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Abstract

The global theory of generating functions of canonical transformations
is developed. Utilizing methods of symplectic geometry, we present the
geometrical interpretation of the various objects appearing in the theory,
that allows to de�ne in�nitely many types of generators, some of which
can be de�ned globally. Some interesting transformation properties are
derived. Use of generators in applications in applied mathematics (sym-
plectic numerical integration) and physics (nonlinear beam dynamics) are
outlined.

1 Introduction

Generating functions of canonical transformations are ubiquitous in classical
mechanics [1]. Their use ranges from solving analytically mechanical systems
to perturbation methods. More recently, generating functions have been used
in geometrical integration, namely symplectic numerical integration [2]. Also,
a related topic is the so-called symplecti�cation of maps, that is the symplec-
tic approximation of the truncated Taylor series approximation of Hamiltonian
symplectic maps [3]. Our interest in extending the theory of generating func-
tions, with an eye to their use in numerical calculations, arose from trying to
formulate an optimal theory of symplecti�cation [4]. This theory of optimal
symplecti�cation allows fast and accurate simulation of the long-term nonlin-
ear dynamics of Hamiltonian systems, especially of charged particles in particle
accelerators. It was realized that the most general way in applying the gen-
erating function theory to Hamiltonian dynamical systems is to transform the
problem into a problem in symplectic geometry, solve the problem there, and
apply back the results in applied mathematics and physics. Since the main mo-
tivation came from studying the nonlinear charged particle beam dynamics in
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accelerators, which are weakly nonlinear Hamiltonian systems, locally around
�xed points, a local theory of generating functions has been developed in [5]. In
this paper we develop the global theory of extended generating functions using
geometrical methods, and in the process we answer some questions left unan-
swered in the local theory. The use of the generating functions in numerical
calculations is outlined.
In the standard literature, traditionally only the 4 Goldstein type of gen-

erating functions are well known [1]. However, it is easy to show that, for
example, the identity transformation cannot be generated by the type 1 and
4 generating functions. On the other hand, this set can be easily extended
to 2n, or 4n, generating functions. It can be showed that for any symplec-
tic map, at least one generating function from this set exists locally [6]. The
common factor for this set is that they all depend on mixed coordinates, more
speci�cally on n initial coordinates and momenta, and n �nal coordinates and
momenta. The �rst sign that in fact there are even more generating function
types dates back to Poincaré, who used a di¤erent type of generating function,
which not only is a mixed variable function in the sense discussed above, but
also mixes (linearly) initial and �nal conditions in all the 2n variables [7]. Later
this generating function reappeared in the symplectic geometry literature [8]
and numerical integration literature [9], where also a unifying approach to the
theory of generating functions has been presented, from which it resulted that
there are in�nitely many generating functions. In the following sections we will
show in what sense a function generates a canonical transformation locally and
globally, what is the freedom in choosing types of generators, how to compute
them, and how they transform under various operations on the symplectic maps
and the di¤erent types of generators. We conclude with a brief summary.

2 The Global Theory

The local theory developed in [5] is su¢ cient for weakly nonlinear Hamiltonian
systems. However, in the general case there are important aspects that the
local theory does not answer. For example, how can the theory be extended
to symplectic manifolds? Is there a geometric interpretation of the generating
function? Is there a more general de�nition that provides even more generator
types than those provided by the local theory? Finally, what can be said about
the domain of de�nition of the generators? Can a global generating function be
de�ned for any symplectic map? In this section we answer these questions.
The local theory shows that around any point local generators can be found.

The question is whether the various local generators can be glued smoothly to
form a global generator. However, the existence of the appropriate nonlinear
conformal symplectic maps is not a priori obvious. Moreover, even if a global
generator exists for a given symplectic map, does the same type of generator
exist globally for other symplectic maps? The solution of these questions re-
quires the �geometrization�of the problem, that is, reformulation of the problem
into a problem in symplectic geometry. We begin with a brief introduction to
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symplectic geometry, more details can be found in [10, 11].

2.1 Fundamentals of Symplectic Geometry

Symplectic geometry is the natural mathematical language of classical mechan-
ics, speci�cally Hamiltonian dynamics, as any variational principle can be given
a symplectic interpretation. To begin, some fundamental concepts are intro-
duced. Let P be a smooth manifold, and ! a di¤erential 2-form de�ned on it. If
! is closed and non-degenerate, it is called a symplectic form, and the pair (P; !)
is called a symplectic manifold. A form is called closed if its exterior di¤erential
vanishes, d! = 0: Closedness is a geometric constraint, which is equivalent to
the Jacobi identity. On the other hand, non-degeneracy is an algebraic con-
dition. It means that at each point p 2 P the skew-symmetric bilinear form
!p : TpP �TpP ! R which acts on tangent vectors, is non-degenerate. In terms
of the associated linear map ~!p (v) (u) = !p (v; u), we have that, if ~!p (v) (u) = 0
for each v 2 TpP; then u = 0. Hence ~!p : TpP ! T �pP is an isomorphism. This
means that, relative to some local coordinate system around each point, the
matrix of ~!; and equivalently the matrix of ! has nonzero determinant. This in
turn implies that any symplectic manifold is necessarily even dimensional, due
to the fact that the determinant of any odd dimensional skew-symmetric matrix
vanishes.
A fundamental category of symplectic manifolds are the cotangent bundles

of con�guration manifolds, which are the phase spaces of dynamical systems.
These manifolds carry a symplectic structure that is a generalization of the
canonical symplectic structure of R2n. On the Euclidean space itself, by identi-
fying R2n with T �Rn, we have a special coordinate system in which the symplec-
tic form takes the simple form !0 = d~q ^ d~p. The coordinates (~q; ~p) are called
canonical. This coordinate system is the symplectic counterpart of the ortho-
normal coordinate system of Euclidean geometry. The matrix of !0 is denoted
by J and has the form

J =

�
0 I
�I 0

�
; (1)

where each entry represents a n� n block matrix, I being the appropriate unit
matrix. We also note that the standard symplectic form can be de�ned in a
coordinate-free way by !0 = �d�, where � is called the canonical one-form,
and takes the coordinate representation � = ~p � d~q. Darboux�s theorem states
that on any symplectic manifold such a coordinate system can be found in a
neighborhood of any point, hence any symplectic manifold is locally equivalent
(symplectomorphic) to the Euclidean space with its standard symplectic struc-
ture !0. We call a symplectic form translationally invariant if its matrix has
the same form at any point on the manifold.
Now we turn to symplectic transformations between symplectic manifolds.

