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ABSTRACT

Exotic isotope accelerators are posed to provide us with unique abilities to
investigate and test current theories regarding nuclei structure, weak-force interaction
symmetry, and cosmologic evolution. Crucial to this powerful experimental tool is
the design of its fragment separator. Designs for such a fragment separator can be
developed through use of symmetry theories and simulation software. The goals and
requirements of such designs include mechanical specifications; minimizing the
effects of beam aberrations, fringe fields and stochastic effects of the systems
elements; allowing large acceptance; and providing a high intensity beam of pure ions
to be transported to experiments through the accelerator.

Beam aberrations create substantial problems in any design, particularly
beyond the first and second order terms. Symmetry theories help understanding the
cause of these aberrations and provide clues to correct the design. This thesis
explores a variety of designs have been tested and compared to develop a proposed
system layout that will best meet the needs and goals of the next generation exotic

isotope accelerator.
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L. INTRODUCTION

Prior to a discussion of how symmetry theories can be applied to the design
of the fragment separator for an exotic isotope accelerator, it is helpful to discuss the
nature of such an accelerator and a fragment separator. The design goals, system
requirements and physical limitations of the next generation of such systems shall

also be reviewed.

Exotic Isotope Accelerator

An exotic isotope accelerator provides an important experimental tool to
study nuclear physics, nuclear astrophysics and the fundamental interactions of
particles. The importance of an exotic isotope accelerator as a research tool was
recognized by the Department of Energy when it identified the Rare Isotope
Accelerator (RIA) as the highest priority machine of the nuclear physics community
in the United States on its 20 year plan. [1, 2] The next generation of exotic isotope
accelerators should be able to surpass results obtained by predecessors, such as the
GSI facility in Germany, the RIKEN facility in Japan, and the TRIUMF facility in

Canada. It should also allow the study of nuclear physics beyond the abilities of



facilities such as RHIC, which studied the nature of gluon-quark confinement, and
CEBAF, which probed the gluon-quark structure in hadrons and gluons. [1] An
exotic isotope accelerator can allow the study of how elements are produced in stars
through the r-process, rp-process, and other methods of nucleosynthesis. Other
proposed uses of exotic isotope accelerators include testing various fundamental
assumptions of the Standard Model and QCD theory. [1, 2]

An example of what an exotic isotope accelerator does can be seen by
review of recent proposals for the Rare Isotope Accelerator (RIA). Similar exotic
beam facilities are operating or currently being designed in other countries around
the world, including the United States. These include improvements to the RIKEN
radioactive isotope factory in Japan, and the substantial upgrade to the GSI
International Accelerator Facility for beams of ions and antiproton under
development in Germany; both of which utilize in-flight separation methods. These
facilities differ from RIA, which would be capable of post-separation acceleration
and allow measurement of nuclear reactions at astrophysical energies. RIA would
also offer greater primary beam power than either the GSI or RIKEN facilities
through an acceleration scheme that in nearly 20 times more efficient. [3] RIA
differs from the TRIUMF facility in Canada in that its higher primary beam power
would yield a higher intensity beam with a wider variety of isotopes. [3] RIA
would also allow for a more flexible combination of ion sources than the TRIUMF

facility. [3]



In the proposed next generation of exotic isotope accelerators, nuclei from
protons to uranium would be accelerated to energies of at least 400 MeV per
nucleon before being directed at a target. [1, 2] This interaction is designed to
produce a variety of statistically rare isotopes which can be selected and studied.
By smashing such a high energy beam of nuclei into the target, Coulomb barrier
potentials can be overcome and multi-body nuclear processes can occur that
otherwise are limited to cosmic events such as the big bang, or stellar burning and

stellar evolution. [1]

Schematic of the RIA facility

L fragment
driver linac (400 kW beam power) separators
\ )\l, )‘
900 MeV protons to 400 MeV/u uranium ions . W
target/ion )
driver ion source f/
source modules 4
(H through U) I\l
: fast gas
isobar catcher
separators -
post accelerator RFQs
i—//'

| >
in-flight
<12 MeV/u <1.5 MeV/u stopped f,agmﬁms
beams ~400 MeV/u

experimental areas

Figure 1. Simplified schematic layout of the Rare Isotope Accelerator (RIA) facility. [1, 2]

The RIA facility, depicted in Figure 1, would have allowed study of isotopes
in both of the two major branch types of exotic beam facilities. First, it would have
allowed study of fast beams through its in-flight high resolution fragment separator.

[1, 4] Second, using a gas catcher, very rare isotopes could be accumulated and



studied at rest energies or reaccelerated to energies below or just around the
Coulomb barrier. [1, 5] Both branches utilize a fragment separator to select rare

isotopes from the multitude of those produced by the beam/target interaction.
Fragment Separators
The fragment separator, such as shown in Figure 2, is the work horse all

designs of an exotic isotope accelerator. Its purpose is to allow experimenters to

study a high intensity beam of isotopes of a selected mass and charge.

\ Target

Absorbing Wedge placed
at Dispersive Image
Achromatic Image



Figure 2. Schematic layout of fragment separator from target through fast gas catcher cell.

After the accelerated beam of nuclei strikes the target material, a vast array
of isotopes are produced. By using magnetic multipoles the resulting beam is
confined in phase-space and transported along the beam line. A magnetic dipole
bending element is then used to create a dispersive array of isobars based upon their
mass/charge ratio. The beam is then projected through a wedge of absorbing
material (i.e., an energy degrader) that further disperses the isobar into isotopes
based upon their specific mass and charge. [6, 7] The resulting beam is then
focused back into an achromatic image using magnetic multipoles and a second
magnetic dipole bending element. [7]

In theory, the result is a pure isotope beam that can be selected to be
transported to the experimenter. Other isotopes are removed by a combination of
apertures and a beam dump.

Because the dispersion of isotopes falls along a continuous spectrum, a
second dipole and absorbing wedge are often used to minimize range variations in
the beam leaving the fragment separator. By adjusting the types of material used in
the target and the wedge, as well as the nature and energy of nuclei in the incoming
accelerated beam, very rare isotopes, including isotopes that are particularly

unstable and short-lived, can be produced and selected for study.



Design Goals

To achieve the maximum results in the next generation of exotic isotope
accelerators certain criteria should be met to exceed the capabilities of other current
and planned exotic isotope accelerators. In the proposal for RIA, for example, the
initial acceleration per nuclei was targeted at greater than 900 MeV for protons to
400 MeV/u for Uranium. [1] This allowed for a minimum energy of 400 MeV/u
for fragments being delivered to the in-flight experimental sections. Goals of the
accelerator should also include increasing the yields of isotopes produced by several

orders of magnitude. [1]

Design Limitations and Criteria

Many of the design limitations for a fragment separator will be set by the
particular goals set for the exotic isotope accelerator. Some are also set by
experimental factors. For example, increasing the resolution of an isotope beam
will result in lower yields of rare isotopes in the transmitted beam. Costs also play a
substantial role as a limiting factor in the design. In the designs discussed
subsequently in this paper, critical consideration was given to the cost of the
magnetic multipoles and the dipole bending elements. Consideration was also given

to mechanical and engineering limitations.



From all these considerations, an extensive discussion of which would be
beyond the scope of this paper, the following design limitations and goals were
used:

- Horizontal (multipole) apertures and beam width less than 40 cm.

- Vertical (dipole) apertures and beam width less than 10 cm.

- Pole tip field strength for multipoles less than 3 Tesla.

- Drift lengths between element between 20 cm and 100 cm.

- Dipole radius of approximately 5 meters and angle of 35 degrees.

With respect to each of these elements, cost was a major contributing factor.
Some of the limitations, such as the minimum drift length and maximum pole tip
field strengths, reflect mechanical and engineering limitations. Systems that

deviated substantially from these limitations would be impractical to build.



II. DESIGN TOOLS AND THEORIES

To assist in the design of a fragment separator, many tools and theories are
available. Some of these fall into the category of theories that can indicate the
minimally sufficient criteria that will result in a working design. Others are
simulation tools to help the designer apply and test the theory and any proposed
system design. Both were employed to develop the designs discussed in the
following sections.

The importance of these symmetries comes from their ability to simplify
otherwise complex optical systems. In the case of light optics, for example,
focusing problems are simplified due to the fact that most components (lenses
mirrors, and drifts) will have rotation symmetry about some optical axis. In the case
of charged particle optics, however, the general lack of rotational symmetry in
components makes focusing problems much more difficult to solve. In the case of a
quadrupole, for example, which acts to focus a charged particle beam in much the
same way as a lens focuses a beam of light, the horizontal and vertical “focal
lengths” will be different. If the desired result is to achieve both point to point and
parallel to parallel focusing of a beam, this means that at least 4 quadrupoles are

required (two in each plane - horizontal and vertical). This contrasts with only two



lens being needed to achieve the same focusing result when rotational symmetry
exists (such as in the light optics case). The trajectory of charged particles is
affected by magnetic and electric fields. Rotationally symmetric devices capable of
creating such field (for example, a solenoid) are generally not strong enough to be

of use for beam with the energies involved in exotic isotope accelerators.

Symmetry Theories

A number of symmetry theories can be used to simplify analysis of the beam
of isotopes traveling through a fragment separator. While each of these plays a
different role in the system’s design, they all work to reduce the criteria necessary to
obtain separation of isotopes within a beam while maintaining a focused beam that
can then be transported to experimenters.

Prior to any discussion of specific theories, a brief aside regarding the
mathematical notation that will be used is necessary. With respect to the motion of
a reference particle such as an isotope, a six-dimensional phase space vector will be
used to denote to position of a particle. [7, 8,9, 10]

{re = (k1 T2, Th3 5 Tk 5 Tks 5Tke ) = ( Xk » @k 5 Yk » Dk, i, Ok ) (1)

The variables x and y reflect the horizontal and vertical positions of the
particle with reference to the optic axis of the beam line. The variables a and b
reflect the dimensionless horizontal (py/po) and vertical (py,/pp) momentum of the

particle. The two remaining variables, t and 0, reflect flight time and change in total
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energy (E — E¢/Ey) of the particle. Changes to the vector representing a particle as it
moves along the beam line can be used to derive a transfer map between points in
the system. This transfer map is generally a complicated, non-linear vector
function.

The transfer map can, however, be thought of as a “matrix” that describes
changes in the six canonical variables used to express the path of the reference
particle. This is done by expanding the transfer map in a Taylor series (sometimes
referred to as the Taylor map), and truncating the series to eliminate terms beyond a
particular order. For example, the change in final position as a function of initial
conditions of a particle might be expressed as:

{r1} = T °{ro} where the r;; coordinate of the vector {r;} can be expressed as

i = ero{(rz | 77) +%Zrko{(rz | 7i7%) +%2m{(h | rrwrr) +..3 3} ()

The resulting coordinates can also be expressed in compact notation as:

Hy =T (Xg,a4,Y4,by 14,0,)
he =T,(X0,a4,Y4,b.89,6,)
r, =T,(xy,a4,¥0,by150,) )
U =Tb(xoaao,yo,bo,fo,5o)
n, =T,(xg,a4,¥0,0019,0,)

}/'16 = Té.(xo,ao,y()abo,tO’é‘o)
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When the Taylor map is truncated to include only linear terms, the transfer map

becomes a real matrix:

o) [(xlx) (xla) (x]y) (x]b) (x]t) (x]8)] x
a, (a|x) (ala) (aly) (al|b) (alt) (a|d)| a
Vs ix)y Wla)y ly)y by i)y (o) | » (4)
b, (blx) (bla) (bly) (b[b) (blt) (b]5)| b,
ty (¢]x) (tla) (ly) ([b) () (1[6) ] ¢
5,) [61x) (6la) (6ly) (6]b) (5]1) (6]6)\6

To further specify the reference particle vector and particular components of
the transfer map, subscripts will be used as in the previous example. For example,
the transfer map from the beginning of the system to the middle of the dipole
bending element will be expressed as 7' v. While T p and T A reflect the transfer
maps to the dispersive and achromatic images, respectively. These same subscripts
will be used to clarify when coefficients of particular transfer maps are being
discussed. For example, (x|xa)p would refer to the second order map coefficient of

xa in the expansion of the canonical variable x through the dispersive image.

Time-Independence Symmetry

The first symmetry theory considered in the fragment separator design is the
time-independence symmetry of the system. This symmetry arises from a design
that does not utilize time-dependent elements. Fortunately, the multipoles, dipole

bending elements, and absorbing wedges utilized in the designs discussed later in
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this paper are all time-independent. The result of this symmetry is that the
generalized coordinates X, a, y, b, and & do not have explicit time dependence.
Thus, all terms in the transfer map that involve partial derivatives of these
coordinates with respect to time will vanish. This indicates that the transfer map
coefficient (tjt) = 1. Also, all coefficients of the form (rizs|t) = 0. Put more
basically, none of the transfer map coefficients can depend upon time in a time-
independent system. [9, 10]

The time-independence of the magnetic elements in the system also give rise
to basic energy conservation for particles transported through the fragment
separator. In other words, particle transported through the fragment separator are
not accelerated. Energy constancy states that the magnetic elements of the system
will do no work on a particle traveling through the fragment separator. This relation
requires that the transfer map coefficient (6/0) = 1. Also, all transfer map
coefficients of the form (9| rizs ) = 0. [8, 9, 10] From these two symmetries, our

first order transfer map equation is simplified further:

X ) [Gelx) (xla) (xly) (x[b) 0 (x|8)](x,
a, (a|x) (ala) (aly) (alb) 0 (ald)]| q,
Yol _|WlIx)y la) vly) Ib) 0 (&) », &)
by (blx) (bla)y (bly) (b|b) 0 (b|5) | b
ty (tlx) (tla) (@ly) (@lb) 1 (t]6) | ¢
s, ) | o 0 0 0 0 1|\,
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Mid-Plane Symmetry

Mid-plane symmetry often arises from the symmetry along the optic axis of
a system. In a system with midplane symmetry, particles that are symmetric at the
beginning of the system stay symmetric throughout the system. In the case of the
designs discussed in this paper, such symmetry exists around the midplane in the
gap within the magnetic elements of the system (y = 0). Because of this symmetry,
we see that a number of the coefficients in the transfer map will vanish.

If we let {r;}= (xf,af,yf,bf,tf,5f) =T1(x,,a;,y,,b,,t,,0,), then
(x.a,=y,=b,t,,0,)=T(x;,a,,~y,,=b;,t;,6,), as a result of the mid-plane
symmetry. From this relation the following coefficients of the transfer map can be

determined to be zero [7, 8, 9, 10],

(x| x"a"y"b"t"5%) =0 if iy+i, is odd (6)
(a|x"a"y"b*t"5") =0 if ij+iy, is odd (7)
(y|x"a"y"b"t"5%) =0 if iy+i, is even (8)
(b| x"a"y"b*t"5) =0 if iy+i, is even 9)
(t| x"a"y b t" 5" ) =0 if iy+iy is odd (10)

This allows us to simplify the transfer map matrix. For example, the first-order

transfer map matrix equation further reduces to:
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X, _(x|x) (x]a) 0 0 0 (x|5)_ X;
a; (a|x) (ala) 0 0 0 (ald)| a,
Yel_| O o0 Wly) i) 0 0 |y, (11)
by 0 0 (bly)y (@|b) 0 0 b,
t, (t1x) (t|a) 0 0 1 (t]o) | ¢
J, |0 0 0 0 0 1 (s,

Mid-plane symmetry will hold for basic system designs involving multipoles
and dipole bending elements. This symmetry works, as is our example, to eliminate
half of the coefficients in the transfer map matrix. Introducing the absorbing wedge,
however, will break this symmetry. For the purposes of design, it is often helpful to
design the system without the absorbing wedge and then insert the wedge and shape

it to minimize effects caused by its introduction to the system.

