the proper, orthochronous Galilei group GT+4.
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3. There exists a unit element e = ¢g(1,0,0,0), which satisfies the con-
dititon g;e = eg; = g; for all g; € GE_4.

4. For every g € GE_4, there is an inverse transformation g—! such that
g9t =g lg=-ec. If g= g(R,w,a,s), then it can be seen easily from
Eq. 5 that g7 = g(R”, -RTw, sRTw — RTa, —s).

P1.2 [2+ 4+ 4 =10 points]
A particle of mass m moves without friction along a symmetrical planar
curve s = s(f) whose axis of symmetry is parallel to a uniform gravita-
tional field of acceleration g. s is the displacement in arc length from the
center, and 6 in angle from the horizontal, as shown in Fig. 1.2.

Figure 1.2

If the particle starts from rest at s = sg and executes simple harmonic
oscillations with frequency w,

(a) Derive the expression for s(t).
(b) Relate s(t) to 0(t) and comment on the resultant motion.

(c) From the explicit solution, calculate the force of constraint and the
total force acting on the particle.
S1.2 (a) The equation for the simple harmonic motion is
§+wis=0. (7)
The solution that satisfies the given initial condition $(0) = 0 is
s(t) = s(0) cos (wt) = s cos (wt) (8)
(b) The Lagrangian function is
L(s,8) = %sQ —U(s), (9)
where the potential energy U is given by
U =mgy =mg /S sin Ods. (10)
0

Thus, the Euler-Lagrange equation is

§+gsinf =0. (11)
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Inserting the above expression for s(t), we obtain

sow? cos (wt) = gsin6, (12)
or,
0(t) = sin~ ! (X cos (wt)), (13)
where
W2
A=sp— < 1. (14)
g

The angular velocity is

0t) —Aw sin (wt) . (15)

1 — A2 cos?(wt)

In the limit A — 1, 6 goes to zero and 6 goes to w, except for wt = nm,
where they are singular.
(c) The force of constraint is the one perpendicular to the trajectory. It
is
—sinf
Fc(0) = mgcosf (16)
cos

The total force is then

F = F,+Fc(h)

o $)em( ) o

= —mgsinﬁ( —cost )

sin 6

P1.3 [5+ 5 = 10 points]
Consider the equations (no sum over «)

Fo +Wire =0, a=1,2,...,n, (18)

k
where w? = ==, k, # kg for a # (3. In the absence of constraints
this system can be thought of either as m uncoupled 1-D oscillators or
as an anisotropic oscillator with n degrees of freedom, each with its own
frequency w,. Take the second view.

(a) Find the constraint force C(z, &) that will keep this oscillator on the

sphere S”~! of radius 1, in the Euclidean space E™, whose equation
n

is [x|? = Z x2 = 1. Here x is the vector with components z,, in E™.
a=1

Assume that C is normal to S"~! (i.e., parallel to x). Write down

the equations of motion for the constrained oscillator.

(b) Show that the n functions

. . 2
2 (Tads — Tas)
Fy =a, + E T (19)
B#a o« 7B

are constants of the motion.
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S1.3 (a) Since C is parallel to x, we may write C(x, %) = mf(z, )x, where f
is a scalar function. Then the equations of motion are

Fo +wire = f(2,8)20 (no sum over a). (20)

Multiplying both sides by z, and summing over «,

Z(xama—kw x flx, @ Za: (21)

(e

But

dt2 Zx = 2Zxaxa +2 Zx dt2 =0, (22)
> waia=—Y il (23)

So, the scalar function is

fla,d) =) (wawl - i3) (24)

@

or,

and the constraint force itself is

=mx Z(wia:i —i2). (25)

The equations of motion become
Fo F Wit = T4 Z(w%x% — x%) (no sum over «). (26)
B

The equations of motion are nonlinear, which makes the problem
nontrivial.

(b)

dF,, i+ Z Q(xgia — :Eai'rg)(frgfta + :Eg:fa — iaiﬁg — igxa)

2 _ 2
dt ol wg —wj
25(f —wi)ta = zalf —whzs .
=2T0d0 +2) e w‘; B2 (pia — Tais)
Bo B
=2T,%q — 2 Z TaZp(Tata — Talp)
o
=2oda + 227, Y wpip — 2Wada Y o
g fa
= 2t + 202 (—Taa) — 2Tada(l — 22)

=0.
(27)

To get the second line, use the equations of motion. To get the last
line, use the constraint equation.
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P1.4 [3+4+ 3 =10 points]

A bead of mass m slides without friction in a uniform gravitational field
of acceleration g on a vertical circular hoop of radius R. The hoop is
constrained to rotate at a fixed angular velocity 2 about its vertical diam-
eter. Take the center of the hoop as the pole (origin) of a spherical polar
coordinate system in which r = {r, 0, ¢} represents the radius vector of
the bead, with # = 0 along the direction of gravity.

(a) Write down the Lagrangian L(6, ).

(b) Find how the equilibrium values of 6 depend on 2. Which are stable

and which are unstable?

(c) Find the frequencies of small vibrations about the stable equilibrium
positions (hint: use the first term in a Taylor series expansion). What

happens when = 4 /% ?

S1.4 (a) The constraint equations in spherical polar coordinates are
r=R (28)
and
b=, (29)

where ¢ is the azimuth angle, but we do not use them explicitly. The
Lagrangian is

L= %(RQG'Q + R2025in%0) + mgR cos . (30)

The first term is the kinetic energy T" and the second is the negative
T
potential —V relative to 0 = 5 In T the first term comes from the

motion along the hoop, and the second from the rotation of the hoop.
The constraints are built into 7', for the r is constrained to be R, 7
is constrained to be zero (it does not appear), and ¢ is constrained
to be €. This is a system with one degree of freedom.

(b) Lagrange’s equation (after dividing both sides by mR?) is
0 = Q%sinf cosd — %sinQEF(G). (31)
Equilibrium occurs where 6= 0, i.e., at # = 0, 7, and 6y where

0y = cos™! (%) (32)

is defined only if Q > N/%' As Q approaches zero, it merges with

the equilibrium point at # = 0 when ) = 9 As ) increases,

I
0

0o approaches 5 To understand the stability, think of F(#) as the

magnitude of a force, the negative derivative of a potential. To see

whether that potential is at a minimum or a maximum at equilibrium,

take the second derivative of the potential, namely, % It is found
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that Ay is stable for 0 < 6y < g, i.e., all allowed values of 5. The

equilibrium point at § = 0 is stable for ) < 1/% and unstable

otherwise. The equilibrium point at § = Tis always unstable. Thus,

0 = 0 is the only stable equilibrium at 2 = 0. It remains so as 2
increases to % at which point § = 0 becomes unstable, but two

1 g

RO2’
these two points approach cosfy = 0, i.e., the horizontal plane, from
opposite directions.

new stable equilibria appear at fy = £ cos™ As Q) increases,

(c) For Q > ,/%, the first term in a Taylor series expansion about 6

yields
A = Q2 (sin? 0y — cos? Oy) — % sin” 0y
= —A0O? cos? b, (33)

=m(L-92>A9
= r22 ) =
g

so the (circular) frequency of small vibrations is {2 sin 6. For Q < 4/ T

a Taylor series expansion about 6 = 0 yields

j 9 2
9:—(——9)& 34
" (34)

so the (circular) frequency is /% — 02
For Q) = %, the first (or the linear) term in a Taylor series ex-

pansion about the stable equilibrium vanishes, so in this case the
vibration is not harmonic.