We will use hereafter interchangeably the notions of symplectic transformations,
symplectic maps, canonical transformations, symplectic di¤eomorphisms and
symplectomorphisms. By de�nition, a di¤eomorphism M : P1 ! P2 between
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two symplectic manifolds (P1; !1) and (P2; !2) of the same dimension is called
a symplectomorphism if it preserves the symplectic forms, that is

M�!2 = !1; (2)

where � denotes the pull-back, which is de�ned as

(M�!)z (v1; v2) = !M(z) (TzM � v1; TzM � v2) ; (3)

where z 2 P1 and v1; v2 2 TmP1. In this case P1 and P2 are said to be symplec-
tomorphic. In canonical coordinates this de�nition takes the following form for
a symplectic map of the Euclidean space with its standard symplectic structure
!0

(Jac(M))
T
J (Jac(M)) = J: (4)

Here Jac denotes the Jacobian and T the matrix transpose. The above de�nition
can be extended to include conformal symplectic maps by the following relation

M�!2 = r (M)!1; (5)

with r (M) 2 R�. To see the signi�cance of r, take a scaling map de�ned
by ��!1 = �2!1; � 2 R� and apply it to both sides of (5). By choosing
� = 1=

p
jrj; we obtain (M��)� !2 = sgn (r (M))!1. Hence, if r > 0; thenM��

is symplectic. If r < 0; thenM�� is called antisymplectic. Essentially, it means
thatM�� is orientation reversing. Actually, this is strictly true only if n is odd,
otherwise, for n even, the Cartesian product (M��)�I is orientation reversing;
I being the identity map. This follows from the de�nition of the symplectic
map. Speci�cally, any symplectic map of a manifold into itself preserves the
symplectic form, so it also preserves the volume form !n = !^ :::^! (n times).
This is a never vanishing 2n-form on a 2n dimensional manifold, so the vector
space it forms is 1 dimensional. Direct calculation shows that it integrates to a
constant times the Euclidean volume. It follows that any symplectic manifold is
oriented by the volume form, symplectic maps preserve orientation, and if global
coordinates are available the determinant of the Jacobian of any symplectic map
is equal to 1 at any point.
Now we turn our attention to Hamiltonian systems, as the dynamics of

interest to us can be described to a very good level of approximation by a
Hamiltonian dynamical system. First we establish a few notations. Obviously,
the symplectic maps of a symplectic manifold form an in�nite dimensional Lie
group under composition, denoted by Symp(P; !) � Symp(P ), if it is clear
which symplectic form is considered. Also its Lie algebra of symplectic vector
�elds will be denoted by X (P ). In the view of non-degeneracy of symplectic
forms, there is a one-to-one correspondence between vector �elds and 1-forms
via

X (P )! 
1 (P ) : X ! { (X)!; (6)

where we used { for the interior product. A vector �eld X is called symplectic if
{ (X)! is closed, that is d ({ (X)!) = 0. By the Poincaré lemma, on connected
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manifolds every closed 1-form is locally exact, so { (X)! can be written locally
as the di¤erential of a function { (X)! = dH. In this case the vector �eld is
called locally Hamiltonian. If dH exists globally (for example if the manifold is
simply connected), X is called Hamiltonian, and H the Hamiltonian function.
Conversely, for any function H : P ! R, the vector �eld XH : P ! TP de-
termined by the identity { (XH)! = dH is called the Hamiltonian vector �eld
associated to the Hamiltonian function H. A Hamiltonian dynamical system
is the triple (P; !;H). Hamiltonian vector �elds form a Lie subalgebra of the
Lie algebra of symplectic vector �elds. The map XH ! H is a homomorphism.
However, if we restrict ourselves to compactly supported Hamiltonians, then
the map becomes an isomorphism, and it can be viewed as a normalization
condition, by specifying the arbitrary constant in H: With this normalization
di¤erent Hamiltonians generate di¤erent �ows. Speci�cally, compact support
means that the Hamiltonian and hence the associated vector �eld vanishes out-
side a compact subset. Recall that vanishing Hamiltonians generate the identity
map. Hence, the support of a symplectic map is de�ned as the closure of the
set where it is di¤erent from identity.
To de�ne Hamiltonian symplectomorphisms we need �rst the notion of iso-

topy. The time-dependent vector �eld XHt , associated to the time-dependent
Hamiltonian Ht at every t, generates a smooth 1-parameter group of di¤eomor-
phisms �tHt

satisfying

d

dt
�tHt

= XHt
� �tHt

; �0Ht
= I. (7)

�tHt
is called the Hamiltonian �ow associated to Ht, or the Hamiltonian isotopy.

