
Optical Design:  Components and 
Techniques

§ First Key Question:   
• What is the purpose of the accelerator / beamline? 
»   sets requirements on particle energy, luminosity/brilliance, beam size, 

acceleration rate, particle targeting rate, ... 
»         ...which sets requirements for B, B’, … 

§ Next Questions: 
• key parameters?     
»   aperture, final focus, momentum acceptance, momentum manipulations, 

high intensity, ... 
• special requirements?     
»   slow spill, e- stripping, diagnostic sections, collimators/halo removal, 

beam cooling, ... 
• also, number of users, or number of experiments:   
»   10-100? (Light Source)        1-10? (HEP facility)       1-2? (medical),       

etc.
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Optical Design [2]

§ Further… 
• choice(s) of technology?      
»   maximum field strengths, straight sections lengths, apertures, … 
»   power consumption, real estate, … 

• system constraints? 
» geometrical -- existing tunnel(s), beam line direction/orientation, 

accommodation of surface features, geological, ...  
» components -- existing magnets, existing power supplies, diagnostics, 

accelerating cavities, ...    COST! … 
• source(s) of particles? 
• charge state(s), injection energy, emittances of existing beams, …
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Ex:  Light Source
§ Synchrotron Radiation due to bending 

• want low dispersion function in the bending magnets 
•  --> produces smaller equilibrium emittances 

§ Typically, lower energy (~1-10 GeV) electrons; many users! 

• thus, can tolerate lower “packing fraction”: 

» 2πρ/C < ~50%
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Ex:  HEP Synchrotron
§ Here, typically very high energy, few experiments (though still MANY 

users!) 
• need lots of bending, perhaps less need for free space in the system 
• may look like mostly FODO cells, with space for RF accelerating cavities, 

injection/extraction, etc. 
• here, typically much larger packing fraction (~80% or higher in the arcs)
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Optical Modules
§ Very often useful to think of optical systems in terms of modules 

§ Each module has a purpose and/or special conditions to be met 
• general beam transport; achromatic; large dispersion for momentum 

selection, charge selection; small dispersion for isochronous transit; 
final focus onto target; long drift space for equipment; compact 
bending; etc. ... 

§ Large/long systems are best generated with (stable!) periodic lens 
systems -- may or may not have bending  

§ Often need longer spaces for instrumentation, RF, switching magnets, 
experiments, etc. 

§ May need to match one focusing structure into a different focusing 
structure (e.g., change of cryomodule lengths, etc.) 

§ Simultaneously trying to control (α, β, D, D’)x,y  [and sometimes 𝜓x,y]    
as well as X,Y,Z and X’,Y’ of the ideal trajectory along the beam line! 
•  various computer programs are good at this
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Doublets and Triplets
§ FODO Cells 

• basic transport; equal spacing; easy analysis 

§ Doublets 
• can be used to generate more space 

§ Triplets 
• can be used to keep beam “round”
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Quarter-Wave Transformer
§ Suppose want to transform from one focusing pattern to another...
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Quarter-Wave Transformer [2]
§ So, adjust k (i.e., L0 and f ) to get the desired β2

§ Then, re-adjust q/2 at the end to get the desired 𝛼2

Once	have	b2,	may	not	have	the	desired	α2	needed	for	the	match	
into	the	new	FODO	cells;	so,	re-adjust	α2	by	adjusting	
the	last	quad	of	the	transformer:	

Note:		since	start	with	𝛽x	=	𝛽y	@	pt.	1,	then	get	𝛽x	=	𝛽y	@	pt.	2	

AND			αx	=	-αy	@	pt.	1	—>	αx	=	-αy	@	pt.	2	

AND		when	re-adjust,	𝛥αx	=	𝛽x	𝛥q	=	-𝛽y	𝛥q	=	-𝛥αy	
				
					which	automatically	maintains	αx	=	-αy	condition	at	pt.	2
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Collins Straight Section

"9M. Syphers          PHYS 790-D             FALL  2019



Collins Straight Section [2]
§ Note:  in order to match H and V optics simultaneously, we want                        
αx = - αy   and   βx = βy   at the match point(s).
• this occurs in the middle of a FODO cell…
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Final Focus
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transport adjust/tune final	focus
target

telescope-like: “eyepiece” “objective”

To	tune,	consider	starting	at	the	target	with	
a	desired	𝛽	=	𝛽*,	and	𝛼	=	𝛼*	=	0,		and	
working	backward	to	find	values	for	tuning	
quads	that	match	𝛽x	,	𝛽y	back	into	the	
transport	region	

tune	4	quads	to	match	4	
parameters		(𝛽,	𝛼)xy	

�̂ ⇡ L2

�⇤

 L⇤ !

�(s) = �⇤ ⇥1 + (s/�⇤)2
⇤



Final Focus [2]
§ FRIB Final Focus:
§ Beam size max/min

• max/min ~ 35
• max(linac)/min(target) ~ 10
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Double-Bend Achromat
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Dispersion Suppressor
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µ =	phase	advance	per	FODO	cell
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<latexit sha1_base64="DyS48pH8cQ3ropK+glE1Z4lRIEo=">AAAB7HicbZBNS8NAEIYn9avGr6pHL8EieCqJF/UgFr14rGDaQhvKZrtp1242YXcilFDwJ3jxoOLVv+Ldm//G7cdBW19YeHjfGXZmwlRwja77bRWWlldW14rr9sbm1vZOaXevrpNMUebTRCSqGRLNBJfMR46CNVPFSBwK1ggH1+O88cCU5om8w2HKgpj0JI84JWisehv7DEmnVHYr7kTOIngzKF9+2hePAFDrlL7a3YRmMZNIBdG65bkpBjlRyKlgI7udaZYSOiA91jIoScx0kE+mHTlHxuk6UaLMk+hM3N8dOYm1HsahqYwJ9vV8Njb/y1oZRmdBzmWaIZN0+lGUCQcTZ7y60+WKURRDA4QqbmZ1aJ8oQtEcyDZH8OZXXgT/pHJecW/dcvUKpirCARzCMXhwClW4gRr4QOEenuAFXq3EerberPdpacGa9ezDH1kfP3w3kMQ=</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit>