Mirror Symmetry

A symmetry theory utilized in the designs discussed subsequently in this
paper arises from repetitive patterns in the system’s layout. As an example,
consider a system where the elements through the middle of a dipole are exactly
reversed in the second half of that segment of the system. Another example is the
case where mirror symmetry exists for the system from the target through the
dispersive image with respect to the system’s configuration from the dispersive
image through the final achromatic image. Both these examples are discussed in

specific designs later in this paper.
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In cases of mirror symmetry, certain relationships in the components of the
transfer map appear which assist in the design of the system’s layout. A simple
example using the layout in Figure 3 illustrates the power of this symmetry in

designing a Hamiltonian system.

I Iq It

Figure 3. Layout of 2-cell system with mirror symmetry about plane designated by ry,

In the general case pictured above, 1j, rq and 1y represent vectors composed of
6 canonically conjugate variables. The transfer map for the left half of the system is
designated by 7. Thus, {rq} = T(r;) specifies the motion of the reference particle
through the left side of the system. If Tk represents the reversed system, we can
combine this operator with the reflection operator, R( ry) = ( Xx —ax Yk —bk tk Ok ),
and note that R(r;) = T ° R(rs). But we also note that {r;} = 7 /(rs). Combining
these relationships [9, 10]:

TroR(t) = RoT "\(1g) (12)

This relationship can be further generalized by noting that {rq} is arbitrary

and R° =1,

Tr=RoT'°R (13)
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Now we can exploit the convenient choice of layout in our exemplar system.
As we noted earlier, Tjpss = T °c T =R T 1o R o T The significance of this
relationship become apparent when we apply the commutator equation for a
Hamiltonian system: [A,B] = A°B - BcA. We see:

Tt = RoT'{[ R, T]1+ T°R} =R’ + ReT"[ R, T] (14)

Now we can clearly see that when the commutator [R, T ] — 0, Typrs — L.
[9, 10, 11] Thus, by designing a system where the commutator terms are zero, the
transfer map becomes the identity matrix and the system focused its image point-to-
point, parallel-to-parallel. This relationship can then be exploited when point-to-
point, parallel-to-parallel imaging is a desired goal for our achromatic image, such

as with a fragment separator.

Symplectic Symmetry

Symplectic symmetry, like mirror symmetry, provides clues to a system’s
layout from relationships in the transfer map elements. The importance of this
symmetry arises from the fact that it can be shown that the transfer map of a
Hamiltonian system will have symplectic symmetry. [9, 10] To examine how this
symmetry theory works, let’s again take the case of two vectors r; and rr composed

of 6 canonically conjugate variables. Furthermore, let 4 represent the Jacobian of a
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transfer map that fulfills the symplectic condition [8, 9, 10]; (4)"J4) = J. A"

represents the transpose of 4, and

0 0 0 1 0 0]
O 0 O o1 o0
O 0 0 0 0 1
J =
-1 0 0 0 0 O (15)
O -1 0 0 0 O
(0 0 -10 0 0]
_Cn Cn2 Ci3 Cu Cis CI6_
Ca C2
Csi Cs
A4 =
Ca Cu ... (16)
Csi Css
_Cél 066_

In this case, the coefficients of the matrix 4 represent the partial derivatives
of components of the final vector with respect to the components of the initial

vector:

ﬁrf
c, = :
fi ar (17)

i

To calculate these coefficients, we remember that the final position vector
results from operation of the transfer map matrix upon the initial position vector,
{rg} = T(r;j). The components of this vector can be expressed as a Taylor series

expansion. [8, 10]
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For example we can express the terms up to second order in the two-
dimensional case:
xr = (X|x)x; + (x|a)a; + (X|XX)Xi2 + (x|xa)x;a; + (al|aa)ai2 (18)
ar= (ajx)x; + (ala)a; + (a|xx)xi2 + (axa)x;a; + (al|aa)ai2 . (19)

Then we can calculate the coefficients, through second order:

c11 = (x[x) + 2(x|xx)x; + (x|xa)a; (20a)
o1 = (x]a) + (x|xa)x; + 2(alaa)a; (20b)
ca1 = (alx) + 2(ajxx)x; + (ajxa)a; (20¢)
cx = (ala) + (ajxa)x; + 2(alaa)a; (20d)

Applying the equations for the symplectic condition, 4J4" = J, we find:

{cu CIZJ[O IJ(CM chJ:(Cllclz_cllclz cllczz_clzczlj:(o lj 1)
¢y p N\-1 O\¢, ¢y C12€Cy1 —C1Cp Cy1Cpp —CyiCy -1 0

This equation has the solution cjjcn — cjpc2; = 1. Using our expanded
coefficients and grouping terms based on their dependence upon initial coordinates:
(x|x)(ala) — (x[a)(alx) = 1 from terms independent of initial coordinates
(x|x)(alxa) + 2(ala)(x[xx) — 2(x|a)(a|xx) — (ax)(x|xa) = 0 from terms linear in x;
(ala)(x|xa) + 2(x|x)(alaa) — 2(a|x)(x|aa) — (ajxa)(x|a) = 0 from term linear in a;
From this symmetry, we can derive the following first order relations for the six
dimension case:
(x[x)(ala)-(alx)(x[a)=1 (222)
(y[y)(bb)-(bly)(ylb)=1 (22b)

(x[x)(a]d)-(alx)(x[0)=(t[x) (22¢)
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(x[a)(a|d)-(ala)(x[0)=(1]a) (22d)

The first two equations represent the familiar results of Liouville’s theorem
of conservation of phase space volume under linear transformation. [8, 9] The last
two equations detail the connection between longitudinal and dispersive effects of
the system. [8, 9] If we impose our system requirements upon these relations,
minimizing the terms that appear in the commutator equation [(x|a), (a|x), (y|b),
(bly) and (alo) at first order], we see that the symplectic symmetry leads to the
following relationships [8]:

(x[x)(ala) =1 (yly)(bb) =1 (23a-b)

(tx)=0 (ala)(x[8) = (t[a) (23¢-d)

Similar relations can be calculated at higher order and are given in Appendix
A. These relations show that certain transfer map terms are proportional to other
terms. From this we can see how minimizing one coefficient causes another

coefficient to be minimized.

COSY Infinity as a Simulator

Difficulties arise in the study of a fragment separator from the limited
software available to simulate in-flight beams. The software must be able to

accurately and quickly calculate the effects of system components, including fringe
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fields and higher order effects. It must also allow for separation of particles from a
beam based upon charge and mass.

COSY Infinity is a differential algebra-based code that allows simulation of
such a system. [12] Although the code is very powerful, it still has some
limitations. In particular, the optimizers available for the system do not allow for
using constrained parameters to fit solutions within a particular variable range. It
was not uncommon, for example, for COSY to find a solution that focused the
achromatic image of a beam by using multipoles substantially beyond the 3 Tesla
design criteria limit. Another example occurred when using COSY to fit drift
lengths between system elements. In some of these cases the results included non-
physical negative drift lengths, effectively superimposing multipoles on top of each
other.

Despite this drawback, COSY Infinity proved to be an excellent and
essential tool in simulating the designs discussed later in this paper. In particular, it
was used exclusively beyond the initial first order calculations.

The majority of the Figures shown in this thesis were generated using the
graphing functions of COSY. To understand what is depicted in this Figures, it is
important to know what they represent. All axes shown are in the scale of meters.
Colors are used to distinguish between different types of magnetic elements in the
system; dipoles are shown in yellow (or light gray when viewed in black and white
print), quadrupoles are shown in red and other multipoles are shown in pink (or

darker gray in black and white print). Rays traced by COSY represent the
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maximum trajectory of isotopes at a standard energy and alternative ray traces
appear in different colors to shown the effects of isotopes with differing energy.
These ray traces can be compared with the apertures in the magnetic elements.
These are depicted in the Figures; the quadrupoles and multipoles have a 40 cm gap
both horizontal and vertical from the optical axis while the dipole gap is limited to a

10 cm vertical gap from the optical axis.

MATHEMATICA as a First Order Modeling Tool

As previously noted, COSY Infinity is a powerful simulation tool. It does,
however, suffer from a major drawback of having limited built in optimizers.
Another powerful computing tool was utilized to address some of the drawbacks
experienced with COSY. Using Mathematica software, the beam system can be
calculated to first order. The system was limited to dipole and quadrupole elements
separated by drift lengths. The elements where expressed in matrix form and pole
tip field strengths and drift lengths were left as variables.

To allow for quicker solution, the NMinimize optimizing function [13] was
used to constrain the search for each variable within a particular range of values.
The primary variables in these simulations were the drift lengths between system
elements and the strengths of the quadrupole magnets. The program also allowed
for variation of the lengths of the quadrupole elements, the dipole radius and angle,

and conditions which needed to be met by the solution. Once a first order solution
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was obtained through the Mathematica simulation, the physical layout (drift lengths,
multipole lengths, dipole radius and angle) was used to set fixed parameters in
further COSY simulations. The quadrupole magnet pole tip field strengths obtained
from the Mathematica simulations were also used as starting values in COSY, but
COSY was allow to fit the strengths independently. COSY was also used to correct
for higher order effects and fringe field effects which could not be simulated in the

Mathematica model.
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III.  FIRST ORDER DESIGN

First Order Criteria

For the first order design, the only elements we will include will be
quadrupoles and dipoles. Any proposed design should address the mechanical and
engineering constraints applicable to the particular project. Those constraints which
were adopted in the designs considered in this paper have previously been
discussed.

For all the designs considered, the system seeks to obtain point-to-point,
parallel-to-parallel focusing for a segment from the target through the dispersive
image. The segment was then reversed after the dispersive image to create mirror
symmetry around the dispersive image. As a result of this symmetry, a design after
the first segment and its inverse will focus the isotope beam point-to-point, parallel-
to-parallel, to an achromatic image after the second segment. [7, 9] To maintain a
high-quality beam with minimal transmission loss, the focused achromatic image
should have of aberrations of less than 1 mm. [1]

From the symmetry theories previously outlined, only 5 first order terms

from the transfer map matrix appear in the commutator equation. By minimizing
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(x]a), (ajx), (y/b), (bly) and (a|d) in the transfer map through the dispersive image,
the beam aberrations through the first order will also be minimized. Additionally,
the first order focusing will not be affected by higher order multiples introduced
later into the design. [7, 9, 10, 14]

Finally, since we are seeking to separate isotopes, we want to maximize
dispersion, which we will define by the ratio (x|0)/(x|x) of the transfer map
coefficients through the dispersive image. Since the absorbing wedge will
subsequently be introduced at the dispersive image to select a particular mass
isobar, the resolution of the separator will link directly to the dispersion of the
system segment. This qualitative factor will help in evaluating the efficiency of a

proposed design.

Possible Design Layouts

Within our criteria, multiple designs for a system are possible. The next

sections examine a variety of possible first order design layouts.

Non-Symmetric Model

The non-symmetric model seeks to find the simplest design that will satisfy
the first order criteria. This design has no mirror symmetry within the segment from

the target through the dispersive image. This design uses only 4 quadrupoles in the
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segment (2 per plane) to achieve the desired point-to-point, parallel-to-parallel
focusing. The result is one focusing (F) and one defocusing (D) quadrupole on each
side of the dipole in the segment. For this design, four possible configurations of
the order of quadrupoles are available.

For the first configuration choice, D-F-F-D, no solution was found that
minimized all 5 critical transfer map terms. The horizontal and vertical projections
of this layout are shown in Figures 4 and 5. The best solution, which only
minimized 2 terms, also had 2 drift lengths exceeding two meters, and average

dispersion (~ 1.6).

¥ PROJECTION

Figure 4. First order nonsymmetric (DFFD) layout — horizontal projection.
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Figure 5. First order nonsymmetric (DFFD) layout — vertical projection.

The second configuration choice, D-F-D-F, did minimize all 5 critical
transfer map coefficients and had very poor dispersion (~.42). The horizontal and
vertical projections of this layout are shown in Figures 6 and 7. The vertical beam

width, however, was nearly 50 cm. through the 10 cm. dipole gap.
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Figure 6. First Order Nonsymmetric (DFDF) Layout — Horizontal Projection.
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Figure 7. First order nonsymmetric (DFDF) layout — vertical projection.

The third configuration considered, F-D-D-F, also failed to minimize the 5
critical transfer map terms. The horizontal and vertical projections of this layout are
shown in Figures 8 and 9. It also suffers for a vertical beam width of more than 35
cm through the dipole and two large drift lengths. It also had very poor dispersion

(~.28).
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Figure 9. First order nonsymmetric (FDDF) layout — vertical projection.

The final configuration, F-D-F-D, was far superior to the other three.

It

minimized all 5 critical transfer map terms, and had reasonable dispersion (~1.8).

The horizontal and vertical projections of this layout are shown in Figures 10 and

11. The vertical beam width was within the dipole gap, and the horizontal beam
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width was only slightly above the desired limit. Also, the drift length and the

quadrupole pole tip field strengths were reasonable.
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First Symmetric Model

Another possible design utilizes mirror symmetry in the cell around the
middle of the dipole magnet. Because of this extra symmetry within the layout of
the segment, the symplectic, midplane, and mirror symmetry theories allow
determination of conditions in the transfer map through the middle of the dipole that
achieve point-to-point, parallel-to-parallel focusing at the dispersive image. The
first set of such conditions is to require point-to-point, parallel-to-parallel focusing
in the middle of the dipole. Thus, our criteria for the simulation is to minimize
(x[x)m (ala)m (v|b)m and (bly)m. [9] Then, reversing the system after the dipole will
guarantee such focusing is maintained at the dispersive image. We can look back to
the example of the first order transfer map, assuming energy constancy, time
independence, midplane symmetry, and omitting the rs time-dependent terms for
simplification. We will denote the transfer map through the dispersive image and

the middle of the dipole by Tp and Ty, respectively.
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To minimize (x[x)m, (ala)m, (Y|y)m, and (b|b)m, we use 4 quadrupoles (2

focusing and 2 defocusing) in front of the dipole. As was the case with the non-

symmetric design, 4 configurations are possible.

The first case, D-F-F-D, minimized the 4 critical transfer map terms, but had

a horizontal envelope of more than 70 cm. and the resolution was poor (~1.3). The

horizontal and vertical projections of this layout are shown in Figures 12 and 13.
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Figure 12. First order type I symmetric (DFFD) layout — horizontal projection.
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Figure 13. First order type I symmetric (DFFD) layout — vertical projection.

The second case, D-F-D-F, also minimized the 4 critical transfer map terms

and had reasonable resolution (~1.6). The horizontal and vertical projections of this
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layout are shown in Figures 14 and 15. This design was rejected because the

horizontal beam width was nearly 65 cm.

¥ PROWUECTION

y
1 Y T Y A |

Figure 14. First order type I symmetric (DFDF) layout — horizontal projection.

W PROJECTION

o
035
o3
(=51 -
[«
o185 _]
o1a

oos
oor

-5
— A0
-1 _]

=020 _}
—0.25 _}
-0.30 _]
—0.33

—Q40

Figure 15. First order type I symmetric (DFDF) layout — vertical projection.
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For the third case, F-D-D-F, no solution was found that minimized all four
critical transfer map terms. The horizontal and vertical projections of this layout are

shown in Figures 16 and 17. The horizontal beam width was also larger 65 cm.
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Figure 16. First order type I symmetric (FDDF) layout — horizontal projection.
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Figure 17. First order type I symmetric (FDDF) layout — vertical projection.



The final case, F-D-F-D, did minimize the 4 critical transfer map terms. The
design was rejected because of its poor resolution (~1.15). The horizontal and

vertical projections of this layout are shown in Figures 18 and 19.