A symplectomorphism � 2 Symp (P ) is called Hamiltonian if there exists a
Hamiltonian isotopy �t 2 Symp (P ) from �0 = I to �1 = �. We denote the
space of Hamiltonian symplectic maps by Ham(P; !), or simply Ham(P ) : It
turns out that Ham(P ) is a normal subgroup of Symp (P ), and its Lie algebra
is the Lie algebra of Hamiltonian vector �elds. On simply connected manifolds
Ham(P ) is the identity component of Symp (P ), that is any symplectic isotopy
is Hamiltonian [12]. The group of Hamiltonian symplectomorphisms is path
connected. Also, any path in the space of Hamiltonian maps is Hamiltonian.
If a symplectic map is generated by compactly supported Hamiltonians, the
symplectic map is also compactly supported, which means that it is the identity
map outside a compact subset.
To prove that the �ows of Hamiltonian systems are symplectic we need the

following two formulae [13]: the Lie derivative formula

d

dt
��t! = �

�
tLXt

!; (8)

and Cartan�s magic formula

LXt! = { (Xt) d! + d ({ (Xt)!) : (9)

Now it is straightforward to see that if d! = 0 and ({ (Xt)!) = dHt, then
d
dt�

�
t! = 0, that is constant in time and equal to its value at t = 0: Hence we
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obtain ��t! = !; for any t. The argument works also backwards, implying that if
the �ow of a dynamical system is symplectic then it is generated by Hamiltonian
dynamical systems.

2.2 Primitive Function vs. Generating Function

In this subsection it is shown that the main ideas of mixed variable generating
functions are already built in in the symplectic condition. Consider symplectic
transformations,M, of a symplectic manifold (T �X;!). Let us assume that the
manifold is simply connected, or in other words is an exact symplectic manifold.
Then, every closed form is also exact. We can write ! = �d�. The symplectic
condition takes the form

d (��M��) = 0; (10)

from which follows the existence of a function F , such that

��M�� = dF: (11)

The function F is called the primitive function of M. However, there is no
one-to-one correspondence between symplectic maps and primitive functions.
Actually, the symplectic map is determined up to a left action (composition with
M from the left) of an actionmorphism, i.e. a symplectic map that preserves
the 1-form �. This can be easily seen by replacingM with another symplectic
map, N �M, where N an actionmorphism. Therefore, we obtain

�� (N �M)
�
� = ��M� (N ��) (12)

= ��M�� (13)

= dF: (14)

Hence,M and N �M have the same primitive function. All the N s with this
property arise as lifts of di¤eomorphisms on the base manifold [13]. Therefore,
the primitive function determines the symplectic maps up to cotangent lifts.
This is a manifestation of the coordinate independence of the symplectic condi-
tion, speci�cally �. It also implies that for one-to-one correspondence between
M and F , F cannot be de�ned on phase space.
If we think of (~q; ~p) as independent canonical coordinates, and M (~q; ~p) =�

~Q; ~P
�
, it follows from (11) that

~p � d~q � ~P � d~Q = dF (~q; ~p) : (15)

Now, if the equation ~Q = ~Q (~q; ~p) can be solved for ~p to give a function

F1

�
~q; ~Q

�
= F

�
~q; ~p

�
~q; ~Q

��
, with

�
~q; ~Q

�
as independent variables, we obtain

@F1

�
~q; ~Q

�
@~q

= ~p ;
@F1

�
~q; ~Q

�
@ ~Q

= �~P ; (16)
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and we recognize it as the F1 (Goldstein type 1) generating function. The
symplectic maps with this property are called twist maps.
Now it is apparent that, in order to uniquely determine the symplectic map,

a function must employ mixed variables, and this follows from the symplectic
condition itself. The method used in this section could be used to derive other
types of generating functions. However, there are many �s such that ! = �d�,
as for example � = �~q � d~p or � = 1

2 (~p � d~q � ~q � d~p), etc. Moreover, di¤erent �s
can be chosen on the source and target manifold, and guessing is necessary for
the variable changes. Therefore, it is not clear how much freedom is possible
for construction of new generating functions, and in general it is not convenient
to work in this setting. We choose to work in another setting, which has been
introduced by Weinstein.

2.3 Symplectic Maps as Lagrangian Submanifolds

Initially, we have symplectic maps of a manifold in one hand, and functions on
another manifold on the other hand. The local representative of the symplectic
maps are vector functions of an even number of components. Our generating
function is a scalar function. A priori, the most general method to connect the
two in a one-to-one manner is not clear. In the early �80s Weinstein formulated
a �symplectic creed�with the motto �in symplectic geometry everything is a
Lagrangian submanifold�(see de�nition below). Indeed, in symplectic geometry
Lagrangian submanifolds are the most important objects beside the symplectic
manifolds themselves. These Lagrangian submanifolds provide the most general
link between symplectic maps and generating functions. Both symplectic maps,
and functions under certain conditions, can be put in one-to-one correspondence
with Lagrangian submanifolds of appropriate symplectic manifolds. Once this
correspondence is established, instead of working at the level of symplectic maps
and functions we can work with Lagrangian submanifolds. At this point, the
link we are looking for will be given by the most general type of di¤eomorphisms
that map these Lagrangian submanifolds into each other, or in other words the
di¤eomorphisms of identi�cation of the two Lagrangian submanifolds.
We will consider only submanifolds of symplectic manifolds that are properly

embedded and which inherit their topology from the ambient manifold. Also,
we will need to work with injections of graphs of maps. It can be proved that
the graph of a smooth map f : P1 ! P2;

�f = f(f (p) ; p) j p 2 P1, f (p) 2 P2g � P1 � P2 (17)

is a smooth submanifold of P1�P2 of dimension dim (P1) [13]. Moreover, if f is a
di¤eomorphism, then the projections �i : �f ! Pi, i = 1; 2 are di¤eomorphisms
[13, 14].
Lagrangian submanifolds are de�ned in terms of tangent spaces on which

the symplectic form vanishes.

De�nition 1 Let (P; !) be a 2n dimensional symplectic manifold and let L be
a submanifold of P . L is called a Lagrangian submanifold if, at each p 2 L, TpL
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is a Lagrangian subspace of TpP , i.e. !pjTpL � 0 and dimTpL = 1
2 dimTpP .

Equivalently, if i : L ,! P is the inclusion map, then L is Lagrangian if and
only if i�! = 0 and dimL = 1

2 dimP .

