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We report on a successful implementation of a wavelet-based Poisson solver for use in 3D particle-
in-cell simulations. Our method harnesses advantages afforded by the wavelet formulation, such as
sparsity of operators and data sets, existence of effective preconditioners, and the ability simulta-
neously to remove numerical noise and further compress relevant data sets. We present and discuss
preliminary results of application of the new solver to test problems in accelerator physics and
astrophysics.
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I. INTRODUCTION

Gaining insight into the dynamics of multiparticle sys-
tems, such as charged particle beams or self-gravitating
systems, heavily relies on N-body simulations. The
many-body codes can be grouped into three main cat-
egories: (i) direct summation, (ii) tree and (iii) particle-
in-cell (PIC). The direct summation codes are pro-
hibitively expensive for large systems, since their com-
putational cost scales as N 2. The tree codes use direct
summation for nearby particles and evoke statistical ar-
guments for contribution of particles farther away. The
PIC codes incorporate a computational grid into which
particles are binned, thus resulting in the coarse-grained,
discretized particle distribution. The potential associ-
ated with such discretized particle distribution is com-
puted by solving the Poisson equation on the grid. Fi-
nally, the forces needed to advance each individual par-
ticle are computed by interpolation from the discretized
potential on the grid. A detailed treatment of computa-
tional methods to simulate multiparticle systems is given
by Hockney and Eastwood [1]. In this paper we outline a
wavelet-based algorithm for solving the Poisson equation
for use in PIC codes.

It is important that the algorithms used in solving the
Poisson equation:

1. account for multiscale dynamics, because even the
fluctuations on smallest scales can lead to global
instabilities and fine-scale structure formation, as
exemplified by halo formation and microbunching
instability observed in beam dynamics experiments
[2–5],

2. minimize the numerical noise due to the fact that
the number of particles used to sample the phase-
space distribution function in the N -body simula-

∗Corresponding author.

Email addresses: bterzic@nicadd.niu.edu, ivpogorelov@lbl.gov

tion is several orders of magnitude smaller than the
number of particles in the physical system which is
being modeled; and

3. be as efficient as possible in terms of computational
speed and storage requirement, without compro-
mising accuracy.

Furthermore, for some important applications, such as
coherent synchrotron radiation (CSR) in beam dynamics,
it is necessary to have a compact representation of the
system’s history [5, 6].

The wavelet-based solver we present here has the po-
tential to satisfy all of the requirements listed above. In
Section II we briefly outline the concept of wavelets and
wavelet transforms. Formulating the Poisson equation
on the grid and solving it using the wavelet-based ap-
proach is reported in Section III. In Section IV, we be-
gin by applying the wavelet-based solver to model two
density distributions of interest in beam dynamics and
astrophysics. We then proceed to replace (for testing
purposes) the Green’s function-based Poisson solver in
IMPACT-T beam dynamics code [7, 8] with the wavelet-
based solver, and compare results produced by the two
versions of IMPACT-T evolving the same initial distri-
butions. We conclude with a summary of the work pre-
sented and a description of the work in progress.

II. WAVELETS AND WAVELET TRANSFORMS

Wavelets and wavelet transforms are a relatively new
concept, introduced in the 1980’s [9–12]. The discrete
wavelet transform can be viewed in two different ways,
as:

1. the discrete analog of the continuous wavelet trans-
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FIG. 1: Affect of the initial guess on the preconditioned con-
jugate gradient method. The rate of convergence remains the
same, given by eq. 5, while it is obvious that a better ini-
tial guess leads to convergence to the desired accuracy within
significantly fewer steps.

form of a function f(t) given by

g(s, x) =

∞
∫

−∞

f(t)Ps,x(t)dt, (1)

Ps,x(t) =
1√
s
P

(

t − x

s

)

, (2)

where P (t) is a mother wavelet, from which the
wavelet basis functions are computed by scaling
and/or translation [12].