¥ PROWUECTION

Figure 18. First order type I symmetric (FDFD) layout — horizontal projection.
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Second Symmetric Model

The third design considered is a variation of the previous model. The
condition chosen in the middle of the dipole in the previous case was actually more
restrictive than necessary. By requiring point-to-parallel, parallel-to-point imaging
in the middle of the dipole, we also achieve point-to-point, parallel-to-parallel
focusing at the dispersive image. Thus, our criteria is for the simulation to minimize
XXM, (ala)m, (Y[y)m, and (bjb)m. [9] To achieve this, 4 quadrupoles (2 focusing
and 2 defocusing) are used in front of the dipole. Again, this leads to 4 possible
configurations to consider.

The first case, D-F-F-D, allowed all four critical transfer map terms to be
minimized. The horizontal and vertical projections of this layout are shown in
Figures 20 and 21. The resolution, however, was poor (~1.2). The vertical beam

width was almost 35 cm. and one of the drift lengths was only 10 cm.
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Figure 20. First order type Il symmetric (DFFD) layout — Horizontal projection.
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Figure 21. First order type Il symmetric (DFFD) layout — vertical projection.

The second case, D-F-D-F, met all criteria except for the vertical beam
width, which was 15 cm. The horizontal and vertical projections of this layout are
shown in Figures 22 and 23. The resolution was good (~1.8), and magnet strengths

and drift were reasonable.
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The third case, F-D-D-F, also met all criteria. The horizontal and vertical

projections of this layout are shown in Figures 24 and 25. The resolution was very
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good (~2.25), and the vertical beam width was only 12 cm. The magnet strengths

and drift lengths were also reasonable.
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Figure 24. First order Type II symmetric (FDDF) layout — horizontal projection.
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The final case, F-D-F-D, minimized all 4 critical transfer map terms, but had
poor resolution (~1.3). The horizontal and vertical projections of this layout are

shown in Figures 26 and 27. Also, the vertical beam width was 20 cm.
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Figure 26. First order type II symmetric (FDFD) layout — horizontal projection.
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Figure 27. First order type Il symmetric (FDFD) layout — vertical projection.
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Triplet Model

In the triplet model, mirror symmetry is maintained around the dipole, but
only three quadrupoles are used on each side of the dipole. At initial glance, this is
a surprising result since the condition for a solution seeks to minimize 4 transfer
map terms at the middle of the dipole. We would normally expect that 4
independent quadrupoles are required to achieve a solution except in an exotic or
trivial case.

The reduction in the number of independent quadrupoles needed to achieve a
solution arises from a “hidden” constraint in the system. For all of the elements in
the system (i.e., quadrupoles, drifts and dipole), the map terms (x|x) = (ala). [7, 9,
15]

The solutions for this layout also reflect a number of simulation solutions
from the symmetric design where the pole tip field strength of one of the 4
quadrupoles was at least an order of magnitude less than the other three. In all these
cases, the configuration was F-D-F. The best results for this layout met all criteria

and had very good resolution (~2.22). The horizontal and vertical projections of this
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layout are shown in Figures 28 and 29. The magnet strengths and drift lengths were

reasonable. The vertical beam width was about 14 cm.
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Figure 28. First order triplet (FDF) layout — horizontal projection.
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Other Designs Considered

In addition to the previously discussed first order layouts, other design
variations were considered. These included varying the dipole radius from 25 to 40
degrees, varying the dipole radius from 4 to 6 meters, varying the lengths of the
multipoles used, and using combinations of more than 2 sets of focusing-defocusing
quadrupole doublets. For these configurations, as well as the layout designs
discussed above, the ranges for drift lengths and multipole strengths were also
varied. Also, the starting values for the variables in each type of simulation were
varied.

With respect to variation in the dipole radius and angle, solutions within the
ranges tested were fairly easy to obtain and consistent with those for the 35 degree
angle, 5 meter radius dipole models. Changes in the dipole radius and angle did
effect dispersion, but not dramatically. Ultimately, the radius and angle used in the
selected layout were chosen because of the physical footprint from a possible site
for the RIA facility.

For example, using a 25 degree dipole angle in the ond symmetric layout and

the F-D-D-F configurations yielded a solution with dispersion of approximately
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1.46. All other criteria of the first order design were satisfied. The horizontal and

vertical projections of this layout are shown in Figures 30 and 31.
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Figure 30. First order type II symmetric (FDDF) layout — 25 degree dipole — horizontal projection.
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Figure 31. First order type II symmetric (FDDF) layout — 25 degree dipole — vertical projection.

When the dipole angle was increased to 45 degrees, a similar solution was

found for the same layout. The horizontal and vertical projections of this layout are
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shown in Figures 32 and 33. This solution, however, had dispersion of 2.27, and a

wider vertical beam width. Otherwise, all first order criteria were satisfied.
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Figure 32. First order type II symmetric (FDDF) layout — 45 degree dipole — horizontal projection.
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In each simulation type, the length of the quadrupoles did prove to be a
critical variable. Repeated testing showed that there was an optimal length for the
quadrupoles, but that this optimal length varied from 60 cm. to 1.25 cm. in different
layouts. As the length of the quadrupole elements was increased or decreased from
its optimal value, it became more difficult to find solutions that had reasonable
values for beam width, drift lengths and quadrupole strengths. The quadrupole
length selected for each proposed segment design was the optimal length for that

particular design as determine by repeated simulation.

Selection of First Order Design

Using the various symmetry theories, a variety of different systems of
quadrupoles and dipoles were found to satisty the first order criteria for a fragment
separator design. From all the first order systems previously discussed, 3 were
selected as possible design layouts: the best non-symmetric design (F-D-F-D
configuration), the best symmetric design (F-D-D-F configuration of o symmetric
design), and the triplet design. All three of these designs minimized all 5 critical
commutator terms in the transfer map through the dispersive image. All 3 had
reasonable values for the drift lengths and pole tip field strengths. Also, all three
had reasonable horizontal and vertical beam widths.

Table 1 gives a comparison of the three designs. The first order objective

reflects the sum total of all 5 critical transfer map terms through the dispersive
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image. The triplet design was very similar in terms of results to the symmetric

design. It was selected for further consideration, however, because it represented a

substantial number of solutions to the symmetric model simulation where the pole

tip field of one of the four quadrupoles was substantially weaker than those of the

other three.

Table 1

Comparison of the Components for the Three Best First Order Design Layouts.

1st Order Map
Elements

x|a
alx
ylb

bly
ald

1% order objective

BEST SYMMETRIC

BEST NONSYMMETRIC

BEST TRIPLET

1.433648E-11
1.746147E-09
2.795170E-11
2.078318E-08
1.685740E-11

2.258847E-08

1.704820E-11
4.429634E-11
1.749401E-11
4.528335E-11
4.946276E-04

4.946277E-04

1.221245E-15
1.276756E-15
1.554312E-15
1.433765E-04
1.443290E-15

1.433765E-04
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max. X-projection

(meters) 0.420 0.550 0.400
max. Y-projection
(meters) 0.130 0.090 0.140

X&/xx 2.352 1.969 2.224
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IV.  SECOND ORDER DESIGN

Second Order Criteria

For the second order system, the layout will be modified to correct for the
aberrations introduced by second order effects. This is done by superimposing
sextupoles onto the quadrupole magnets. [9, 14] The quadrupole positions and
strengths remain fixed.

At first order, we looked at a system which obeyed energy constancy, time-
independence and mid-plane symmetry. The position of a particle traveling to the
dispersive image in such a system can be expressed as follows [4, 7]:

Xp=(x|x),x, +(x|a)pa, +(x|0),0, =x, +(x] ), (25)

Yo =W INpye +(1b)pby =y, (26)

The right most solution of these equations has been simplified by using the
first order focusing criteria for the dispersive image: (x|x)p = (y|y)p = 1 and (x|a)p =

(ylb)p = 0. At second order, the equations for the position of a particle traveling to

the dispersive image are as follow [4, 7]:
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Xp = (x]X) Xy +(x| @) pay +(x| 8) , O5Hx| x%xé +(x[ xa) p Xy +(x[ X8) , X,y 27)
+(x|aa)Dag +(x|ad) pa,0, +(x|yy)Dyg +(x| ¥ pyoby +(x|b@Dbg +(x|5é)D5§

Yo =01»pye +(D) b, +(y|yy)Dy§ +(|yb) pyob, +(y|bb)0b§ +(y|xx)Dx§ 28)
+(y|xa) ,x,a, +(v|ad) pa; +(v| 56) ,6,

The effect of the second order terms is to skew the focal plane of the system

at the dispersive image. This skew can be expressed by the tilt angle 6 where [4]:

tan @ = ___ (o) (29)
(x]x)(x[ad)

This we be illustrated by examples presented later in this chapter. If we apply the
symplectic and mirror symmetry relations to these equations, however, we can
simplify the second order equations. Another consideration is the requirement that
the beam be focused at the achromatic image. This is, in fact, the real design goal of
our system. To accomplish this, we will seek to minimize all the second order
coefficients from the transfer map through the dispersive image that appear in the
commutator equation. As specified in Table 2, there are 15 second order terms

appearing in the commutator equation:

Table 2

Second Order Terms Appearing in the Commutator Equation.

(x[xa)p (x[ad)p (X|yb)p
(alxx)p (ajxd)p (alaa)p (alyy)p (albb)p (aldd)p
(ylxb)p (ylay)p (y[bS)p

(blxy)p (blab)p (blyd)p
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By examining the proportionality relations from the design’s symplectic symmetry,
we see that five of the coefficients are simultaneously minimized along with the

other 10. These relations are listed below in Table 3 [8]:

Table 3

Symplectic Relations Between Second Order Commutator Terms.

(alaa) o (x[xa) (x|yb) a (blab) a (ylay)

(albb) o (y[xb) (alyy) o (bxy)

The symplectic condition also yields several useful relations of proportionality
between non-commutator terms. These are listed in Appendix A. This analysis
leads to the primary criteria for the second order system. It should minimize the
coefficients (x|ad)p, (ajxx)p, (ajxd)p, (alaa)p, (alyy)p, (albb)p, (aldd)p, (y|bd)p,
(blab)p, (blyd)p. Satisfying this criterion will result in a system that is focused
point-to-point, parallel-to-parallel at the achromatic image.

The secondary criteria would be to achieve a focused dispersive image that
minimizes the skewing effect of the second order aberrations. This effect become
problematic when the absorbing wedge in introduced because of stochastic effects
within the wedge itself. These effects are at a minimum when the image plane is

perpendicular to the beam at the dispersive image.
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Theory Applied to Positioning of Sextupoles

We have already determined that sextupoles will be used to correct the
second order aberrations in the optical system. Superimposing sextupoles onto the
existing quadrupole in the system is a cost effective approach. Such a system would
generally be easier to build than one with independent sextupoles. Will such
placement allow the second order aberration to be corrected?

The method to determine optimal placement of sextupoles is discussed
extensively by Brown. [14] Using this method, the coupling coefficients can be
mapped as a function of the beam through the system. [2, 14] This was done by
plotting independent changes throughout the system for each of variables, x, a, y, b,
and 0 with COSY. The transfer map and coupling coefficients can then be
determined as a function of position in the system. This was done for each of the
three selected first order system designs. The results are contained in the plots

shown in Figures 34, 35 and 36.
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Symmetric Layout Coupling
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Figure 34. Plot of sextupole coupling coefficients as a function of position within the fragment

separation for symmetric design layout.

Triplet Layout Coupling
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Figure 35. Plot of sextupole coupling coefficients as a function of position within the fragment

separation for triplet design layout.
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Nonsymmetric Layout Coupling
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Figure 36. Plot of sextupole coupling coefficients as a function of position within fragment separator

for nonsymmetric design layout.

Using these coefficients, the integrated values of the second order transfer map
coefficients can be determined as a function of the strength and placement of
sextupoles in the system. [14] For example, let’s look at correcting aberrations by
minimizing the term (X|xX)p.

This second order term can be expressed as:
1
(v xa)=— (x| [ (al (@] a)x|a)da + 2x|0YS(x[x)alx)’  (30)

This equation is integrated over the bending angle of the dipole, and the variable, S,
represents the sextupole strength. [4,14] The first term on the right hand side of the
equation represents the aberration caused by the first order effects of the dipole.

The second term on the right hand side of the equation is the dependent upon the
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strength of the sextupole and a coupling coefficient. This coupling coefficient is set
by the position of the sextupole and first order terms. Thus, the best place to
position a sextupole to minimize the (x|xa)p aberration is at a point where the
absolute value of the coupling coefficient (X\X)(X|a)2 is greatest. [4, 14]

In our systems, the positions of the sextupoles are fixed by superimposing
them onto the quadrupoles placed in the first order layout. This method of analysis
does let us verify the efficiency of this placement. We see, for example, that the
coupling coefficients for the non-symmetric layout are generally very small until
after the dipole. Since we will only have 2 sextupole after the dipole, we should be
concerned about whether we can achieve the second order criteria with the non-

symmetric design.

Theory Applied to Number of Sextupoles

A question also arises about the number of independent sextupoles necessary
to obtain a focused system. We can take advantage of the mirror symmetry about
the dipole midplane in both the symmetric and triplet layouts to show the relations
between the 10 critical second order commutator terms.

In both the symmetric and triplet layouts, the system maintains point-to-
parallel, parallel-to-point focusing to the middle of the dipole. Thus, from mirror
symmetry and the symplectic relations we know that (x|x)m = (ala)m = (y|y)m =

(bjb)m = 0 and (x|a)m(ajx)m = (y|b)m(bly)m = -1. Using these relations, which are
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calculated in detail in Appendix B, we can express the coefficients for the transfer
map through the dispersive image solely in terms of the coefficients from the
transfer map through the midplane of the dipole.

T,=T,oT,,=T,°RoT,' oR (31)
From this relationship, we see that the majority of the terms appearing in the
commutator go to zero give the first order criteria. There are 5 terms, however, that
can be expressed as functions of the coefficients from the transfer map through the

middle of the dipole. These relations reduce to the equations contained in Table 4.

Table 4

Second Order Relations for Commutator Terms Due to Mirror Symmetry About

Dipole Midplane.

(x[ad)p = +2(alad)m(x]a)m + 2(ajxa)m(ald)m(x[a)m’

(a|xd)p = -2(x[x0)m/(x|a)m — 4(x|xx)m(a|O)m

(a38)p = +2(x|x8)m(ald)m + 4(x|xx)m(x[a)u(a|3)m"

(y|bd)p = +2(b[bd)m(y[b) + 2(blxb)m(a|d)m(x|a)m(y[b)m

(blyd)p = -2(y[xy)m(x[a)m(ald)m/(y[b)m — 2(y|68)m/(y[b)m

Since (ajx)m = -1/(x|a)m, the second and third equations from the preceding list are
redundant. Both (a|xd)p and (a]66)p are minimized if (X[x8)m=-2(X|xx)m(X|2)m(2|0)m-
The first order criteria, requiring point-to-parallel, parallel-to-point focusing through

the middle of the dipole, coupled with the mirror symmetry around the dipole
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through the dispersive image, minimizes all but five of the commutator terms, only
4 of which are independent.

Each of the four independent equations provides the relation of
proportionality between two second order terms from the transfer map through the
middle of the dipole that we reduce a particular commutator terms to zero. If we
assume that the eight dipole transfer map terms are independent, these four relations
reduce the true number of independent variables from eight to four. One sextupole
in front of the dipole should be sufficient to set the value of each of these four truly
independent terms such that all of the commutator terms from the transfer map at
the dispersive image go to zero. It is reasonable to assume, therefore, that no less
than four independent sextupoles placed in front of the dipole will be necessary to
minimize all second order commutator terms except in the trivial or exotic case.