First we prove that any symplectic mapM : (P1; !1) ! (P2; !2), M�!2 =
!1, can be interpreted as a Lagrangian submanifold in the Cartesian product
space P2 � P1 with the symplectic structure � (��2!1 � ��1!2), where �i : P2 �
P1 ! Pi, i = 1; 2, are the canonical projections and � 2 R�. The graph of the
symplectic map is the 2n-dimensional submanifold of P2 � P1

�M = f(M (z) ; z) j z 2 P1g : (18)

Denote P = P2 � P1 and ! = � (��2!1 � ��1!2); then we have the following:

Theorem 2 M is a symplectomorphism if and only if �M is a Lagrangian
submanifold of (P; !).

Proof. �M is Lagrangian i¤ relative to the inclusion map i : �M ,! P , i�! = 0.

i�! = � (i���2!1 � i���1!2) (19)

= �
�
(�2 � i)� !1 � (�1 � i)� !2

�
(20)

= � (I�!1 �M�!2) (21)

= � (!1 �M�!2) = 0: (22)

Hence, because � 6= 0, it follows thatM�!2 = !1.
Arbitrary Lagrangian submanifolds of (P; !) are called canonical relations,

and can be considered as generalizations of symplectic maps. For practical
applications we will be interested in the case P1 = P2 = R2n, and !1 = !2 =
!0 being the standard symplectic structure of R2n. Thus, in this case, any
symplectic mapM : R2n! R2n is a Lagrangian submanifold in

�
R4n; �~J

�
, with

symplectic structure ! that has the matrix

� ~J = �

�
J2n 02n
02n �J2n

�
: (23)

One particular Lagrangian submanifold of this kind that will be useful later
is the diagonal, which by de�nition is the graph of the identity map

� = f(z; z) j z 2 P1g : (24)

2.4 Functions as Lagrangian Submanifolds

Next, we turn our attention to the one-to-one correspondence that can be set
up between closed one-forms and Lagrangian submanifolds of cotangent bun-
dles that project di¤eomorphically onto the base manifold. Consider a smooth
manifold X and a 1-form de�ned on it. Regard it as a map from X to T �X.
Then the following holds:
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Proposition 3 The canonical one-form � 2 
1 (T �X) is uniquely characterized
by the property that

��� = �; (25)

for every one-form � : X ! T �X.

Proof. The � on the left hand side is considered as a map, and on the right
hand side as a one-form. Denote the coordinates of T �X by (~q; ~p). Then �

regarded as a map in these coordinates can be written as � =
�
~q; ~f (~q)

�
for some

functions fi. Recall that the canonical one-form has the expression � = ~p � d~q.
Thus, using the de�nition of the pull-back we obtain

(���)~q = ��(~q) � d~q� (26)

=

�
�~q
0

�T �
I

d~q ~f (~q)

�
(27)

= �~q: (28)

where we used that ��(~q) =
�
~p � ~f (~q)

�
� d (~q � ~q) = ~f (~q) � d~q = �~q, (~q; ~p) being

regarded as components of the identity map.
Now we demonstrate that when � is closed, its image � (X) (� regarded

as a map) is a Lagrangian submanifold of T �X with the standard symplectic
structure. Note that the graph �� of the one-form � is de�ned as

�� = f(� (w) ; w) j w 2 X;� (w) 2 T �wXg : (29)

Its image by the inclusion i : �� ! T �X is Lagrangian. Relative to the projec-
tion � : �� ! X, �� is uniquely determined by the one-form � if and only if �
is a di¤eomorphism. This can be seen from the fact that i = � � �. Hence, ��
is Lagrangian i¤ i�!0 = 0. Thus we get

(� � �)� !0 = (� � �)� (�d�) = ��� (d (���)) (30)

= ���d� = 0; (31)

where we used !0 = �d�, the fact that the pull-back commutes with the exterior
di¤erential and the result of the above proposition. Therefore, there is a one-
to-one correspondence between Lagrangian submanifolds of (T �X; �!0) of the
form (29) which project di¤eomorphically onto X, and closed one-forms � on
X; here � 2 R�.
In general, there are two ways to ensure that � is a di¤eomorphism; if the

embedding is C1 close enough (i.e. close enough in norm to the function values
as well as the values of the �rst derivatives) to the canonical embedding of the
zero section into the cotangent bundle, or � (as the di¤erential of a function)
is a di¤eomorphism. In the �rst case the projection mapping will be C1 close
enough to identity to be a di¤eomorphism. Indeed, it can be showed [10] that if

k df � I k� 1

2
; (32)
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then f is a di¤eomorphism. Hence, in this case � can be guaranteed to be a
di¤eomorphism if � is C1 close enough to 0.
For example, the zero section of T �X, de�ned by

Z = f(�; w) j � = 0; w 2 X; � 2 T �wXg = f0g �X (33)

is such a Lagrangian submanifold. This obviously follows from the fact that
� = 0, so �jZ = 0.
Other examples of Lagrangian submanifolds are the �bers of cotangent bun-

dles (�delta functions�at a �xed point in the base manifold), any smooth curve
on a 2 dimensional symplectic manifold, invariant tori (KAM tori) of Hamil-
tonian systems, etc.
The next step is to make the connection between functions on X and the

Lagrangian submanifolds of the form (29) of T �X. This is possible if the one-
form � is exact, that is can be written as the di¤erential of a function. The
condition when this is possible can be described by the �rst Betti number. First
we de�ne the de Rham cohomology groups Hk (X;R) by

Hk (X;R) =
ker
�
d : 
k (X)! 
k+1 (X)

�
range (d : 
k�1 (X)! 
k (X))

: (34)