2. a family of perfect reconstruction high- and low-
pass filters, which can extract information from the
signal at varying scales. Then the forward and
inverse discrete wavelet transforms can be repre-
sented by filtering and down- or up-sampling, re-
spectively [10, 11].

There are three main reasons that a wavelet-based
Poisson solver is of interest:

1. Solving the problem in wavelet space enables re-
taining information about the dynamics on differ-
ent scales spanned by the wavelet expansion.

2. Wavelet formulation also allows for natural remov-
ing numerical noise (denoising) through threshold-
ing the wavelet coefficients. This also reduces the
effective dimensionality of the problem, thereby re-
ducing the computational load.

3. Formulating and solving the Poisson boundary-
value problem in wavelet space provides consider-
able computational speedup: both the Laplacian

and the inverse Laplacian operators are sparse;
also, the iterative methods can be accelerated us-
ing preconditioners that are effectively diagonal in
wavelet bases [13–15].

III. WAVELET-BASED POISSON SOLVER

The Poisson equation solved by the PIC codes is de-
fined on a computational grid which contains all the par-
ticles used in the simulation. The discretization takes
the Poisson equation with Dirichlet boundary conditions
(BCs), i.e., for which the value of the function is specified
on the boundary, from its continuous form

52u = f, ubnd = h (3)

where 52 is the continuous Laplacian derivative, to

LU = F, Ubnd = H (4)

where the Laplacian operator L, potential U , density F
are all defined on the computational grid and H is speci-
fied on the surface of the grid. Eq. (4) represents a well-
known problem in numerical analysis. It can be solved
using a number of iterative methods, such as multigrid,
successive over-relaxation, steepest descent, or conjugate
gradient. For the work presented here, we generalized to
3D the preconditioned conjugate gradient (PCG) method
[16, 17]. The PCG method iteratively updates the ini-
tial solution along the conjugate directions until the exit
requirement

|LU − F |2 ≤ ε2 |F |2 , (5)

is satisfied in some norm ||2. The convergence rate of the
method is dependent on the condition number (k) of the
operator L:

∣

∣U − U i
∣

∣

2
≤
(√

k − 1√
k + 1

)i

|U |2 , (6)

where U i is the approximation to the exact solution U
after the ith iteration. The smaller the condition num-
ber, the faster the approximation U i approaches to the
exact solution U . The condition number k of the Lapla-
cian operator L on a grid is proportional to the square
of the grid resolution, k(L) ∝ O(N 2), where N is the
number of cells in each coordinate. Such large condition
number results in a slowly-converging scheme. However,
in wavelet space, there is an effective diagonal precondi-
tioner P for the wavelet-transformed Laplacian operator
Lw, which reduces the condition number of the precon-
ditioned operator to k(PLwP ) ∝ O(N) [13–15]. This
provides a significant computational speedup.

Whereas the rate of convergence is set by the relation
given in Eq. (6), the number of iterations needed to at-
tain a certain predefined accuracy also depends on how
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FIG. 2: Flow-chart outline of the wavelet-based Poisson solver using the (constrained) PCG method. The gray boxes represent
the wavelet-space; the physical space is in white. Constraining of the PCG method is done in the bottom middle box. The
current version of the code does not have this step implemented yet.

close the initial guess is to the solution. Since one does
not expect significant changes in the potential from one
instant in time t = t0 to the next t = t0 + ∆t, the po-
tential at t = t0 serves as a good initial guess for the
conjugate gradient iteration at t = t0 + ∆t. The impor-
tance of having a “smart” initial guess is illustrated in
Figure 1.