From these calculations, we see the power of coupling the symplectic
symmetry relationships, which reduced the number of independent commutator
terms from 15 to 10, with mirror symmetry around the middle of the dipole, which
further reduced the number of independent terms to 4. This theory implies that we
should be able to obtain a solution for our symmetric layout which minimizes all of
the commutator terms through the dispersive image, satisfying the primary second
order criteria. It also suggests, however, that no such solution will exist for the

triplet design.
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Selection of Second Order Design

For each of the selected first order layouts, COSY was used to find the best
second order layout in terms of satisfying the second order criteria previously
discussed. Consideration was also given to a variety of configurations, particularly
the polarity of the sextupoles. For each design simulations were run with the
sextupoles that had symmetry in pole tip field strength about the dipole, and further
with both identical and reversed polarity about the dipole. Simulations were also
run which allowed all sextupoles in the system to be independent of each other in
terms of strength and polarity through the dispersive image. Lastly, simulations
were run where all sextupole through the achromatic image were allowed to be
independent of each other in terms of strength and polarity.

Table 5 summarizes the second order transfer map terms of the uncorrected
layouts through the dispersive image that appear in the commutator equation. The
highlighted terms reflect the independent commutator terms which need to be

minimized. The second order objective is the sum of these commutator terms.
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Comparison of the Second Order Commutator Terms for Three Best Design

2" Order Map Elements

X|xa
x|ad
x|lyb
alxx
alxd
alaa
alyy
albb
aldd

y|xb

ylay
y|bd

blxy

blab
blyd

minimized by
alaa

minimized by
albb
minimized by
x|yb

minimized by
alyy
minimized by
x|yb

2" order objective
Lavyouts Before Aberration Correction

Symmetric

4.710524E-12
1.276111E+01
6.125859E-09
2.922003E-13
2.373888E-01
6.882331E-11
2.112838E-12
0.000000E+00
2.791317E-01

0.000000E+00

6.125860E-09
5.869844E+00

4.225705E-12

6.125859E-09
1.078842E+00

2.022632E+01

Non-Symmetric

4.347484E-01
7.001756E+00
2.608219E-01
3.663833E-05
1.127275E+00
4.496187E+00
2.866070E-04
7.743024E-05
3.556413E-01

1.553750E-04

5.412787E+00
8.108049E+00

2.762103E-05

2.599582E-01
1.180336E+00

2.253047E+01

Triplet

5.5651115E-16
1.069018E+01
0.000000E+00
0.000000E+00
2.434154E-01
3.053113E-16
1.387779E-16
1.003214E-16
2.706263E-01

0.000000E+00

6.106227E-16
6.855612E+00

2.478425E-16

3.654482E-16
1.075645E+00

1.913548E+01



60

For the non-symmetric model, the uncorrected system at second order had a
substantial skew. Figures 37 and 38 show the uncorrected second order plot for the

non-symmetric layout.
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Figure 37. Uncorrected second order best nonsymmetric layout — horizontal projection.
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Figure 38. Uncorrected second order best nonsymmetric layout — vertical projection.

This uncorrected system had seven of the ten critical map elements which
still need to be minimized even after the symplectic relationship had been
considered. The mirror symmetry relationship considered for the symmetric and
triplet design could not be applied here because of the lack of symmetry about the
dipole.

The best second order focusing of this system required the use of 8
independent sextupoles through the achromatic image. This best fit did not
minimize all independent commutator terms, nor was it able to focus at the
dispersive image. The largest aberrations at the achromatic image were
approximately 3 cm. in the vertical plane and 2 mm. in the horizontal plane. The

horizontal and vertical projections of this layout are shown in Figures 39 and 40.
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Figure 39. Best nonsymmetric layout after correction of second order aberrations — horizontal

projection.
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Figure 40. Best non symmetric layout after correction of second order aberrations — vertical
projection.

For the triplet layout the skew, as shown in Figures 41 and 42, was more

pronounced than in the non-symmetric design.
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Figure 41. Uncorrected second order best triplet layout — horizontal projection.
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Figure 42. Uncorrected second order best triplet layout — vertical projection.

Also, only 5 of the 10 critical commutator terms were not minimized in the

uncorrected system. It is worthy to note that these 5 commutator terms, (x|ad)p,



64

(axd)p, (aldd)p, (y|bd)p, and (b|yd)p, are exactly the same 5 terms we calculated
would not be minimized by a system with mirror symmetry around the center of the
dipole coupled with the first order criteria of point-to-parallel, parallel-to-point
focusing. Using a system with 3 independent sextupole in front of the dipole,
no solution was found that minimized all the commutator terms at the dispersive
image. The best correction to this layout was one using three independent sextupole
and reversing polarity after the dipole. The horizontal and vertical projections of
this layout are shown in Figures 43 and 44. This system did maintain mirror

symmetry about the dispersive image.
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Figure 43. Best triplet layout after correction of second order aberrations — horizontal projection.
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Figure 44. Best triplet layout after correction of second order aberrations — vertical projection.

The corrected second order triplet design minimized all commutator terms
except (alaa)p, (albb)p, and (blab)p, and had an objective function of .043. This
solution did focus at the achromatic image by reducing all aberrations to less than 1
mm. in both horizontal and vertical plane. The angular aberrations for (aaa), (a|bb)
and (blab), however, doubled from what they were at the dispersive image.
Attempts to correct aberrations using 6 independent sextupole through the
dispersive image did effectively reduce all but the (alaa) angular aberrations through
the achromatic image.

For the symmetric layout, the skew was very similar to the triplet layout.

This is shown in Figures 45 and 46.
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™

Figure 45. Uncorrected second order best symmetric layout — horizontal projection.
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Figure 46. Uncorrected second order best symmetric layout — vertical projection.

The mirror symmetry at the middle of the dipole coupled with the first order
criteria again minimized all but the same 5 commutator terms as in the triplet layout.

Unlike the triplet layout, and as expected from the theory, a solution was found that
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minimized all commutator elements in the transfer map through the dispersive
image. This system utilized 4 independent sextupoles in front of the dipole, and
maintained mirror symmetry on each side of the dipole. The horizontal and vertical

projections of this layout are shown in Figures 47 and 48.
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Figure 47. Best symmetric layout after correction of second order aberrations — mirror symmetry

maintained about dipole midplane — horizontal projection.
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Figure 48. Best symmetric layout after correction of second order aberrations — mirror symmetry

maintained about dipole midplane — vertical projection.

The major difficulty with this system is that it does not maintain focusing at
the dispersive image. It did successfully minimize all commutator elements. It also
minimized all aberrations to less that 1 mm. at the achromatic image. Lastly, the
magnet strengths for the sextupoles remained quite reasonable. The second order
transfer and aberration maps through the dispersive image for this design are given
in Table 6. The coefficients in this Table are expressed in following manner: (1) the
Columns correspond to x, a, y, b, and 8, and represent the first term in the
coefficient; and (2) the rows correspond to the variables appearing in the second
terms of the coefficient and the sixth column designates the power of each variable
(x, a, y, b, t, and d) for each particular row. Since there are no time dependent

elements within the system, all rows are independent of t. For example, the
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numerical value for the coefficient (x|aa) will be in the first column with the row

designated by 020000.

Table 6.

Transfer Map Coefficients and Aberration at Dispersive Image for Best Symmetric

Layout After Second Order Correction — Mirror Symmetry Maintained About

Dipole Midplane.

BEAM MAP ELEMENTS — DISPERSIVE IMAGE — SYMMETRIC DESIGN

.7164369E-13 -.1007290E-15 .0000000 .0000000 .6835275E-13 000000
-.9999999 .5820138E-07 .0000000 .0000000 .1385417E-06 100000
-.1056932E-11 -1.000000 .0000000 .0000000 -2.380637 010000

.0000000 .0000000 -.9999999 .1735760E-10 .0000000 001000

.0000000 .0000000 .1811107E-11 -1.000000 .0000000 000100

.0000000 .0000000 .0000000 -0000000 1.000000 000010

2.380637 -.1469933E-10 .0000000 .0000000 2.257262 000001
-.2242649 -.7918147E-05 .8214957E-14 .7340649E-15 -.9384621E-05 200000
-.1331026E-02 .4485299 .5544759E-13 -.6238808E-13 .5338858 110000
-153.4473 .6744441E-03 .8013126E-12 -.5563134E-12 .8134328E-03 020000

.6299844E-13 .1847719E-14 -2.328964 -.9033487E-04 -
.1112561E-11 -.6236528E-13 -.1120900E-01 9.128255 -
-4.564127 -.4490182E-04 .5994115E-13 -.3446185E-13 -

.5377020E-14 101000
-1231968E-12 011000
.5315632E-04 002000

.5577954E-13
.1597066E-11
-.1120899E-01

.1543478E-13

2.328965

.8859451E-03 2.328965
.5517036E-13 -15.76992
.1747891E-12 -.1183194E-12

.1120900E-01

.7198684E-14
.2397050E-12
2.771873

100100
010100
001100
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-5339011 .1890016E-04 -.3013210E-13 -.9843870E-14 -.1727380E-06 100001
.1584343E-02 -.5339012 .1086476E-12 .2534200E-13 2.776615 010001
-.2508618E-13 -.9604117E-14 2.772547 .1074773E-03 .0000000 001001
-7.884962 -.4425137E-03 .3984935E-12 -.8717803E-13 -.5261861E-03 000200
.1082783E-12 .2974465E-13 -.1054557E-02 -2.772547 .0000000 000101
-2.023820 -.2246580E-04 .3586679E-13 .1171734E-13 -2.285957 000002
BEAM ABERRATIONS — DISPERSIVE IMAGE — SYMMETRIC DESIGN
.7164369E-13 -.1007290E-15 .0000000 .0000000 .6835275E-13 000000
-9999999E-03 .5820138E-10 .0000000 .0000000 .1385417E-09 100000
.5284662E-13 -.5000001E-01 .0000000 .0000000 -1190319 010000
.0000000 .0000000 -9999999E-03 .1735760E-13 .0000000 001000
.0000000 .0000000 -9055534E-13 -.5000000E-01 .0000000 000100
.3761407 -.2322495E-11 .0000000 .0000000 .3566474 000001
.2242649E-06 -.7918147E-11 .0000000 .0000000 .9384621E-11 200000
.6655132E-07 .2242650E-04 .0000000 -0000000 .2669429E-04 110000
.3836181 .1686110E-05 .2003281E-14 -.1390784E-14 .2033582E-05 020000
.0000000 .0000000 .2328964E-05 -.9033487E-10 .0000000 101000
.0000000 .0000000 .5604498E-06 .4564127E-03 .0000000 011000
.4564127E-05 -.4490182E-10 .0000000 .0000000 .5315632E-10 002000
.0000000 .0000000 .4429725E-07 .1164482E-03 .0000000 100100
.3992666E-14 -.1379259E-15 -.3942481E-01 .2802249E-04 -.5992624E-15 010100
.5604497E-06 .1164482E-03 .0000000 .0000000 .1385937E-03 001100
.8435637E-04 .2986225E-08 .0000000 .0000000 .2729261E-10 100001
.1251631E-04 -.4217820E-02 .8583161E-15 .2002018E-15 .2193526E-01 010001
.0000000 .0000000 .4380624E-03 .1698142E-07 .0000000 001001
-1971240E-01 -.1106284E-05 .9962338E-15 -.2179451E-15 -.1315465E-05 000200
.8553985E-15 .2349827E-15 -.8331001E-05 -.2190312E-01 .0000000 000101
.5052264E-01 -.5608361E-06 .8953786E-15 .2925117E-15 -.5706663E-01 000002

Like the triplet design, it was possible to focus the dispersive image at the
expense of minimizing the critical commutator terms. The horizontal and vertical
projections of this layout are shown in Figures 49 and 50. This result maintained an

image plane at the dispersive image, but did not minimize all the angular aberrations

at the achromatic image.
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Figure 49. Alternate second order best symmetric layout — eight independent sextupoles through

dispersive image — horizontal projection.
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In consideration of all three designs, the non-symmetric design failed to
meet the criteria set at second order either by minimizing the commutator terms or
by otherwise focusing at the achromatic image. The triplet design came much close,
but also failed to minimize all the second order commutator terms. The triplet
design was able to focus the achromatic image, but it failed to minimize all angular
aberration to 10~. The symmetric design was the only one capable of satisfying the
primary second order criteria of minimizing all the critical commutator terms. It
also was the only system that minimized all aberrations at the achromatic image to
10”. The drawback to the design was the loss of a focused image plane at the
dispersive image. This could be corrected, as in the triplet design, by sacrificing the

goal of minimizing all of the critical commutator terms.
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V. THIRD ORDER DESIGN

Third Order Design Criteria

At third order, the design challenges and criteria become increasingly more
complicated. In terms of the commutator equations, 35 third order terms appear in

this equation [8] and are listed in Table 7:

Table 7

Third Order Terms Appearing in the Commutator Equation.

(x[xxa)p (xxad)p (x|xyb)p (x|aaa)p (xlayy)p (x|abb)p (x|add)p (xlybd)p
(alxxx)p (alxxd)p (alxaa)p (axyy)o (alxbb)p (alx33)o (afaad)s (alayb)p (alyyd)o (albbd)p (al853)o
(ylxxb)p (ylxay)o (vxbd)p (ylaab)p (ylayd)o (ylyyb)p (yIbbb)p (yb3d)o

(blxxy)p (blxab)p (b|xyd)p (blaay)p (blabd)p (blyyy)p (blybb)p (blydd)n

From the symplectic relations, we can reduce the number of independent

commutator terms from 35 to 21. [8] These relations are listed in Table 8.
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Table 8

Symplectic Relations Between Third Order Commutator Terms.

(x|xxa) oc (alxaa) (aJaad) o« (x|xad)
(x[xyb) o (afayb) o (blxab) « (y[xay) (x[ayy) o (blaay)
(x]ybd) e (blabd) oc (ylayd) (alxyy) o (b[xxy)
(alyyd) o (blxyd) (alxbb) oc (y[xxb)
(a[bbd) oc (y|xbo) (x[abb) oc (ylaab)

(ylyyb) « (blybb)

This leaves 21 independent third order terms in the commutator equation.
As it did with second order terms, the symplectic condition also gives relations of
proportionality between other non-commutator terms. These are listed in Appendix
A. To minimize these terms, the system design will use octupoles superimposed
onto the existing multipoles. Given the limited number of multiples our system will
use, it may not be possible to minimize all the third order commutator terms.
Bearing this in mind, the primary goal at third order will remain to focus the
achromatic image point-to-point parallel-to-parallel. Our primary criteria will seek
to achieve this goal by minimizing the independent commutator terms. Attention
will also be given to minimizing aberrations in the horizontal plane of the dispersive

image where isobar separation occurs.
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Theory Applied to the Number of Octupoles

As was done with the second order system, consideration should be given to
the number of independent octupoles needed to minimize the critical third order
commutator terms. Because both the symmetric and triplet designs utilize mirror
symmetry about the dipole, we can examine whether this symmetry reduces the
original number of 35 third order commutator terms. Just as was done at the second
order, the third order commutator terms can be expressed as functions for the
coefficients of the transfer map through the middle of the dipole. The first and
second order criteria are then incorporated. When this is done, as detailed in
Appendix B, we see that the 35 terms can be minimized by satisfying only 24
relations involving 26 third order terms from the transfer map through the middle of

the dipole. These relations are listed in Table 9.