The elements of Hk (X;R) form a vector space, and its dimension is called the
k-th Betti number

bk = dimH
k (X;R) ; (35)

which measures the failure of closed forms to be globally exact. On the other
hand, if X is connected, by the Poincaré lemma every closed form is locally
exact. If b1 = 0, it follows that every closed one-form is globally the di¤er-
ential of a function. In this case the closed one-form � can be written as dF
for a function F that is unique up an additive arbitrary constant. The function
F 2 F (C1 (X)) is called the generating function of the Lagrangian submanifold
��. Hence, if b1 = 0 we can think of Lagrangian submanifolds �� as generalized
functions on X:We note the well-known fact that for R2n; b0 = 1 and bi = 0 for
i � 1. In the case relevant for our applications, in Euclidean space, every func-
tion �generates�a Lagrangian submanifold, and conversely, given a Lagrangian
submanifold of the form (29), which projects di¤eomorphically onto the base
manifold, its generating function can be computed by mere integration along an
arbitrary path. Also, this function will be called the generating function of the
canonical transformation. However, it is still necessary to link the Lagrangian
submanifolds (18) and (29) with suitable di¤eomorphisms. We do that in the
next subsection.
We mention that the projection � is actually a �ber translation, and ��

intersects each �ber at most in only one point. The fact that �� might not
project di¤eomorphically is a hint that some generating functions do not exist
for certain symplectic maps. In the case that the projection is not a global dif-
feomorphism, we certainly cannot have a global generating function, but still it
might be possible to de�ne a local generating function, if the origin has a neigh-
borhood that projects di¤eomorphically. While, for special cases of symplectic
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maps and types of generating functions it might be possible to ensure that the
projection is a global di¤eomorphism (see for example twist maps and Goldstein
type 1 generating functions), in general the projection can be guaranteed to be
a global di¤eomorphism only if �� is close enough to the zero section. In this
case, the projection map is C1-close enough to identity to be a di¤eomorphism.
Hence, every C2-small enough function is in one-to-one correspondence with
such a Lagrangian submanifold. At this point it is not clear how much free-
dom we have to map Lagrangian submanifolds into each other, but it is a basic
requirement of the theory to try to map as close to the zero section as possible.

2.5 Existence of In�nitely Many Generating Functions

Now we are ready to link symplectic maps with their generating functions.
The most natural and general way is to require the Lagrangian submanifold
determined by a function to be di¤eomorphic to the Lagrangian submanifold
determined by the symplectic map, if such a map exists. A well-known theorem
[15] states that a neighborhood of any Lagrangian submanifold can be identi�ed
by a local symplectomorphism with a neighborhood of the zero section in the
cotangent bundle of the submanifold. In general there are two di¢ culties with
this approach. If the manifolds are not simply connected, the generating func-
tions in general cannot be de�ned globally, and from the computational point
of view, it is di¢ cult to deal with the complicated cotangent bundles of the
Lagrangian submanifolds determined by the symplectic maps. That is why in
general this approach is best suited for symplectic maps close to identity. Also,
the theorem states the existence of a local symplectomorphism that identi�es
the appropriate Lagrangian submanifolds, but is not a priori clear that this is
the most general way to do that. Fortunately, for our purpose it is enough
to consider only the case of Euclidean space, for which more results can be
obtained.
If we are limiting ourselves to simply connected manifolds, and if it happens

that Pi, i = 1; 2, are di¤eomorphic to X, then we have the following commuta-
tive diagram:

�M ����! �dF
�i# #�
Pi 'i����! X

(36)

M being a symplectomorphism, the projections �i are di¤eomorphisms. More-
over, it is assumed that � is a di¤eomorphism, and there exist a di¤eomorphism
'i : Pi ! X. Thus, in this case there exists a di¤eomorphism � : �M ! �dF ,
for any pair of Lagrangian submanifolds of this form, satisfying the above con-
ditions. The following theorem [16, 17] shows that � extends to a local sym-
plectomorphism. It can be thought of as a generalization of the main theorem
of [15].

Theorem 4 Let Li be two Lagrangian submanifolds of the symplectic manifolds
(Pi; !i), i = 1; 2. Then any di¤eomorphism � : L1 ! L2 extends to a conformal
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symplectomorphism � : U1 ! U2 of some neighborhoods Ui of Li in Pi, such
that �jL1 � �.

Consider the following diagram:

(P; !) ���������������! (T �X; �!0)

iM

x??? x???idF
�M ���������������! �dF

�2 � iM . & �1 � iM � . - i
z M����! M (z) w dF�����! dF (w)

where z 2 P1 and w 2 X are arbitrary points of the respective manifolds.
We pointed out that the local classi�cation, around a point, of symplectic

structures is completely solved by Darboux�s theorem. Here we have another
concept of locality, namely local around a submanifold, of which one can think
of as germs of the symplectic manifolds. Marle�s theorem is an example of such
a tubular theorem, �rst proved to exist by Weinstein. It says that Lagrangian
submanifolds do not have geometric invariants in order to distinguish each other.
In general there are no global theorems similar to the tubular ones. This is true
even in the R2n case, due to the existence of exotic symplectic structures proved
by Gromov [18].
The importance of the above theorem consists of two main aspects: it gives

the most general way to represent symplectic maps globally by scalar functions,
and implies that once a symplectomorphism � exists for a symplectic map M
and a function F , it is automatically valid for all nearby symplectic maps. It
follows that the freedom for selecting generating function types is given by the
set of conformal symplectic maps of the form ��!0 = !=�. A generating func-
tion of type �; which exists for a givenM, exists for all nearby symplectic maps.
In case the assumptions of the theorem are satis�ed, any Lagrangian submani-
fold �M can be identi�ed with any Lagrangian submanifold �dF ; therefore, in
principle the scalar function F can always be chosen in such a way that � is a
di¤eomorphism, guaranteeing global generating function types for any symplec-
tic map. Clearly, once � is �xed, there is a one-to-one correspondence between
symplectic maps and functions, hence they are called the generating functions
of the symplectic maps. Interestingly enough, the diagram shows that, when
the theorem�s conditions hold, to any pair (M; F ) can be found an � (which
is not unique) such that F becomes the generating function of type � of M.
Also, generating functions can be de�ned on any simply connected manifold X
di¤eomorphic to Pi, and as mentioned above, � cannot in general be extended
to a global conformal symplectic map.
Now we specialize these result to the case of Euclidean spaces. Notice that

for our practical cases in dynamics M : R2n! R2n, and it is computationally
convenient to de�ne the generating functions also on R2n. Hence P1 = P2 =
X = R2n, and !1 = !2 = !0. As long as � is a di¤eomorphism, the theorem
applies and the existence of the di¤eomorphism �, which can be extended to a