Thresholding the wavelet coefficients (setting them
equal to zero if their magnitudes are below a certain
predefined threshold) can be used to remove the small-
est scale fluctuations usually associated with numeri-
cal noise. It is worth remembering, however, that es-
sential physics that must be captured in a typical PIC
simulation includes various instabilities and fine struc-
ture/substructure formation. These processes owe their
existence to the coupling between multiple spatial scales
on which the system’s dynamics unfolds. Uncontrolled
denoising carries with it the obvious danger of “smooth-
ing out” the fine-scale details that serve as seeds for the
onset of these processes. Still, there are numerous in-
dications that properly implemented adaptive denoising

can enable significant reduction in the size of the rele-
vant data sets without compromising the solver’s ability
to resolve the physically important multiscale aspects of
the system’s dynamics. Denoising-by-thresholding effec-
tively reduces (constrains) the search space for the it-
erative PCG method. Our implementation of the con-
strained PCG (CPCG) will be reported elsewhere.

A schematic representation of the solver is given in
Figure 2.

A. Implementing Boundary Conditions

In the current implementation, we take the beam to
pass through a grounded rectangular pipe. Over the four
walls of the pipe, U = 0, and the two open ends through
which the beam passes have open BCs. We choose the
computational grid to have dimensions 3-10 times smaller
than those of the pipe, and we compute the potential over
the six surfaces of this grid using a Green function while
satisfying the constraints on U that the pipe imposes.
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FIG. 3: Plummer sphere particle distribution (top left) and corresponding potential (top right) obtained using the PCG. The
lower panels show two convergence criteria correction at the next iteration (bottom left) and how well the difference equation
is satisfied (bottom right) with (solid line) and without the preconditioner (dashed line).

Accordingly, the computation of BCs reduces to solving
the following system of equations [8]:

ρlm(z) =
4

ab

a
∫

0

b
∫

0

ρ(x, y, z) sin(αlx) sin(βmy)dydx, (7)

∂2φlm(z)

∂z2
− γ2

lmφlm(z) = −ρlm(z)

ε0
, (8)

φ(x, y, z) =

Nx
∑

l=1

Nx
∑

l=1

φlm(z) sin(αlx) sin(βmy), (9)

where ρ is the charge distribution, φ is the potential, αl =
lπ/a, βm = mπ/b, γ2

lm = α2
l + β2

m, ε0 is the permittivity
of vacuum and the geometry of the pipe is given by 0 ≤
x ≤ a and 0 ≤ y ≤ b [8]. Eq. (9) is evaluated only
on the surface of the computational grid, and for the
predefined number of expansion coefficients Nx and Ny,
thus yielding Ubnd from Eq. (4). This is only one of the
ways to compute the potential on the surface of the grid.
Others, more efficient and computationally cheaper, will
be a implemented in the future editions of the code.

The PCG solves Eq. (5) assuming U = 0 outside
the computational grid. The inhomogeneous Dirichlet
boundary-value problem in Eq. (4) has been made equiv-
alent to the homogeneous one by transferring the inho-
mogeneous boundary value terms to the source. In the
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FIG. 4: Particle distribution (top left) and corresponding potential (top right) for the “fuzzy cigar” obtained using the PCG.
The lower panels show two convergence criteria correction at the next iteration (bottom left) and how well the difference
equation is satisfied (bottom right) with (solid line) and without the preconditioner (dashed line).

simplest case where the spacing of the computational grid
∆ is the same in x-, y- and z-directions, the altered source
becomes F → F − H/∆2 [18].

IV. APPLICATIONS

Our goal has been to develop a wavelet-based Pois-
son solver which can be easily merged into existing PIC
codes designed for multiparticle dynamics simulations.
As the first step towards that goal, we tested the solver
on two idealized particle distributions, one from astro-
physics and the other from beam dynamics. We used the
PCG solver to compute the potential associated with the

Plummer spherical stellar distribution (Figure 3). Both
the potential and density are analytically known and are
given by

F (r) =
3

(1 + r2)
5

2

, U(r) = − 1√
1 + r2

, (10)

where r =
√

x2 + y2 + z2. The potential on the surface
of the computational grid is specified analytically. The
bottom panels of the Figure 3 demonstrate the substan-
tial computational speedup gained by preconditioning.
Here we applied open BCs, U(r → ∞) → 0, which is the
natural choice for self-gravitating systems.