76

Table 9

Third Order Relations for Commutator Terms Due to Mirror Symmetry About

Dipole Midplane

(ajxxx)p and (axxd)p minimized when (X[xxx)m = - 2(x[xa)(x[xx)/(x|a)

(aJxaa)p and (alaad)p minimized when (x|xaa)y = 2(x|aa)(x[xa)/(x|a) —
2(aJaa)(x/xx)(x|a)

(alxyy)p and (alyyd)p minimized when (x|xyy)m = -2(x|yb)(x|yy)/(x|a) -
2(x[xx)(y[ay)/(ylb)

(ajxbb)p and (a]bbd)p minimized when (x[xbb)y = -2(albb)(x[xx)(x|a)
+4(x|bb)(x]yb)/(x|a)

(ajx38)p and (a]338)p minimized when (x|x33)y + 2(x[xx8)m(ald)(x[a) +
6(x|xxx)m(x[a)’(al8)” = -2 (a33)(x|xx)(x|a) -8(x|xa)(x|xx)(x|a)(a|5)’

(alayb)p minimized when (x|ayb)y = 2(x|aa)(x|yb)/(x|a) - 4(a|bb)(x|yy)(x|a)
+4(x[bb)(v[ay)/(ylb)

(x|xxa)p and (x|xad)p minimized when (ajxxa)y =0

(x|xyb)p and (x|ybd)p minimized when (alxyb)u = - (x|aa)(x|yb)/(x|a)

(x|aaa)p minimized when (alaaa)y = - (alaa)(x|aa)/(x|a)

(x[ayy)p minimized when (aayy)u = (ylab)(ylay)/(x|a)(y[b)” — (x|aa)(ylay)/(x|a) (y[b)

(x|abb)p minimized when (ajabb)y = - (a|bb)(x|aa)/(x|a) — (a|bb)(y|ab)(x|a)2/(y|b)

(x|add)p minimized when (a/add)n + (ajxad)m(x|a)(ald) Jr2(a\xxa)1v[(x|'c1)2(a|8)2 =-
(x[aa)(x]ad)(a|3)/(x[a)’ — (x[aa)(al3)”

(b|xxy)p and (bjxyd)p minimized when (y|xxy)u = - (x|xa)(x|yy)(y|b)/(x|a)” -
(xlyb)(xlyy)(y[b)/(x]a)*

(bjxab)p and (bjabd)p minimized when (y[xab)y = - (a|bb)(x|yy)(y|b) +
(x[xa)(ylab)/(x]a) + (x|yb)(ylab)/(x]a)

(blaay)p minimized when (ylaay)m = -2(ajaa)(x[yy)(y|b) + (y|ab)(ylay)/(y|b)

(blyyy)p minimized when (y|lyyy)m = -2(xyy)(ylay)/(x|a)

(blybb)p minimized when (y|ybb)y = -2(a|bb)(x|yy)(y|b) +2 (x|yb)(y|ab)/(x|a)

(b]ydd)p minimized when 2(y|xxy)m + (y[xyd)w/(x]a)(ald) + (y|y86)M/(X|a)z(a|6)2 =-
(@l33)(xlyy)(y1b)/(x|a) (al8)” - 2(x}ad)(xlyy)(y1b)/(xla) (@}s) - 2(x}xa)) (xiyy)(yIb)(xfa)
— (Xlyb)(xlyy)(ylb)/(x[a)

(y|xxb)p and (y|xbd)p minimized when (bjxxb)y = - (x|bb)(x|xa)/(x]a)"(y|b)
+ (x|bb)(x|yb)/(x[a)*(y[b)

(y|xay)p and (y|ayd)p minimized when (b[xay)y = (alyb)(x|xa)/(y|b) —
(alyb)(x[yb)/(y[b) + (x|bb)(ylay)/(x|a)(y|b)”

(y|aab)p minimized when (bjaab)y = -(a|bb)(alyb)(x|a)*/(y|b) — (alaa)(x|bb)/(y|b)
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(ylyyb)o minimized when (blyyb)y = (alyb)(x|yb)/(y|b) — (x[bb)(ylay)/(xa)(y[b)’

(y|bbb)p minimized when (b|bbb)y = - (a]bb)(x[bb)/(y[b)

(y|b53)p minimized when (b[bd8)w + (b|xbd)wi(x[a)/(ald)(y[b)> +2(b[xxb)m(x[a) (a3’
= -(a]33)(x[bb)/(y[b) —(x[ad)(x[bb)(al3)/(x[a)(y|b) -2(x|bb)(x|yb)(al3)*/(y[b)

While this seems a daunting list, we must remember that all first and second
order coefficients are set to a constant value by the system’s existing layout. These
values are not changed when octupoles are superimposing onto the existing layout.

To determine the minimum number of octupoles that will be needed to
minimized all critical third order commutator terms, we can start with an
assumption that one octupole is necessary at a minimum to satisfy each of the 24
previous relations. If the symplectic relations are applied, the number of
independent variables could be reduced by as many as 14. This would indicate that
at least 10 octupoles in front of the dipole would be necessary to minimize all 35
third order commutator terms. Since none of our designs approaches this number of
octupoles, it must be recognized that the goal of minimizing the critical third order
transfer map terms will likely need to yield to the overriding goal of minimizing
aberrations at the achromatic image.

To accomplish this goal, we note that if we assume a point-like beam
emerging from the target, the aberrations based on angular and energy dependence
will be of greatest concern. At third order, only 10 transfer map terms in the
commutator equation are based only on angular and energy dependence. These are
(x|aaa)p, (x|abb)p, (x]add)p, (ajaad)p, (albbd)p, (a|66d)p, (y|abb)p, (y|bbb)p, (y|bdd)p,
and (blabd)p. The symplectic relations, however, show that two of these terms,

(x|]abb)p and (ylaab)p, are proportional to each other and will be simultaneously




78

minimized. This leaves nine independent terms through the dispersive image that
still need to be minimized if we assume a point-like beam at the target. Since the
symmetric layout utilizes 8 multipoles (where octupole could be superimposed)
ahead of the dispersive image, it should stand the best chance for a system that

minimizes these 9 independent terms.

Selection of Third Order Design

Now we apply the criteria and theory to the remaining two second order
layouts. With respect to the triplet design, no solution was found that minimized the
commutator terms at second order, and no solution was found at third order. Even
the best second order design was not able to yield a result that focused the
achromatic image at third order when all the octupoles were allowed to be
independent.

With respect to the symmetric model, the number of octupoles was
insufficient to allow for a solution that minimized all the commutator terms. It was,
however, possible to find a solution that focused the achromatic image when all
eight octupoles up to the dispersive image were allowed to be independent of each
other. The horizontal and vertical projections of this layout are shown in Figures 51
and 52. Mirror symmetry in this system was still maintained relative to the

dispersive image.
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Figure 51. Best symmetric layout after correction of third order aberrations — horizontal projection.
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Figure 52. Best symmetric layout after correction of third order aberrations — vertical projection.

For this system, the strengths of the octupoles were reasonable, but the

drawback is the same as with the second order solution. The dispersive image
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remains unfocused. Still, as shown in the Table 10, the aberrations at the

achromatic image were successfully reduced.
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Table 10

Aberrations at Achromatic Image for Best Symmetric Design Layout After Third

Order Correction.

BEAM ABERRATIONS — ACHROMATIC IMAGE — SYMMETRIC DESIGN

.2118836E-12 .0000000 -0000000 -0000000 -4014956E-12 000000
-9999998E-03 -.1164028E-09 .0000000 .0000000 .1385564E-09 100000
.1060541E-12 .5000001E-01 .0000000 .0000000 -1315949E-07 010000
-0000000 -0000000 -9999998E-03 -.3471420E-13 .0000000 001000
.0000000 .0000000 .1810496E-12 .5000001E-01 .0000000 000100
.4158401E-07 .2189190E-07 .0000000 .0000000 .7132948 000001
.2487550E-13 -.3915073E-13 .0000000 .0000000 .1887316E-13 200000
.8930761E-09 -.2487655E-11 .0000000 -0000000 -7754190E-09 110000
-.1272321E-06 -.2232690E-07 .0000000 .0000000 .6612215E-12 020000
.0000000 .0000000 .2581110E-12 -.5313490E-12 .0000000 101000
-0000000 .0000000 .4544516E-13 -.1933583E-10 .0000000 011000
-1933583E-12 -.2656745E-12 .0000000 -0000000 -5003372E-13 002000
.0000000 .0000000 .4589526E-10 -.1290555E-10 .0000000 100100
.0000000 .0000000 .1038767E-07 .2272213E-11 -.8703913E-15 010100
-.4544302E-13 -.1290555E-10 .0000000 .0000000 .3372716E-07 001100
-.2450323E-08 -.5963640E-11 .0000000 -0000000 -3353648E-12 100001
-4102102E-11 .1225162E-06 -.2751978E-14 .7705327E-15 .2881305E-06 010001
.0000000 .0000000 .1065778E-06 .1581063E-10 .0000000 001001
-.5193832E-08 -.1147381E-08 .0000000 .0000000 .1196227E-11 000200
-.2748904E-14 -.1798597E-15 .7557628E-11 .5328893E-05 -.4249146E-15 000101
.4552461E-06 .2646751E-10 -.6515956E-15 -.4610645E-15 -.1141333 000002
-.5586939E-12 .1327918E-07 .0000000 .0000000 .1638800E-10 300000
-.4312462E-05 .8430611E-10 .0000000 .0000000 .8460755E-11 210000
.4344054E-07 .2156232E-03 .0000000 .0000000 .6012746E-04 120000
-.5787529E-04 -.7240026E-06 .2433126E-14 .1700863E-14 .2410203E-05 030000
.0000000 .0000000 .2218913E-11 -.6755976E-07 .0000000 201000
.0000000 .0000000 .2005817E-04 .1292174E-08 .0000000 111000
-.1022781E-15 .0000000 .4807678E-06 -.8104731E-03 .0000000 021000
-.1292175E-10 -.6755977E-07 .0000000 -0000000 -3639898E-08 102000
.1620946E-04 .6442007E-09 .0000000 .0000000 .1101448E-08 012000
.0000000 .0000000 .3379196E-11 .5396881E-07 .0000000 003000
.0000000 .0000000 .6912722E-05 -.1109459E-09 .0000000 200100
-0000000 -0000000 .3780489E-06 -.1002909E-02 .0000000 110100
.7268253E-14 .0000000 .8376909E-04 -.2403840E-04 .1154879E-14 020100
.2005816E-04 -.2242261E-09 .0000000 .0000000 .2640737E-10 101100
.9615354E-06 -.1002909E-02 .0000000 .0000000 -1038160E-05 011100
-0000000 -0000000 -1141123E-04 .5068800E-09 .0000000 002100
.2484775E-10 .7769571E-08 .0000000 .0000000 .2527773E-07 200001
.3800051E-03 -.2529010E-08 .0000000 .0000000 .4891422E-08 110001
.2284864E-04 -.9500131E-02 .3645404E-14 -.5856539E-15 .3927377E-03 020001
-0000000 -0000000 -9222966E-10 -.1150214E-05 .0000000 101001
.0000000 .0000000 .3281418E-05 -.3487673E-06 .0000000 011001
.3487672E-08 -.5751069E-06 .0000000 .0000000 .7356649E-06 002001
-1890245E-06 -.3456363E-03 -.1278535E-15 .0000000 .2041548E-04 100200
-.8376908E-04 -.9451217E-05 .1652839E-14 .2102875E-15 -.9598736E-05 010200
-0000000 -0000000 .3498636E-06 .5705617E-03 .0000000 001200
.0000000 .0000000 .1290252E-03 -.4611482E-08 .0000000 100101
.7300335E-14 -.5095391E-15 -.6066406E-04 -.1640710E-03 -.6907878E-15 010101
.3281418E-05 -.4611868E-08 .0000000 .0000000 .4843773E-07 001101
.7811640E-08 -.3993881E-05 .0000000 -0000000 -1078346E-04 100002
-1241059E-02 -.3907263E-06 -.1075591E-14 -.5410862E-15 -.2002005E-05 010002
.0000000 .0000000 .7653800E-07 .1162351E-03 .0000000 001002
.5515972E-15 .2130750E-14 .4789049E-04 .5831062E-05 .0000000 000300
-.3033203E-04 .3225632E-02 .4385635E-15 -.3885806E-15 -.2112681E-03 000201
-.1081683E-14 .0000000 .6676096E-03 -.3826333E-05 .0000000 000102
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-.2108598E-05 .5679290E-03 .0000000 -2095413E-15 .2003393E-01 000003

Two other solutions were found that are worthy of discussion. Both are
based upon the version of the symmetric design that focused the dispersive image at
second order, but did not minimize the commutator terms. The first case, referred to
as the low magnet solution, looks deceptively good through the dispersive image
and in the horizontal plane. The horizontal and vertical projections of this layout
are shown in figures 53 and 54. The drawback to this solution is that the aberrations
in the vertical plane explode as the system’s cells are repeated. The strengths of the

octupoles used in this design are quite reasonable.
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Figure 53. Low magnet strength third order aberration correction of alternative second order best

symmetric design — horizontal projection.
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Figure 54. Low magnet strength third order aberration correction of alternative second order best

symmetric design — vertical projection.

Another alternative, referred to as the high magnet solution, did focus both
the dispersive and achromatic images and minimized all aberrations. The horizontal
and vertical projections of this layout are shown in Figures 55 and 56. The problem
with this system, however, is that one of the octupoles in each cell through the
dispersive image has a pole field tip strength beyond physical limitations. This was
representative of a number of solutions found by COSY during simulation. In all
such cases, the pole tip field strength of one or more of the octupoles with a 40 cm
aperture was in excess of 4.6 Tesla. This very large magnet also induces dramatic

effects in the beam line aberrations at fifth order and beyond.
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Figure 55. High magnet strength third order aberration correction of alternative second order best

symmetric design — horizontal projection.
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Figure 56. High magnet strength third order aberration correction of alternative second order best

symmetric design — vertical projection.

After consideration of the third order results and the drawbacks of each, the

first solution for the symmetric layout was selected. This solution focused at the
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achromatic image and had very reasonable values ( < .6 Telsa) for all octupole pole

tip fields.
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VI.  FRINGE FIELD CORRECTIONS

All designs initially developed and simulated through third order were done
without simulating the effects of fringe fields on the system. These effects
obviously must be considered in any real system. While COSY is very capable of
calculating these fields [12], the computing power required and time per simulation
is substantial.

After determining the system through third order, it is relatively easy to
correct for the effects of fringe fields. Using the values of the uncorrected system as
initial values, simulations were run that incorporated the fringe field effects. This
was done initially at first order. This resulted in very minor correction in the
spacing and strengths of the system’s quadrupoles. Further corrections were then
calculated for the strengths of the sextupoles, and then the strengths of the
octupoles. The data in the tables presented in the preceding sections comes from the

system calculated to include the fringe field effects.
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VII. EFFECTS OF HIGHER ORDER ABERRATIONS

Aberrations beyond third order will also affect the system. These effects
could be corrected by using even higher order multipoles, but the practicality of
such systems is very limited. With regard to all the solutions of the symmetric
design, calculations through fifth order were run to determine the effect of these
aberrations. This respect to both the low and high magnet solutions, the effects
were substantial; both the horizontal and vertical beam widths diverge beyond
several meters at fifth order. The selected symmetric layout solution, shown in
Figures 57 and 58, demonstrated less extreme effects from aberrations through fifth

order.
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These effects, however, primarily affect particle entering the system at a
sharp angle. When the initial angular acceptance for the system is cut in half, as
shown in Figures 59 and 60, the effects of the fifth order aberrations fall off

dramatically.
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— horizontal projection.
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Figure 60. Best symmetric layout with aberrations through fifth order — reduced angular acceptance

— vertical projection.
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VIII. CONCLUSIONS

Having looked at many possible systems designs and how higher order
aberrations in these systems can be corrected, the benefits of utilizing symmetry
theories becomes apparent. In the area of a fragment separators, where large phase
space volumes are involved, symmetry theory can play an important design role.
The symmetry theories utilized in the examples previously discussed can be
employed in almost any type of optical design. They demonstrate a powerful tool in
finding solutions for the optical design of a fragment separator.