12



local symplectomorphism � follows. Global canonical coordinates are available,
in which the symplectic structures ! and �!0 are translationally invariant with
matrices, � ~J and �J respectively. Therefore, there is an � which can be used

to identify any Lagrangian submanifold of
�
R4n; �~J

�
of the form (18) with

any Lagrangian submanifold of
�
R4n; �J

�
of the form (29). According to the

theorem, the most general form of � is a conformal symplectic map. Since � is
the restriction of � to the Lagrangian submanifolds, we conclude that the most
general form of the di¤eomorphism � that links the symplectic maps to their
generating functions is

��!0 =
1

�
!: (37)

In fact, this was expected from the local theory. The global theory just states
that instead of matrices nonlinear maps can be used, and the local maps around
each point can be glued together along germs of Lagrangian submanifolds, which
entail the existence of global generating function types.
In conclusion, we have the following fundamental results in the case of Euclid-

ean space: there is a one-to-one correspondence between any small function (in
the C2 sense) F 2 F

�
C1

�
R2n

��
and symplectic mapM : R2n! R2n, realized

through a di¤eomorphism � : �M ! �dF such that

�dF = � (�M) ; (38)

��!0 =
1

�
!: (39)

For a �xed �, the function F that satis�es the above equations is called the
generating function of type � of the canonical transformation represented byM.
The same type of generator exists for all symplectic maps close enough to each
other (in the C1 topology). Obviously, from these equations it follows that to
every symplectic map in�nitely many generating functions can be constructed,
due to the fact that the Lie group of di¤eomorphisms of the form (39) contains
in�nitely many elements.
This completes the global theory of generating functions. It is worthwhile to

note that the theory is global in the sense that guarantees the existence of global
generating functions for any symplectic map. However, it is local in the sense
that it proves that one �xed type of generator cannot exist for all symplectic
maps, not even locally around a point.

3 Generating Functions from the Computational
Point of View

This section presents a computationally convenient method to obtain generating
functions of given symplectic maps. First, it is necessary to rewrite (38-39) in
a form that is convenient computationally. The vector function associated to
the one-form dF by the standard Euclidean scalar product is the gradient, rF .
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We write N = (rF )T for the map, regarded as a column vector, represented
by rF . �dN = 0�means that

@Ni
@wj

=
@Nj
@wi

; i; j = 1; :::; 2n: (40)

These are the well-known necessary and su¢ cient conditions for the existence
of a scalar potential [6]. The generating function is the potential of the closed
one-form that determines the Lagrangian submanifold.
Denote some canonical coordinates by z = (~q; ~p), and denote the coordinates

of the space where the generating function is de�ned by w. Introduce ẑ and ŵ
by ẑ =M (z) and ŵ = N (w). Then (38) can be expressed as�

ŵ
w

�
= �

�
ẑ
z

�
; (41)

�
N (w)
w

�
= �

�
M (z)
z

�
: (42)

Splitting � into the �rst 2n and last 2n components, we obtain

� =

�
�1
�2

�
: (43)

Similarly, for its inverse ��1 we write

��1 =

�
�1

�2

�
: (44)

From (42) it follows that

w = �2 �
�
M
I

�
(z) ; (45)

N (w) = �1 �
�
M
I

�
(z) : (46)

Combining the two equations we obtain that

N � �2 �
�
M
I

�
(z) = �1 �

�
M
I

�
(z) : (47)

Requiring �2 �
�
M
I

�
to be invertible, in terms of maps we obtain the fol-

lowing formula, useful for the actual computation of the generating function:

(rF )T =
�
�1 �

�
M
I

��
�
�
�2 �

�
M
I

���1
: (48)

Therefore, the similar formula that has been de�ned in the local theory, with-
out apparent deep logic behind it, is recovered, and the general condition that
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requires � to be a di¤eomorphism appears in computations as the above men-
tioned invertibility condition. If the respective map does not have a global in-
verse, clearly there is no global generating function. Obviously, the symplectic
mapM needs to be de�ned globally. If (45) fails to be a global di¤eomorphism,
there is still a chance to be de�ned locally, producing local generators. The
invertibility condition sometimes is called the transversality condition. Locally,
around the origin, this is satis�ed whenever

det

�
Jac

�
�2 �

�
M
I

�
(z)jz=0

��
6= 0: (49)

Denote the Jacobian of � by �# = Jac (�). �# can be written as

�# =

�
A B
C D

�
; (50)

A;B;C;D being 2n� 2n block matrices. Hence, assuming that the symplectic
maps are origin preserving, i.e. M (0) = 0, the local transversality condition
around the origin is

det (C (0; 0) �M (0) +D (0; 0)) 6= 0; (51)

whereM = Jac (M). If this necessary condition is satis�ed, then the generating
function is de�ned in a neighborhood of the origin, and can be calculated from
(48) by mere integration along an arbitrary path. The arbitrariness of the path
is assured by Stokes�theorem.
We note that in fact the computation of F according to (48), and subsequent

integration, gives F , which is the primitive function rather than the generating
function. To get the generating function itself, one has to keep in mind to which
� it is associated, and compute F in the w coordinates,

F 7�! F �
�
�2 �

�
M
I

��
: (52)