We then applied the algorithm to a more realistic set-
ting in which only the particle distribution is analytically
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FIG. 5: z-integrated non-axisymmetric particle distribution (top left) for a beam. The other panels show the corresponding
potential computed using the Green’s function method used in the standard IMPACT-T (top right), IMPACT-T with PCG
and Nx = Ny = 30, i.e. 900 coefficients in the Green’s function expansion of the potential on the surface of the computational
grid (bottom left) and IMPACT-T with PCG and Nx = Ny = 100 (bottom right).

known, and where the potential on the surface of the com-
putational grid is computed using the analytically known
Green’s function (Figure 4). It is an axially symmetric
“fuzzy cigar”-shaped configuration of charged particles
(a “beam bunch”) given by

F (x, y, z) = d1(R)d2(z), (11)

d1(R) =







1 0 ≤ R ≤ R1,
(R−R2)2(R−(3R1−2R2))2

4(R1−R2)4 R1 ≤ R ≤ R2,

0 otherwise,

.

(12)

d2(z) =



















1 z1,2 ≤ z ≤ z2,1,
(z−z1)

2(z−(3z1,2−2z1))
2

4(z1,2−z2)4
z1 ≤ z ≤ z1,2,

(z−z2)
2(z−(3z2,1−2z2))

2

4(z2,1−z2)4
z2,1 ≤ z ≤ z2,

0 otherwise,

.

(13)

where and the beam parameters R1, R2, z1, z2, z1,2,
z2,1 are chosen so that 0 ≤ R1 ≤ R2 and z1 ≤ z1,2 ≤
z2,1 ≤ z2. We applied BCs of a grounded rectangular pipe
in the transverse direction (i.e., U = 0 on the pipe walls),
and open in the longitudinal (z) direction. Similarly to
the case of the Plummer sphere, a high accuracy solution
is obtained in about 30 iterations of the algorithm with
a preconditioner, or about 60 without.

Upon successfully testing the PCG as a stand-
alone Poisson solver, we replaced the standard Green’s
function-based Poisson solver in the PIC code IMPACT-
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FIG. 6: Simulation results for the radio frequency gun of the Fermilab/NICADD photoinjector done with the standard version
of IMPACT-T (solid lines), IMPACT-T with PCG with Nx = Ny = 30 (dashed line) and IMPACT-T with PCG with Nx =
Ny = 100 (dotted line): rms beam radius (top left), rms normalized transverse emittance (top right), rms bunch length (bottom
left), rms normalized longitudinal emittance (bottom right). The close agreement indicates that both codes launch the beam
in essentially identical fashion; this is critically important because the output of the full photoinjector depends sensitively on
the “initial conditions”.

T [7, 8] with the PCG. For algorithm testing purposes,
our solver uses Green’s functions to evaluate the potential
only on the surface of the computational grid, and then
proceeds with the PCG algorithm to compute the poten-
tial on the interior. This introduces a certain computa-
tional inefficiency that will be eliminated, at the stage
of optimizing the solver for performance, by using a dif-
ferent approach for computing BCs. The details of this
optimization will be reported elsewhere. The parame-
ters Nx and Ny specify the number of Green’s function
expansion coefficients in x- and y-directions. The BCs,
again, correspond to a grounded rectangular pipe in the
transverse directions, and open in the longitudinal direc-
tion. In a typical simulation, the cross-section of the pipe
is larger than the cross-section of the computational grid

by a factor of 3-10.

In Figure 5, we compare the Green’s functions-based
Poisson solver used by IMPACT-T with the PCG by
plotting the potential each algorithm computes from the
same initial particle distribution. For the simulations
done with the wavelet-based Poisson solver, no wavelet
coefficient thresholding was done, i.e., the full wavelet
expansion is retained. The thresholding and the result-
ing denoising will be developed and implemented in the
final version of the code.