For the selected symmetric design, we have utilized a layout that contains 3
segments. The first spans from the target to the dispersive image where the first
absorbing wedge will be placed. The second continues through the achromatic
image. The third creates a second dispersive image where a second absorbing
wedge can be placed before the gas catcher cell to minimize range variations.

Each of these segments maintains mirror symmetry for the first and second
order elements (dipoles, quadrupoles, and sextupoles) about the dipole midplane.
This mirror symmetry is with respect to both polarity and pole tip field strength of
these multipoles. The result is that each segment is identical in terms of first and

second order elements.
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The system focuses point-to-parallel, parallel-to-point at the middle of the
dipole at first order. This results in point-to-point, parallel-to-parallel focusing of
both the dispersive and achromatic images. All but 5 of the critical commutator
terms at second order are automatically minimized by mirror symmetry coupled
with the symplectic condition.

It was also shown that our system design has only 4 truly independent
second order commutator terms due to the coupled effects of the mirror and
symplectic symmetries. Using the four independent sextupoles in each segment, a
solution was found with the symmetric layout that met the second order criteria of
minimizing all terms in the commutator equation through second order. This
resulted in a system that minimized the aberrations at the achromatic image.

Theory indicates that the number of independent octupoles needed to
minimize all the commutator terms at third order exceeded the number available in
our system. Minimizing the third order terms in the commutator equation while
maintaining mirror symmetry about the dipole midplane would require at least 10
independent octupoles ahead of the dipole in each segment. Only nine independent
octupoles ahead of the dispersive image, however, are necessary to minimize all
third order terms in the commutator equation with only angular and energy
dependence.

A solution for the symmetry layout was found that satisfies the goal of
minimizing positional aberrations at the achromatic image by breaking the mirror

symmetry about the dipole midplane in the segments with regard to the third order
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magnetic multipoles (octupoles).  The selected design solution utilizes 8§
independent octupoles in each segment, maintaining mirror symmetry with respect
to the charge and polarity of these octupoles about the dispersive image plane. The
result is that the order of the octupoles in adjoining segments of the separator is
reversed.

The final design was corrected for the effects of fringe field and the effects
of fourth and fifth order aberrations were calculated. These effects appear to have
minimal effect on the system except in cases of wide angular acceptance from the
initial target.

The selected symmetric design does not maintain a focused dispersive
image. This will increase the stochastic effects resulting when the absorbing
wedges are inserted into the system. This problem can be overcome with two
alternative designs. The low magnet alternative design maintains the dispersive
image, but does not minimize all aberrations at the achromatic image. It also suffers
from greater higher order aberrations. The high magnet alternative design maintains
focusing at both the dispersive and achromatic image, but the pole tip field strength
of one of the octupole in each segment was so large that it would not be feasible to
build. Also, this large octupole substantially increased the effect of fourth and fifth
order aberrations in the system.

The methods employed in this paper demonstrate a repeatable and reliable

method for the designing the next generation of high resolution fragment separators.
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The use of symmetry theories is a powerful method which can be employed to

design of such systems and correct aberrations that would affect their resolution.
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First, Second and Third Order Elements that appear in the commutator [R.M].

(x[a), (x[xa), (x[xd), (x|yb), (x[xxa), (x[xad), (x|xyb), (x|aaa), (x|ayy), (x|abb), (x|add),

(x|ybd)

(ax), (ad), (alxx), (alxd), (alaa), (alyy), (abb), (a|d3), (alxxx), (a[xxd), (axaa),

(alxyy), (a[xbb), (a[x59), (alaad), (alayb), (alyyd), (a]bbd), (a|555)

(yb), (ylxb), (ylay), (ylbd), (ylxxb), (y[xay), (y[xbd), (ylaab), (ylayd), (ylyyb),

(ybbb), (y[b33)

(bly), (blxy), (blab), (blyd), (blxxy), (b[xab), (blxyd), (blaay), (blabd), (blyyy),

(blybb), (blysd)

(ta), (tlxa), (tfad), (tlyb), (tlxxa), (t[xad), (t)xyb), (t|aaa), (tlayy), (tlabb), (tadd),

(t[ybd)
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Relations of Interest Second Order Elements.

These elements appear in the commutator:
(alaa)  (x/xa)

(x[yb) o (blab) oc (ylay)

(albb) oc (y[xb)

(alyy) o (blxy)

This allows for 9 commutator elements to be minimized by only minimizing 4.

These elements do not appear in the commutator:

(ajxa) o (X|xx)

(aad) o« (x|x9)

(x[bb) o (ylab)

(x[yy) o (blay)

(b[bd) < (ylyd)

(alyb) o< (blxb) oc (y[xy)

Although these coefficients do not appear in the commutator, these relations are

helpful for minimizing coefficients that do not appear in the commutator.
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Relations of Interest Involving Third Order Elements.

(x|xxa) o (alxaa)
(ajaad) o (x|xad)

(x|xyb) o (alayb) o« (blxab) < (y|xay)
(x[ayy) o (blaay)

(x|ybd) o (blabd) o (ylayd)

(alxyy) o (blxxy)

(alyyd) o (blxyd)

(a[xbb) o (y[xxb)

(a]bbd) o (y[xbd)

(x|abb) o (ylaab)

(ylyyb) o (blybb)
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First, Second and Third Order Relations as derived by the method described in

Wollnick & Berz [8].

-2 (afxx)(x|xa)+2(a]xa)(x|xx)+(alxxa)(x|x)-(a]x)(x|xxa)-(alxxx)(x|a)+(a]a) (x|[xxx)=0
-2(afxx)(x|aa)+2(alaa)(x|xx)+(a|xaa)(x|x)-(a]x)(X|xaa)-(a|xxa)(x|a)+(aa)(x|xxa)=0
2(a]5a)(x|xx)-2(a|xx)(x|5a)+(alx Sa)(x[x)-(ax)(x[x 5a)-(a|xx & )(x|a)+(ala)(X[xx5)=0
-((alx)(x|axa))+(alaxa)(x[x)-(a|xax)(x|a)+(ala)(x|xax)=0
-2(alxa)(x|aa)+2(aaa)(x|xa)-((a]x)(x|aaa))+(alaaa)(x|x)-(a|xaa)(x|a)+(a|a)(x|xaa)=0
2(a|5a)(x|xa)-2(ajxa)(x|5a)-((a]x)(x|asa) ) +H(alada)(x|x)-(ajxas )(x|a)+(ala)(x|xas)=0
-2(alxS)(x|xa)+2(alxa)(x[x5)+H(a| xa)(X|x)-(alx)(x|5xa)-(ajx 5x)(x|a)+H(ala) (x[x5X)=0
-2(a|xS)(x|aa)+2(alaa)(x[x 5 )+H(a| Gaa)(x|x)-(ax)(x| 5aa)-(ajx Sa)(x|a)+(ala)(x|x5a)=0
2(al5a)(x|x6)-2(ax8)(x| 5a)+H(a| 5 5a)(xX[x)-(alx)(x|65)-(alx 56 )(x[a)+(ala)(X|x55)=0
2(blya)(y[xy)-2(blxy)(vlya)+(alyya)(x|x)-(alx)(x[yya)-(alxyy)(x|a)+(ala)(x[xyy)=0
-2(blxy)(ylba)+2(blba)(y|xy)+(alyba)(x|x)-(alx)(x|yba)-(alxyb)(x|a)+(ala)(x|xyb)=0
2(blya)(y[xb)-2(b|xb)(ylya)-((alx)(x|bya))+(albya)(x|x)-(a|xby)(x|a)+(ala)(x|xby)=0
-2(b|xb)(y|ba)+2(b|ba)(y|xb)-((alx)(x|bba))+(a|bba)(x|x)-(a|xbb)(x|a)+(ala)(x|xbb)=0
-2(blyx)(ylya)+2(blya)(ylyx)-((bly)(ylxya))+(blxya)(yly)-(alyxy)(x|a)+(ala)(x|yxy)=0
-2(blyx)(y[ba)+2(blba)(ylyx)-((bly)(y[xba))*+(blxba)(y|y)-(alyxb)(x|a)*+(ala)(x|yxb)=0
-((bly)(ylaya))+(blaya)(y|y)-(alyay)(x|a)+(ala)(x[yay)=0
-2(blya)(y|ba)+2(blba)(ylya)-((bly)(ylaba))+(blaba)(yly)-(alyab)(x|a)+(ala)(x|yab)=0
-2(blyS)(ylya)+2(blya)(ylyS)+H(bloya)(yly)-(bly)(yloya)-(alySy)(x[a)+(ala)(x|ySy)=0
-2(bly5)(y[ba)+2(blba)(ylys)+H(bloba)(yly)-(bly)(y|oba)-(alySb)(x|a)+(ala)(x|ySb)=0

-2(alyy)(x|xa)+2(alxa)(x|yy)+(blyxa)(yly)-(bly)(ylyxa)-(alyyx)(x|a)+(ala)(x|yyx)=0
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-2(alyy)(x|aa)+2(alaa)(x|yy)+(blyaa)(y[y)-(bly)(ylyaa)-(alyya)(x|a)+(ala)(x|yya)=0
2(aloa)(x|yy)-2(alyy)(x|6a)H(blysa)(yly)-(bly)(ylysa)-(alyyd)(x|a)+H(ala)(x|yy5)=0
-2(alyb)(x|xa)+2(alxa)(x|yb)-((bly)(y|bxa))+(blbxa)(yly)-(alybx)(x|a)*+(ala)(x|ybx)=0
-2(alyb)(x|aa)+2(alaa)(x|yb)-((bly)(y|baa))+(bbaa)(yly)-(alyba)(x|a)+(ala)(x|yba)=0
2(al6a)(x|yb)-2(alyb)(x|6a)-((bly)(yIbsa))+(blbsa)(yly)-(alybs)(x|a)+(ala)(x[ybs)=0
2(alyy)(x|xx)-2(a[xx)(x|yy)H(alxyy)(x|x)-(alx)(x|xyy)+(bly)(ylxxy)-(blxxy)(yly)=0
-2(axx)(x|by)+2(alby)(x|xx)+(alxby)(x[x)-(alx)(x[xby)+(bly)(y|xxb)-(blxxb)(y|y)=0
2(alyy)(x|xa)-2(a[xa)(x|yy)-((alx)(x|layy))+(alayy)(x[x)+(bly)(y[xay)-(blxay)(y|y)=0
-2(alxa)(x|by)+2(aby)(x|xa)-((ajx)(x|aby))+(alaby)(x[x)+(bly)(y|xab)-(b|xab)(y|y)=0
2(alyy)(x|x5)-2(alx5)(x[yy)+(al dyy)(x[x)-(alx)(x|5yy)+(bly)(y[xSy)-(blxSy)(yly)=0
-2(ax6)(x|by)+2(alby)(x|x5)+(a|oby)(x|x)-(alx)(x|6by)+(bly)(y[x5b)-(b[x 5b)(y]y)=0
2(alyb)(x[xx)-2(alxx)(x|yb)+(alxyb)(x|x)-(alx)(x|xyb)-(b]xxy)(y|b)+(blb)(y|xxy)=0
-2(axx)(x|bb)+2(albb)(x[xx)+(alxbb)(x[x)-(a]x)(x|xbb)-(bxxb)(y[b)+(b|b)(y|xxb)=0
2(alyb)(x[xa)-2(alxa)(x|yb)-((alx)(x|ayb))*+(alayb)(x|x)-(bxay)(y[b)+H(blb)(y|xay)=0
-2(alxa)(x|bb)+2(a|bb)(x|xa)-((a|x)(x|abb))+(alabb)(x|x)-(blxab)(y|b)+(bb)(y|xab)=0
2(alyb)(x[x5)-2(alx5)(x[yb)+(alSyb)(x[x)-(alx)(x|6yb)-(blxSy)(y[b)H(bb)(y[x5y)=0
-2(ajxS5)(x|bb)+2(albb)(x|x5)+(a| 5bb)(x[x)-(a]x)(x|5bb)-(b|x5b)(y|b)+(b[b)(y|x5b)=0
2(alyb)(x|ax)-2(alax)(x|yb)+(alxyb)(x|a)-(ala)(x|xyb)+(bb)(ylaxy)-(blaxy)(y|b)=0
2(albb)(x|ax)-2(alax)(x[bb)+(a|xbb)(x|a)-(aja)(x|xbb)+(b|b)(y|axb)-(blaxb)(y|b)=0
2(alyb)(x|aa)-2(alaa)(x|yb)+(alayb)(x|a)-(ala)(x|ayb)+(b|b)(y|aay)-(blaay)(y|b)=0
2(albb)(x|aa)-2(alaa)(x|bb)+(alabb)(x|a)-(ala)(x|abb)+(b|b)(y|aab)-(blaab)(y|b)=0

2(alyb)(x|ad)-2(alad)(x|yb)*+(a| Syb)(x[a)-(aa)(x|Syb)H(blb)(ylady)-(blady)(y[b)=0
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2(albb)(x[a&)-2(ajas)(x|bb)+(a|Sbb)(x[a)-(ala)(x| 5bb)+H(b[b)(y|ab)-(blasb)(y|b)=0
(alyxy)(x|x)-(alx)(xyxy)+(bly)(ylxyx)-(blxyx)(yly)=0
-2(blxy)(ylay)+2(blay)(ylxy)+(alyay)(x|x)-(alx)(x[yay)+(bly)(y[xya)-(blxya)(yly)=0
2(bloy)(ylxy)-2(blxy)(y|oy)H(alySy)(x[x)-(alx)(x[ySy)+H(bly)(ylxyS)-(blxyS)(yly)=0
2(blxy)(y[xb)-2(blxb)(y|xy)+-((alx)(x|bxy))*+(abxy)(x|x)+(bly)(y|xbx)-(bxbx)(yly)=0
-2(blxb)(ylay)+2(blay)(y|xb)-((ax)(x|bay))+(albay)(x[x)+(bly)(y|xba)-(b|xba)(yly)=0
2(b|6y)(yIxb)-2(blxb)(y|6y)-((ax)(x[bSy))+(albSy)(x[x)*+(bly)(yIxbS)-(blxbS)(yly)=0
-2(blxy)(y[xb)*+2(blxb)(y|xy)+(alyxb)(x[x)-(a|x)(x|yxb)-(blxyx)(y[b)+(blb)(y|xyx)=0
-2(blxy)(ylab)+2(blab)(y|xy)+(alyab)(x|x)-(alx)(x|yab)-(blxya)(y[b)+(b[b)(y[xya)=0
2(b|&b)(ylxy)-2(blxy)(y|ob)*+(aly 5b)(x[x)-(alx)(x|yS5b)-(blxyS)(y[b)+(bb)(ylxyS)=0
-((ajx)(x|bxb))+(albxb)(x|x)-(b[xbx)(y|b)+(blb)(y|xbx)=0
-2(blxb)(ylab)+2(blab)(y[xb)-((a|x)(x|bab))+(albab)(x|x)-(blxba)(y[b)*+(b[b)(y|xba)=0
2(b|5b)(ylxb)-2(blxb)(y|5b)-((alx)(x|bSb))+(albSb)(x[x)-(blxbS)(y[b)+(blb)(y|xbS)=0
2(blxb)(ylay)-2(blay)(yxb)+(alyxb)(x|a)-(ala)(x|yxb)*+(b[b)(ylayx)-(blayx)(y[b)=0
-2(blay)(ylab)+2(blab)(ylay)+(alyab)(x|a)-(ala)(x|yab)+(bb)(ylaya)-(blaya)(y[b)=0
2(b|&b)(ylay)-2(blay)(y|6b)+H(aly5b)(x|a)-(ala)(x|ySb)+(blb)(ylay 5)-(blayS)(y[b)=0
2(blxb)(ylab)-2(blab)(y|xb)+(albxb)(x|a)-(ala)(x|bxb)+(b|b)(ylabx)-(blabx)(y|b)=0
(ajbab)(x|a)-(ala)(x|bab)+(b|b)(ylaba)-(blaba)(y|b)=0
2(b|5b)(ylab)-2(blab)(y|5b)+(albob)(x[a)-(ala)(x|bSb)+(blb)(ylabs)-(blabs)(y|b)=0
-2(blyx)(y[xb)+2(blxb)(ylyx)-((bly)(y[xxb))+(blxxb)(yly)-(blyxx)(y[b)+(bb)(ylyxx)=0
-2(blyx)(ylab)+2(blab)(ylyx)-((bly)(y[xab))+(blxab)(yly)-(blyxa)(ylb)+(bb)(ylyxa)=0