There is a nice geometric interpretation of the global existence of the gen-
erating functions. As has been seen, any Lagrangian submanifold in unique
correspondence withM can be sent di¤eomorphically onto the Lagrangian sub-
manifold determined by F . If, for some choice of �, this is achieved in such a
way that �dF is close enough to the zero section to project di¤eomorphically
onto the base, the generating function of type � exists globally. Recall that the
group of di¤eomorphisms is open in the set of smooth maps in the C1 topology.
Therefore, any smooth map close enough to the identity is a global di¤eomor-
phism [12]. The re�ection of this fact is that �2 (ẑ; z) has a global inverse.
However, it might not be possible in practice to �nd an � satisfying this con-
dition, especially for very nonlinear symplectic maps, and we need to consider
local generating functions. If the projection di¤eomorphisms are local, de�ned
in a neighborhood of the origin, then we have local generating functions. In this
case, one can think intuitively that �xing the type of generating function, as the
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nonlinearities of the symplectic map increase, the singularities move closer to
the origin, limiting the domain of validity of the generating function. However,
we always assume that the dynamics is taking place in a �nite region of the
phase space, so there is no loss of generality in assuming that the symplectic
maps are compactly supported, and requiring only that the generating function
to be de�ned in the region of interest. If the symplectic maps are too �big�for
the generating functions to cover the region of interest, the problem can always
be alleviated by taking roots of the symplectic map.
Next, we are interested in the constraints imposed by �. Equation (39)

written in coordinates is
�T#J4n�# =

�

�
~J4n: (53)

By abuse of notation, for �=� we write � 2 R�. More explicitly (53) reads�
AT CT

BT DT

��
02n I2n
�I2n 02n

��
A B
C D

�
= �

�
J2n 02n
02n �J2n

�
; (54)

which gives the constraints

ATC � CTA = �J2n; (55)

BTD �DTB = ��J2n; (56)

ATD � CTB = 0: (57)

Knowing that � is a di¤eomorphisms, obviously �# is invertible. It is easy to

see that det (J4n) = 1 and det
�
~J4n

�
= det (J2n) � det (�J2n) = 1; and hence

(det (�#))
2
= �4n 6= 0. Then equivalently, (53) can be written as follows:

�T#J4n = � ~J4n�
�1
# : (58)

Transposition gives
J4n�# = ��

�T
#

~J4n; (59)

where we used JT4n = �J4n and ~JT4n = � ~J4n. Obviously, J�14n = �J4n and
~J�14n = � ~J4n, so it results that

J4n�# ~J4n = ����T# ; (60)

J4n�# ~J4n�
T
# = ��; (61)

�# ~J4n�
T
# = �J4n; (62)

which gives the equivalent set of constraints, but better suited for further analy-
sis:

AJ2nA
T �BJ2nBT = 0; (63)

CJ2nC
T �DJ2nDT = 0; (64)

DJ2nB
T � CJ2nAT = �I2n: (65)
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The constraints show that (A;B) and (C;D) must be symplectic pencils, and
there is an additional condition that links the two pencils.
An important observation is that in the process of construction of the gener-

ating function from a symplectic map (63-65) have to be satis�ed exactly. This
means that we need to construct �s that are exact conformal symplectic maps.
On computers it is most convenient to work with polynomial maps. To our
knowledge, the classi�cation of polynomial symplectic maps is not known. If
we constrain ourselves to consider linear maps �, they can be easily constructed
and represented exactly on a computer. In this case � can be represented by a
4n� 4n constant matrix. If A is invertible, it follows that A�1B is a symplectic
matrix. The same argument holds for the case when C is invertible, resulting
that C�1D is a symplectic matrix. Of course, even in the linear case, there are
still in�nitely many �s to choose from. This special case was extensively studied
in [5].

4 Computation of Symplectic Maps from Gen-
erating Functions

In this section, the inverse problem is addressed. That is, given a generating
function of type �, what is the symplectic map it generates? In other words, is
there a �reversion�of (48) that gives M in terms of F and �? The answer is
yes, and the algorithm is presented below.
Introduce a transformation de�ned by

T� (M) =

�
�1 �

�
M
I

��
�
�
�2 �

�
M
I

���1
; (66)

where Jac (�) 2 Gl (4n), and suppose that the transversality condition is satis-
�ed. Therefore, T� (M) = N if and only if

(N � �2 � �1) �
�
M
I

�
= 0: (67)

Now suppose that M is given by another transformation T� (K) = M, where
� = (�1; �2)

T , Jac (�) 2 Gl (4n), with the appropriate transversality condition
satis�ed. Inserting it in the above equation gives

(N � �2 � �1) �

0@ �
�1 �

�
K
I

��
�
�
�2 �

�
K
I

���1
I

1A = 0: (68)
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Because
�
�2 � (K; I)T

�
is invertible, this is equivalent to

(N � �2 � �1) �

0BB@
�
�1 �

�
K
I

��
�
�2 �

�
K
I

��
1CCA = 0; (69)

(N � (�2 � �)� (�1 � �)) �
�
K
I

�
= 0; (70)

which in terms of T can be written as

T� � T� (K) = T��� (K) ; (71)

for any K. If we choose � = ��1, it follows that

T� � T��1 = TI = I; (72)

that is
T��1 = (T�)

�1
: (73)

This equation entails that whenever T� (M) = N is well de�ned, the inverse
is automatically well de�ned, and gives M =T��1 (N ). Explicitly, this means
that

M =

�
�1 �

�
N
I

��
�
�
�2 �

�
N
I

���1
: (74)

Applied to the situation where N is the gradient of the generating function and
� is conformal symplectic, it gives a symplecticM. Thus, (74) is the counterpart
of (48). Together, they provide a convenient computational method to pass from
F toM and back.
In sum, we developed the general theory of generating functions and put

the results into computationally convenient forms. It has been shown that, as
long as the mathematics can be performed exactly, the passing from symplectic
maps to generating functions and back is easy to achieve. Moreover, this can
be done utilizing any of the in�nite set of generator types.