We tested our wavelet-based code in the context of the
Fermilab/NICADD photoinjector using 200,000 simula-
tion particles and a nonuniform initial particle distribu-
tion at the cathode. It appears that not specifying the
potential on the surface of the grid accurately enough
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FIG. 7: Simulation results for the full Fermilab/NICADD photoinjector done with the standard version of IMPACT-T (solid
lines) and IMPACT-T with PCG with Nx = Ny = 30 (dashed line): rms beam radius (top left), rms normalized transverse
emittance (top right), rms bunch length (bottom left), rms normalized longitudinal emittance (bottom right).

causes considerable smoothing of the smaller scale fea-
tures as computed by the wavelet algorithm. This, how-
ever, does not significantly affect the root mean square
(rms) properties of the beam (Figures 6 and 7), as con-
firmed by the excellent agreement between simulation
runs done with standard IMPACT-T (solid line) and
IMPACT-T with a wavelet-based Poisson solver with
Nx = Ny = 30, i.e., 900 expansion coefficients (dashed
line). The difference between the simulations with the
standard IMPACT-T (solid line) and IMPACT-T with
a wavelet-based Poisson solver with Nx = Ny = 100 is
almost imperceptible (Figure 6).

These results clearly demonstrate that the simula-
tions using wavelet-based Poisson solver and the stan-
dard IMPACT-T are in excellent agreement in regard to
the compuation of beam moments. This establishes the
present study as an important proof-of-concept.

V. DISCUSSION AND CONCLUSION

We formulated and implemented a prototype, 3D,
wavelet-based Poisson solver that uses the preconditioned
conjugate gradient method. The idea of combining the
wavelet formulation and PCG to solve the Poisson equa-
tion is not new: there have been pioneering implemen-
tations of wavelet-based solvers for the Poisson equation
with homogeneous (U = 0) Dirichlet BCs in 1D [13] and
periodic BCs in 1D, 2D and 3D [14, 15]. We built on
this earlier work to design and implement a solver for the
three-dimensional Poisson equation with general inhomo-
geneous Dirichlet boundary conditions. This constitutes
an original contribution on our part, since the formula-
tion of the discretized problem, which includes the treat-
ment of the boundary conditions and the Laplacian op-
erator, differs significantly from the periodized problem.

Having first tested our method as a stand-alone solver
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on two model problems, we then merged it into IMPACT-
T to obtain a fully functional serial PIC code. We found
that simulations performed using IMPACT-T with the
“native” Poisson solver (based on Green’s functions and
fast Fourier transforms) and IMPACT-T with the PCG
solver described in this paper produce essentially equiv-
alent outcomes (in terms of a standard set of rms di-
agnostics). This result enables us to move from the
proof-of-concept stage to the advanced optimization and
application-specific algorithm design. To our knowledge,
the work reported here constitutes the first application
of the wavelet-based multiscale methodology to 3D com-
puter simulations in beam dynamics.

Our current efforts are focused on several areas that
encompass both algorithm optimization and applications
work. On the optimization side, the top priority is to
enable efficient computation of the potential over the
boundary of the computational grid (as distinct from
the physical boundaries of the system). Another pri-
ority is incorporation into the solver of state-of-the-art
routines for efficient storage and multiplication of multi-
dimensional sparse arrays. Next, adaptive denoising (and
simultaneous compression) in the context of PIC model-
ing presents us with a unique set of technical challenges
and a wealth of complex and engaging multiscale physics.
Finally, we have not yet addressed the complex issues of
solver parallelization for use with the parallel version of

IMPACT-T on multiprocessor machines.

On the side of applications, we are working on lever-
aging the advantages afforded by the multiscale wavelet
formulation to tackle the previously all but intractable
– in the sense of being prohibitively expensive computa-
tionally – problem of high-precision 3D modeling of CSR
and its effects on the dynamics of beams in a variety
of accelerator systems. The details of our approach will
be reported, together with the first results, in the near
future.
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