2(b|Sb)(ylyx)-2(blyx)(y|6b)-((bly)(yx5b))+(b[xSb)(y]y)-(blyxS)(y[D)+(b[b)(Ylyx5)=0
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-2(blya)(y|xb)+2(blxb)(ylya)-((bly)(ylaxb))+(blaxb)(yly)-(blyax)(y|b)+(b[b)(ylyax)=0
-2(blya)(ylab)+2(blab)(ylya)-((bly)(ylaab))+(blaab)(yly)-(blyaa)(y[b)+(bb)(ylyaa)=0
2(b|5b)(ylya)-2(blya)(y|5b)-((bly)(yladb))+H(blasb)(yly)-(blyad)(y[b)+(bb)(ylyas)=0
-2(blyS)(y[xb)+2(blxb)(yly)+(b|6xb)(yly)-(bly)(y|6xb)-(blysx)(y[b)+(bb)(ylySx)=0
-2(blyS)(ylab)+2(blab)(yly)+(b|5ab)(yly)-(bly)(y|5ab)-(blysa)(ylb)+H(blb)(ylysa)=0
2(b|6b)(yly5)-2(blyS)(y|Eb)+(b|6b)(y[y)-(bly)(y|66b)-(bly5S)(yIb)+(blb)(yly55)=0
-2(alyy)(xlyb)*+2(alyb)(x[yy)+(blyyb)(yly)-(bly)(ylyyb)-(blyyy)(ylb)+(blb)(ylyyy)=0
-2(alyy)(x[bb)+2(albb)(x|yy)+(blybb)(yly)-(bly)(ylybb)-(blyyb)(ylb)*+(blb)(ylyyb)=0
-((bly)(y[byb))+(blbyb)(yly)-(blyby)(ylb)+(bb)(ylyby)=0
-2(alyb)(x|bb)+2(albb)(x|yb)-((bly)(y|bbb))+(bbbb)(y[y)-(blybb)(y[b)+(blb)(ylybb)=0
2(alx8)(x[xx)-2(alxx)(X[xE)+(alxx5)(X[x)-(a]x)(x|xx 5 ) H(a] 5)(X[xxx)-(a]xxx)(X|5)=-
(t]xxx)
-2(axx)(x|ad)+2(alad)(x|xx)+H(a|xad)(x|x)-(a]x)(x|xad)+(a| &)(x|xxa)-(a|xxa)(x|5)=-
(t)xxa)
2(al68)(x|xx)-2(alxx)(x| 56 ) Ha|x 56 )(x[x)-(ax)(X[x5 8 ) +(a|5)(X|xx5)-(a|xx 5 )(X|5)=-
(t)xx3)
2(alx6)(x|xa)-2(alxa)(x[x5)-((ax)(x|ax5))+H(a|axS)(x[x)+H(a| §)(x|xax)-(a|xax)(x|5)=-
(t)xxa)
-2(alxa)(x|ad)+2(alas)(x|xa)-((a]x)(x|aad))+(alaas)(x|x)+(a|5)(x|xaa)-(alxaa)(x| 5 )=
(t)xaa)
2(al66)(x|xa)-2(axa)(x|56)-((a|x)(x|ad 5))Halas 5)(x[x)+H(a|5)(x|xad)-(alxad ) (x|6)=-

(t|xad)
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(al6x5)(x[x)-(alx)(x|5xS5)+(al6) (x[x5%)-(alx5x) (x| 5)=-(t}xx3)

-2(ajx5)(x[ad)+2(alad)(x|x5)+(a| 5as )(x|x)-(ax)(x|6a5)H(a| 5 )(x|x5a)-(alx5a)(X|5)-
(t}xad)

2(al66)(x[x5)-2(alx5)(X|65)Ha| 56 5)(x|x)-(a|x)(X| 656 )+(a| 6 ) (x|x55)-(alx56) (x| 5)=-
(1}x35)

2(alx5)(xax)-2(alax)(x|x5)+(a|xx5)(x|a)-(ala) (x|xx5)+(a| 5)(x|axx)-(alaxx)(x|5)=-
(t}xxa)

2(alad)(x|ax)-2(alax)(x|as)H(a|xas)(x|a)-(ala)(x|xas ) +(a 5)(x|axa)-(alaxa)(x|5)=-
(t}xaa)

2(al55)(x|ax)-2(alax)(x|65)+(alx55)(x|a)-(ala) (x|x56)+(a 5)(x[ax5)-(alax 5 ) (x| 5)=-
(t}xad)

2(afx5)(x|aa)-2(alaa)(x|x5)+(alax5)(x[a)-(ala)(x|ax5)+(a5)(x|aax)-(ajaax)(x]| 5 )=-
(t}xaa)

2(afas)(x|aa)-2(alaa)(x|ad)+(alaas)(x|a)-(ala)(x|aad)+(a| 5)(x|aaa)-(alaaa)(x|5)=-
(tjaaa)

2(al65)(x|aa)-2(alaa)(x|65)+(ala5 5)(x|a)-(ala)(x|a5 5 ) +(a| 5)(x|aas)-(alaas ) (x| 5)=-
(tjaad)

2(alx5)(x|as)-2(alas)(x|x5)+(a|5x5)(x|a)-(ala)(x|5x5)+(a 5)(x|adx)-(aladx)(x|5)=-
(t}xad)

(al5a5)(x|a)-(ala)(x|5a5)+(a|5)(x|asa)-(alada)(x|5)=-(taad)

2(al66)(x[ad)-2(alas)(x|66)+Ha|656)(x|a)-(ala)(x| 565)Ha| 5)(x[a5 5)-(alad 5)(x|5 )=

(t]ad3)



106

2(blyo)(ylxy)-2(blxy)(ylyS)HalyyS)(x[x)-(alx)(x|yy S)+H(a| 6)(x[xyy)-(alxyy)(x|6)=-
(t)xyy)
-2(blxy)(y[bo)+2(blbS)(ylxy)+(alybd)(x[x)-(ax)(x|lybS)+(al6)(x|xyb)-(alxyb)(x| 6)=-
(t)xyb)
2(bly5)(ylxb)-2(blxb)(ylyS)-((alx)(x[byS))+(alby 5)(x[x)+(al5)(x|xby)-(a[xby)(x| 6)=-
(txyb)
-2(blxb)(y[bo)+2(blbS)(ylxb)-((alx)(x|bbS))+(a]bbd)(x|x)+(al6)(x|xbb)-
(a[xbb)(x|5)=-(t|xbb)
2(blyd)(ylay)-2(blay)(ylyS)+(alyyd)(x[a)-(ala)(x|yyd)+(al5)(x[ayy)-(alayy)(x|6)=-
(tlayy)
2(bbo)(ylay)-2(blay)(y|bS)+(alybs)(x[a)-(ala)(x|ybd)+(a|5)(x[ayb)-(alayb)(x|6)=-
(tlayb)
2(blyS)(ylab)-2(blab)(yly5)+(albyS)(x[a)-(ala)(x|byd)+(a|5)(x[aby)-(alaby)(x|6)=-
(tlayb)
2(b|b5)(ylab)-2(blab)(y|b&)+(albbs)(x|a)-(ala)(x|bbs)+(a| 5)(x|abb)-(alabb)(x|&)=-
(t/abb)
2(bly5)(ylyx)-2(blyx)(ylyd)+-((bly)(ylxyS))+H(blxyd)(yly)+(alo)(xlyxy)-
(alyxy)(x|6)=-(tlyxy)
-2(blyx)(y[b&)+2(blbS)(ylyx)-((bly)(y[xbS))+H(blxbo)(yly)+(al6)(x|yxb)-
(alyxb)(x|6)=-(t|yxb)
2(blyd)(ylya)-2(blya)(ylyS)-((bly)(ylayd))+(blayS)(yly)+(alS)(x[yay)-(alyay)(x| 6)=-

(tlyay)
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-2(blya)(y|bd)+2(blbS)(ylya)-((bly)(ylabs))+(blabs)(yly)+(a|5)(x|yab)-(alyab)(x|6)=-
(tlyab)

(b[oyO)(y[y)-(bly)(y|OyS)H(a|o)(x|ydy)-(aly Sy)(x|6)=-(tlydy)

-2(blyS)(y[bS)+2(b[bS)(yly 5)+H(b|obo)(yly)-(bly)(y|6bS)+HalS)(x|ySb)-
(alySb)(x|5)=-(t|ybd)

2(bly5)(y[bx)-2(bbx)(ylyS)+H(blxyS)(y[b)-(blb)(y[xys)+(a| 5)(x[bxy)-(albxy)(x|6)=-
(tlyxb)

2(bbS)(y[bx)-2(blbx)(y[bS)+(bxbS)(ylb)-(blb)(y|xbS)+(a 5)(x[bxb)-(albxb)(x|6)=-
(t|bxb)

2(bly6)(ylba)-2(blba)(yly5)-((blb)(ylayS))+(blayS)(y(b)+(a|6)(x[bay)-(albay)(x|5)=-
(t[yab)

2(bbS)(y[ba)-2(blba)(y|bS)-((bb)(ylabd))+(blabs)(y[b)+(a|6)(x[bab)-(a|bab)(x|5)=-
(t/bab)

2(bly5)(y[bS)-2(bbS)(ylyd)+(bl6yS)(y|b)-(blb)(y|6yS)+(al6)(x[bSy)-(albSy)(x|6)=-
(t[bdy)

(blobo)(y[b)-(blb)(y|6bS)+(al6)(x[bSb)-(a]bSb)(x|5)=-(t[bbd)

-2(alyy)(x[x6)+2(a[x5)(x|yy)+(blyxS)(y[y)-(bly)(ylyxd)+H(al o) (xlyyx)-(alyyx)(x|5)=-
(tlyyx)

-2(alyy)(x[ad)+2(aad)(x|yy)+(blyad)(yly)-(bly)(vlyad)+(alo)(x|yya)-(alyya)(x|5)=-
(tlyya)

2(a|60)(x|yy)-2(alyy)(x|66)H(blyd5)(yly)-(bly)(ylydS)+H(alo)(x|yyd)-(alyyS)(x|6)=-

(tlyyd)
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-2(alyb)(x[x5)+2(alx5)(x]yb)-((bly)(y[bx5))+(b[bxS)(yly)+(al6)(x|ybx)-
(alybx)(x|6)=~(tlybx)
-2(alyb)(x|ad)+2(alad)(xlyb)-((bly)(y|bad))+(blbas)(yly)+(al6)(x|yba)-(alyba)(x|6)=-
(tlyab)
2(a|56)(x|yb)-2(alyb)(x|56)-((bly)(y[bo5))H(bIbSS)(yly)+(al6)(x[ybd)-
(alybo)(x|6)=-(tlybd)
2(alx6)(x[by)-2(aby)(x[x5)+(blyx5)(y[b)-(b]b)(ylyx)+(al6)(x[byx)-(albyx)(x|6)=
(tlbyx)
-2(alby)(x|a5)+2(alad)(x|by)+(blyas)(y[b)-(blb)(ylyad)+(a|5)(x|bya)-(albya)(x|6)=-
(tlbya)
2(a|56)(x|by)-2(alby)(x|56)+(bly56)(y[b)-(blb)(yly56)+H(al6)(x|byS)-(albyS)(x| &)=
(tlbyd)
2(a[x8)(x|bb)-2(abb)(x[x5)+(b|bx5)(v]b)-(b|b)(y]bx5)+(a]6)(x|bbx)-(a|bbx)(X| 5 )=-
(t{bbx)
-2(albb)(x|as)+2(alas)(x|bb)+(b|bas)(y|b)-(b|b)(y|bas)+(a| 5)(x|bba)-(ajbba)(x|5)=-
(t/bba)
2(a|55)(x|bb)-2(albb)(x|58)+(b]b&5)(y[b)-(b]b)(y[b55)+(a| 5)(x|bbS)-(a]bbS) (x| &)= -

(t|bbd)
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APPENDIX B

RELATIONS FROM THE EFFECTS OF COUPLING MIRROR SYMMETRY
AND SYMPLECTIC SYMMETRY IN BEAM OPTIC IMAGING
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Mirror symmetry about the dipole midplane can be used to find criteria for
minimizing commutator terms from the transfer map through the dispersive image.
These relations coupled with sympletic symmetry relations can provide a method to
reduce aberrations in an optical beam system at the achromatic image. Initially we
want a system that focuses an image point-to-point, parallel-to-parallel at both the
dispersive and achromatic image. We can achieve this by focusing point-to-parallel,
parallel-to-point through the middle of the dipole and maintaining mirror symmetry
about the dipole midplane.

First Order Criteria at Dipole Mid-Plane (point-to-parallel, parallel-to-point):

(x[X)m = (ala)m = (yy)m = (b|b)m = 0
(x[a)m(alx)m = (y[b)m(bly)m = -1

Non-zero second order dispersive image commutator terms as function of dipole
midplane coefficients then reduced by first order criteria at the dipole midplane.