5 Transformation Properties of Generating Func-
tions

By looking at how the generating functions transform under modi�cations of �
and/orM, a set of rules is obtained, which are called transformation properties.
These properties are based on the fact that if � is a conformal symplectic map
such that

(Jac (�))
T
J4n Jac (�) = � ~J4n; (75)

then for any � and  such that

(Jac (�))
T
J4n Jac (�) = J4n; (76)

(Jac ())
T ~J4n Jac () = ~J4n; (77)
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the map ���� is also a valid conformal symplectic map. Indeed, it follows from
(76) and (77) and repeated application of the chain rule that � � � �  satis�es
(75). Therefore, it gives another type of generating function. In invariant form,
if ��!0 = �!, ��!0 = !0, and �! = !, then

(� � � � )� !0 = � (�� (��!0)) = � (��!0) = � (�!) = �!: (78)

These rules are interesting in their own right in symplectic geometry, and some
of them can be found in [19]. The rules are used for equivalence class reduction
of the set of generating functions [5].
We begin with studying what happens to the generating function F�;M under

the transformation �1 7! ��1, for some non-zero real �. This a¤ects only the
conformality factor � of �, which becomes ��. Slight rearrangement of (48)
gives �

(rF�;M)T � �2 � �1
�
�
�
M
I

�
= 0: (79)

Then, we also have0@ rF���1
�2

�
;M

!T
� �2 � � � �1

1A � � M
I

�
= 0; (80)

which is equivalent to0@ r ��1 � F���1
�2

�
;M

!!T
� �2 � �1

1A � � M
I

�
= 0: (81)

Comparing (79) with (81) we see that

rF�;M = r
 
��1 � F���1

�2

�
;M

!
; (82)

that is
F���1

�2

�
;M

= � � F�;M + c; (83)

for some arbitrary constant c.
In the same way, the transformation �2 7! ��2 has the following e¤ect: �

rF� �1
��2

�
;M

�T
� (� � �2)� �1

!
�
�
M
I

�
= 0; (84)  �

rF� �1
��2

�
;M

�T
� �I

!
� �2 � �1

!
�
�
M
I

�
= 0; (85) 

��1 �
�
r
�
F� �1

��2

�
;M � �I

��T
� �2 � �1

!
�
�
M
I

�
= 0; (86) �

r
�
��1 �

�
F� �1

��2

�
;M � �I

���T
� �2 � �1

!
�
�
M
I

�
= 0: (87)
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Again, comparison of (79) and (87) gives

r
�
��1 �

�
F� �1

��2

�
;M � �I

��
= rF�;M; (88)

that is
F� �1

��2

�
;M = � � F�;M � ��1I + c: (89)

Also, from these two transformation properties it is easy to see the e¤ect of the
two transformations combined.
Next, we study what happens if we change the symplectic map, for example,

byM 7!M�A, for some symplectic map A. From (48) we have�
(rF�;M�A)

T � �2 � �1
�
�
�
M�A
I

�
= 0 (90)�

(rF�;M�A)
T � �2 � �1

�
�
�

M
A�1

�
= 0 (91)�

(rF�;M�A)
T � (�2 � TA)� (�1 � TA)

�
�
�
M
I

�
= 0; (92)

where TA is de�ned by TA (ẑ; z) =
�
ẑ;A�1 (z)

�
. Equation (92) can be written

also as �
(rF��TA;M)

T � (�2 � TA)� (�1 � TA)
�
�
�
M
I

�
= 0; (93)

from where we conclude

F�;M�A = F��TA;M + c: (94)

In the same manner, the left action of another symplectomorphism on the
map, i.e. M 7! K �M leads to�

(rF�;K�M)T � �2 � �1
�
�
�
K �M
I

�
= 0: (95)

De�ne TK (ẑ; z) = (K (ẑ) ; z). Then,

F�;K�M = F��TK;M + c: (96)

We are also interested what happens when we change the coordinates in the
generating function, F 7! F � L, by a di¤eomorphism L (here not necessarily a
symplectomorphism); we have�

(r (F � L))T � �2 � �1
�
�
�
M
I

�
= 0 (97)

(Jac (L))T �
�
rF )T � L � �2 � �1

�
�
�
M
I

�
= 0 (98)�

rFTL��;M)T � (L � �2)�
�
(Jac (L))�T � �1

��
�
�
M
I

�
= 0; (99)
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where we de�ned TL (ẑ; z) =
�
(Jac (L))�T � ẑ;L (z)

�
. Hence,

r (FTL��;M � L) = rF�;M; (100)

that is
FTL��;M = F�;M � L�1 + c: (101)

Finally, if we replaceM withM�1, we arrive to��
rF�;M�1

�T � �2 � �1� � � M�1

I

�
= 0: (102)

ApplyingM from the right we get��
rF�;M�1

�T � �2 � �1� � � I
M

�
= 0: (103)

This is equivalent to say that, if in both �1 and �2 we interchange the �rst
2n variables with the second 2n, we get back FM with this changed �. In
terms of the Jacobian �#, or in case of linear �s, this can be written as the
transformation �

A B
C D

�
7!
�
B A
D C

�
; (104)

so we can conclude that

F� A B
C D

�
;M�1 = F

�
B A
D C

�
;M + c: (105)

6 Summary

The extended theory of generating functions of canonical transformations was
developed. Using a modi�ed de�nition of the generating function, it was showed
that there are many more generating functions than commonly known, and
some always are de�ned globally. Throughout, methods of symplectic geom-
etry have been utilized. In the appropriate language, both symplectic maps
and generating functions are the same geometrical objects, namely Lagrangian
submanifolds. The type of the generating function is determined by the iden-
ti�cation di¤eomorphisms, which turn out to be restrictions of local conformal
symplectomorphisms. We showed how the geometric theory can be cast into a
convenient computational framework, and derived a variety of transformation
rules for generating functions. For the interested reader, various applications
can be found in [5, 20, 21]. The results of this paper will also be applied in
further developing the theory of optimal symplecti�cation according to [4].
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