(xlad)p = +2(alad)w(x|a)m + 2(alxa)u(ald)m(x[a)u’
(ajxd)p = -2(x|xd)m/(x]a)m— 4(x|xx)m(ald)m

(aldd)p = +2(xxd)m(ald)m + 4(x|xx)m(x|a)m(ald)v’
(ylbd)p = +2(blbd)m(y[b)m + 2(bxb)m(ald)m(x[a)m(y[b)m
(blyd)p = -2(y[xy)m(x|a)m(ald)m/(y[b)m — 2(y|dd)m/(y[b)m

Assuming (X[x)m = (ala)m = (Y|y)m = (bjb)m = 0; then (x]a)y = -1/(alx)m; and (y|b)m
= -1/(bly)m, the second order symplectic relations given in Wollnik/Berz p. 133-34
reduce to:

- (@)m(x[xa)m - (alxx)m(x[a)m =0 (x[xa)y = (ajxx)w/(@x)n’ = (axx)m(Xja)’

- (@x)m(x[aa)y - (axa)m(x[a)m =0 (xlaa)y = (alxa)u/(alx)y” = (ajxa)m(x[a)y’

- (ax)m(x[32)wm - (alxd)m(x[a)y =0 (x|3a)y = (alx8)w/(alx)u” = (axd)m(x[a)y

+ (x[2)m(alyy)m + (ylay)m(bly)m = 0 (alyy)m = (ylay)m(bly)m(ax)m = (ylay)m/(y[b)m(x|a)m
+ (x[2)m(alby)m + (ylab)m(bly)m = 0 (alby)m = (y[ab)m(bly)m(ax)m = (ylab)m/(y[b)m(x|a)m
- (@x)m(X[yy)m + (y[xy)m(bly)m = 0 (Xlyy)m = (ylxy)m(bly)wm/(alx)m = (y[xy)m(x[a)m/(y[b)m
- (ax)m(x|by)m + (y[xb)m(bly)m = 0 (x[by)m = (yIxb)m(bly)m/(alx)m = (y[xbIm(x|2)m/(y[D)m
- (ax)m(xlyb)m - (blxy)m(ylb)m =0 (xlyb)m = (blxy)m/(bly)m(alx)m = (bIxy)m(y[b)m(x[a)m
- (@x)m(x[bb)n - (b[xb)m(y[b)m = 0 (x[bb)m = (b|xb)m/(bly)m(alx)m = (bIxb)m(y[bI)m(X]a)m
+ (X[2)m(alyb)m - (blay)m(ylb)m =0 (alyb)m = (blay)m(alx)m/(bly)m = (blay)m(y[b)m/(x|a)m
+ (x[2)m(albb)y - (blab)m(y[b)m = 0 (a[bb)m = (blab)m(alx)m/(bly)m = (blab)m(y[b)m/(x|a)m
- (bly)m(y[xb)m - (blyx)m(ylb)m = 0 (ylxb)m = (blyx)w/(bly)m” = (blyx)(y[b)y’

- (bly)m(ylab)m - (blya)m(ylb)m =0 (ylab)y = (blya)w/(bly)m’ = (blya)m(y[b)u’

- (bly)m(y[8b)m - (blyd)m(y[b)m =0 (y13b)w = (blyd)m/(bly)n” = (blyd)m(ylbn’

Third order dispersive image commutator terms as function of dipole midplane
coefficients then reduced by substituting symplectic relations and then by
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substituting second order relations at dipole midplane which minimize second Order
dispersive image commutator terms. Calculation of the third order terms of form
(x|__) are shown for illustration.

(x|xxa)p = +2(ajxxa)m(x|a)m + Z(a\Xa)M(a|XX)M(X]a)M2 - 2(alxa)m(x[xa)m
= +2(axxa)v(X|a)m

(x|xad)p = -4(a|xxa)m(x|a)m(ald)m - 4(alad)m(alxx)m(x|a)v” —
8(alxa)m(alxx)m(x|a)v’(ald)m + 2(alad)m(x|xa)m + 6(alxa)m(x|xa)w(x[a)w(ad)m
+ 4(ajaa)m(x|xd)m + 8(alaa)m(X|xx)m(x|a)m(a|d)m
= -4(a|xxa)m(x|a)m(a|d)u - 2(alad)m(alxx)m(x|a)’ —
2(alxa)m(axx)m(x|a)u’(ald)m + 4(alaa)m(x|xd)v + 8(alaa)m(x|xx)m(x|a)m(@|d)m
= -4(axxa)m(x|2)m*(a|d)m

(xxyb)p = +2(ajxyb)m(x[a)m - 2(a[xa)m(x[yb)m + 2(ayb)m(blxy)m(x|a)m(y[b)m -
2(alyb)m(ylxbIm(x|a)w/(ylb)m
= +2(ajxyb)(x[a) -2 (alxa)(x|yb)

(x|aaa)p = +2(alaaa)v(x|a)m + 2(a|aa)l\/l(a|xa)1\/l(x|a)M2

(x[ayy)p = +2(alayy)m(x|a)m + 2(al><€1)1\4(::1|3'§>')M(X|a)gA2 - 2(alyb)u(ylay)m(x[a)m/(ylblm
= +2(afayy)m(x|a)m + 2(alxa)m(alyy)m(x[a)m™ - 2(alybm(alyy)m(x[a)m

(x[abb)p = +2(alabb)w(x|a)w + 2(albb)m(alxa)m(xla)y” + 2(alyb)u(blablm(x[a)y(yIb)u
= +2(alabb)m(x|a)m + 2(ajxa)m(albb)m(xla)’ + 2(alyb)m(albb)m(x[a)m’

(x|add)p = +2(aadd)m(x|a)m + 2(ajxad)m(x|a)m’(ald)m + 4(ajxxa)m(x|a)n’(a|d)m> +
2(a|88)m(axa)m(x|a)v® + 2(alad)m(axd)m(x|an’ +
4(alxa)w(alx8)m(x[a)u’(ald)m + 8(alad)m(alxx)m(xja)u’(ald)y +
12(alxa)u(alxx)m(xla)y (ald)u” - 2(alad)m(x|xa)m(x[a)m(@|d)m -
4(alxa)m(x|xa)u(x|a)u’(al8)v” - 4(alaa)m(x|xd)m(xa)wm(ald)u -
8(alaa)m(xxx)m(x|a)u’(ald)m’
= +2(aladd)u(x|a)m + 2(ajxad)m(x|a)v’(al8)m + 4(alxxa)m(x|a)wv(ald)v” +
2(a|88)1\4(a|xa)M(x|a)M2 + 2(a|a&)M(a|XES)M(X|a)M2 - 4(alaa)m(x|xd)m(x|a)m(ald)m
+ 4(ajxa)m(ajxd)m(x[a)v’(ad)m + 6(alad)m(alxx)m(x[a)y’(ald)v +
8(ajxa)w(alxx)m(x|a)u(@|d)m” - 8(alaa)m(x[xx)m(x[a)m*(ald)m’
= 2(aladd)m(x|a)m + 2(alxad)m(x|a)v’(ald)m + 4(alxxa)v(x|a)w (ald)v” +
2(a|88)m(axa)m(x|a)v” + (a|xa)v(alxd)m(x|a)w’(ald)u +
(alxa)m(alxx)m(xa)u"(ald)m

(xlyb8)o = -2(ajxyb)m(xla)m’(@3)m + 2(aad)m(xlybu + 4(alxa)m(x|yb)m(x/a)m(ald)u -
4(alyy)m(blbd)m(xa)m(yIb)m — 4(alyy)m(bIxb)m(x[a)” (yIb)m(ald)w -
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Z(a’yb)M(b|XY)M(X|a)Mj(Ylb)M(a|8)M + 2(alyb)m(yxb)m(x|a)m’(ald)m/(y[b)um +
4(albb)m(yxy)m(x[a)m”(alo)m/(y[b)m + 4(albb)m(ylyd)m(xla)m/(y[b)m
= -2(alxyb)m(x[a)m’(ad)m + 2(alxa)m(y[xb)m(x|a)m’(ald)m/(y[b)m

Of these eight equations, only 6 are truly independent. Equations 1 and 2 merely
state the same relationship. Equations 3 and 8 also state the same relationship.

These six equations contain 7 independent third order dipole midplane transfer map
coefficients.

When this process is repeated for all of the commutator terms, we are left with only
24 independent relationships from the transfer map to dipole midplane that
minimize the third order commutator terms. These are as follows, group in terms of
the third order term(s) since the second order terms will be fixed values at third
order:

(aJxxx)p and (a|xxd)p minimized when (x|xxx)y = - 2(X[xa)m(X[xX)m/(X|2)m

(aJxaa)p and (aJaad)p minimized when (x[xaa)v = 2(x|aa)m(x[xa)m/(X|a)v —
2(ajaa)m(x|xx)m(x|a)m

(alxyy)p and (alyyd)p minimized when (x|xyy)m = -2(x|yb)m(X|yy)m/(X|a)m -
2(xxx)m(ylay)m/(ylb)m

(alxbb)p and (a]bbd)p minimized when (x|xbb)y = -2(ajbb)m(X[xX)m(X|a)m +
4(x[bb)m(x|yb)m/(xX|a)m

(ax60)p and (a|606d)p minimized when (X[x30)m + 2(X|xx3)m(a|d)m(x|a)m +
6(x[xxx)m(x|2)v(ald)v” = -22(a|88)M(x|xx)M(x|a)M -

8(x[xa)m(x[xx)m(x[a)m(ald)m

(alayb)p minimized when (x|ayb)y = 2(x|aa)m(x|yb)m/(x|a)m - 4(a|bb)m(X|yy)m(X|a)m
+4(x[bb)m(ylay)m/(y[b)m

(x|xxa)p and (x|xad)p minimized when (ajxxa)y = 0
(x|xyb)p and (x|ybd)p minimized when (a|xyb)m = -(x|aa)m(x[yb)m/(X|a)m
(x|aaa)p minimized when (alaaa)y = -(alaa)v(x|aa)m/(x|a)m

(x|ayy)p minimized when (alayy)m = (ylab)um(ylay)m/(x[a)m(y[b)u” -
(x[aa@)m(ylay)m/(x|a)u’(y[b)m
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(x|abb)p minimized when (ajabb)y = -(albb)m(x|aa)m/(X|a)m —
(albb)m(ylab)m(x[a)w”/(yb)m

(x|ad8)p minimized when (a]add)y + (alxad)m(x|a)m(ald)w + 2(ajxxa)m(x|a)m’(a|d)nm’
= -(x|aa)u(x|ad)m(ald)w/(x|a)m’ — (x|aa)w(ald)w’

(b|xxy)p and (b|xyd)p minimized when (y[xxy)m = -(x[xa)m(x|yy)m(y|b)w/(X|2)n” -
(xyb)m(xlyym(y[b)n/(x|a)u”

(bjxab)p and (bjabd)p minimized when (y|xab)u = -(a|bb)m(X|[yy)m(y|b)m +
(x[xa)m(ylab)m/(x|a)m + (x|yb)m(ylab)w/(x]a)m

(blaay)p minimized when (ylaay)m = -2(alaa)m(X|yy)m(y[b)m + (ylab)m(ylay)w/(ylb)m

(blyyy)p minimized when (y[yyy)m = -2(xyy)m(ylay)w/(x|a)m

(blybb)p minimized when (ylybb)u = -2(albb)m(xlyy)m(y[b)y +
2(x|lyb)m(ylab)m/(x]a)m

(b|ydd)p minimized when 2(y[xxy)m + (y|xyd)m/(X[a)m(a|d)m +
(yly88)m/(xla)m’(ald)u” = -(ald8)m(x|yy)m(y[b)m/(X|a)m’(ald)u” -
2(x[ad)m(x|yy)m(y[b)m/ (Xl (@ld)m — 2(x|xa)m(xlyy)m(yb)w/(x[a)u” -
(xlyb)m(xXlyy)m(y o)/ (xla)u’

(y|xxb)p and (y|xbd)p minimized when (b|xxb)y = -(x|bb)m(x[xa)m/(x[a)v (Y|b)wm +
(x[bb)m(x|yb)w/(x[a)m’(y[b)m

(y|xay)p and (y|ayd)p minimized when (b[xay)m = (a|yb)m(x|xa)m/(y|b)m —
(alyb)m(x|yb)m/(ylb)m + (x[bb)m(ylay)m/(xla)m(y[b)u’

(y|aab)p minimized when (baab)y = -(a|bb)m(alyb)m(x|a)m>/(y|b)m —
(alaa)m(x[bb)m/(y[b)m

(ylyyb)p minimized when (blyyb)m = (alyb)m(x|yb)m/(y[b)m —
(x[bb)m(ylay)m/(x[a)m(y[b)n’

(y|bbb)p minimized when (b|bbb)y = -(a]bb)a(x|bb)w/(Y[b)m
(y|b58)p minimized when (b[bd8)w + (blxbd)w(x|a)w/(ald)m(yb)n +

2(blxxb)w(xlav(ald)u” = -(al38)m(x|bb)w/(y[b)u -
(x[a8)m(x|bb)m(ald)m/(x|a)m(y[b)u - 2(x|bb)m(x]ybIm(ald)m’/(yIbIm
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APPENDIX C

COSY SIMULATION FOR BEST SYMMETRIC DESIGN AFTER
CORRECTION FOR THIRD ORDER ABERRATIONS - SYMMETRY
MAINTAINED ABOUT DIPOLE MIDPLANE
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INCLUDE 'COSY";
PROCEDURE RUN;

VARIABLE QI 1; VARIABLE Q2 1; VARIABLE Q3 1; VARIABLE Q4 1;
VARIABLE L1 1; VARIABLE L2 1; VARIABLE L3 1; VARIABLE L4 1;
VARIABLE L5 1; VARIABLE AP 1; VARIABLE OBJ 1; VARIABLE QL 1;
VARIABLE S1 1; VARIABLE S2 1; VARIABLE S3 1; VARIABLE $4 1;
VARIABLE DI 1; VARIABLE D2 1; VARIABLE D3 1; VARIABLE D4 1;
VARIABLE D5 1; VARIABLE D6 1; VARIABLE D7 1; VARIABLE DS 1;
PROCEDURE WRITEMAP FILENAME; OPENF 8 FILENAME 'UNKNOWN?;
WRITE 8 'QL Q1 Q2 Q3 Q4' QL Q1 Q2 Q3 Q4

WRITE 8 'S1 S2 S3 S4' S1 S2 S3 S4;

WRITE 8 'D1 D2 D3 D4 D5 D6 D7 D8' D1 D2 D3 D4 D5 D6 D7 DS;

WRITE 8 'L1 L2 L3 L4 L5 OBJ'L1 L2 L3 L4 L5 OBJ;

WRITE 8 'BEAM MATRIX'; PM 8; WRITE 8 'BEAM ABERRATIONS'; PA 8;
CLOSEF 8; ENDPROCEDURE;

PROCEDURE BEAMLINE;

DL L1; M5 QL Q1 SI D100 AP; DL L2; M5 QL Q2 S2 D2 0 0 AP;

DL L3; M5 QL Q3 S3 D3 00 AP; DL L4; M5 QL Q4 S4 D4 0 0 AP;
DLL5;DI535.10000; DL L5;

M5 QL Q4 S4 D5 0 0 AP; DL L4; M5 QL Q3 S3 D6 0 0 AP; DL L3;

M5 QL Q2 S2 D70 0 AP; DL L2; M5 QL Q1 S1 D8 0 0 AP; DL L1;

DL L1; M5 QL Q1 SI D8 00 AP; DL L2; M5 QL Q2 S2 D7 0 0 AP;

DL L3; M5 QL Q3 S3 D6 0 0 AP; DL L4; M5 QL Q4 S4 D5 0 0 AP;
DLL5;DI535.10000; DL L5;

M5 QL Q4 S4 D4 0 0 AP; DL L4; M5 QL Q3 S3 D3 0 0 AP; DL L3;

M5 QL Q2 S2 D20 0 AP; DL L2; M5 QL Q1 S1 D100 AP; DL L1;
ENDPROCEDURE;

OV 530; DR2 := 4;

LAX :=0;
LCE :=0;
FR 2;

RPM 2398*50 132 50;

SB .001 .05 0.001.0500.1000 0;
AP = .2;

QL = .7;

QI := .7359080669258169;
Q2 :=-.2752689607259485;
Q3 :=-1.517467263959876;
Q4 = 1.098340326114576;
S1:=.02361502431797905;
S2 :=.02995126241888397,
S3 :=-.2895539864520602;
S4 :=.2343973615723920;



D1 :=-.6031246413700748;
D2 :=-.5936465751515769;

D3 :=-.03469126560807764;
D4 :=.08061321164000852;
D5 :=-.05741064577545293;
D6 :=.097094320718321163;
D7 :=-.009875128290919846;
D8 :=-.001201562227302961;
L1 :=.57;

L2 :=.51;

L3 :=.69;

L4 :=.29;

L5 :=.28§;
UM;CR;ER13131311;BP; LDREL :=1;
BEAMLINE;

EP;

PP -10 0 0; PP -10 0 90; UM;
BEAMLINE TBPG -101 'X PROJECTION'
-102'Y PROJECTION'
-103'XY PROJECTION' .05 1;
WRITEMAP 'MATRIX.TXT',
ENDPROCEDURE; RUN; END;
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