D(s)
<latexit sha1_base64="r58ZjLSzqTY74/33UWmZfp+l4Dk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tlgQhIoQ7G7ULamEZwTOB5Ah7m71kye7esbsnhCN/wcZCxcbCX2Tnv3EvSaGJDwYe780wMy9MONPGdb+dwsrq2vpGcbO0tb2zu1feP3jQcaoI9UnMY9UOsaacSeobZjhtJ4piEXLaCkfXud96pEqzWN6bcUIDgQeSRYxgk0s3NX3SK1fdujsFWibenFQble7pBwA0e+Wvbj8mqaDSEI617nhuYoIMK8MIp5NSN9U0wWSEB7RjqcSC6iCb3jpBx1bpoyhWtqRBU/X3RIaF1mMR2k6BzVAvern4n9dJTXQRZEwmqaGSzBZFKUcmRvnjqM8UJYaPLcFEMXsrIkOsMDE2npINwVt8eZn4Z/XLuntnw7iCGYpwBBWogQfn0IBbaIIPBIbwBC/w6gjn2Xlz3metBWc+cwh/4Hz+AK4AjwI=</latexit><latexit sha1_base64="rPg2yMbFZ07KE30/yuoyUIfn+Ao=">AAAB6nicbVBNSwMxEJ31s9avqkcvoUWoCGXrRb0V9eCxgmsL7VKyabYNTbJLkhWWpX/Bi4KKV3+Rt/4bs20P2vpg4PHeDDPzgpgzbVx34qysrq1vbBa2its7u3v7pYPDRx0lilCPRDxS7QBrypmknmGG03asKBYBp61gdJP7rSeqNIvkg0lj6gs8kCxkBJtcuq3q016p4tbcKdAyqc9JpVHunr1OGmmzV/ru9iOSCCoN4VjrTt2NjZ9hZRjhdFzsJprGmIzwgHYslVhQ7WfTW8foxCp9FEbKljRoqv6eyLDQOhWB7RTYDPWil4v/eZ3EhJd+xmScGCrJbFGYcGQilD+O+kxRYnhqCSaK2VsRGWKFibHxFG0I9cWXl4l3Xruqufc2jGuYoQDHUIYq1OECGnAHTfCAwBCe4Q3eHeG8OB/O56x1xZnPHMEfOF8/teSQiA==</latexit><latexit sha1_base64="rPg2yMbFZ07KE30/yuoyUIfn+Ao=">AAAB6nicbVBNSwMxEJ31s9avqkcvoUWoCGXrRb0V9eCxgmsL7VKyabYNTbJLkhWWpX/Bi4KKV3+Rt/4bs20P2vpg4PHeDDPzgpgzbVx34qysrq1vbBa2its7u3v7pYPDRx0lilCPRDxS7QBrypmknmGG03asKBYBp61gdJP7rSeqNIvkg0lj6gs8kCxkBJtcuq3q016p4tbcKdAyqc9JpVHunr1OGmmzV/ru9iOSCCoN4VjrTt2NjZ9hZRjhdFzsJprGmIzwgHYslVhQ7WfTW8foxCp9FEbKljRoqv6eyLDQOhWB7RTYDPWil4v/eZ3EhJd+xmScGCrJbFGYcGQilD+O+kxRYnhqCSaK2VsRGWKFibHxFG0I9cWXl4l3Xruqufc2jGuYoQDHUIYq1OECGnAHTfCAwBCe4Q3eHeG8OB/O56x1xZnPHMEfOF8/teSQiA==</latexit>

D̂
<latexit sha1_base64="h/R/8F5ooWV1Avhfl3tlQnH7jGw=">AAAB7XicbZA9SwNBEIbn4lc8v6KWNotBsAp3NmohBrWwjOCZQHKEvc0mWbK3d+zOCeEI+BdsLFRs/Sn2dv4bNx+FRl9YeHjfGXZmolQKg5735RQWFpeWV4qr7tr6xuZWaXvnziSZZjxgiUx0I6KGS6F4gAIlb6Sa0ziSvB4NLsd5/Z5rIxJ1i8OUhzHtKdEVjKK16q0+xfxq1C6VvYo3EfkL/gzK5x/u2QMA1Nqlz1YnYVnMFTJJjWn6XophTjUKJvnIbWWGp5QNaI83LSoacxPmk3FH5MA6HdJNtH0KycT92ZHT2JhhHNnKmGLfzGdj87+smWH3JMyFSjPkik0/6maSYELGu5OO0JyhHFqgTAs7K2F9qilDeyHXHsGfX/kvBEeV04p345WrFzBVEfZgHw7Bh2OowjXUIAAGA3iEZ3hxUufJeXXepqUFZ9azC7/kvH8DORSRMQ==</latexit><latexit sha1_base64="AytbqzLwEZkFt62amjovFeo90SM=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdG7UQg1pYRnBNIFnC7GQ2GTI7O8zMCmHJQ9hYqNhY+Cj2NuLbOLkUmvjDwMf/n8OccyLJmTae9+0UFhaXlleKq+7a+sbmVml7506nmSI0IClPVSPCmnImaGCY4bQhFcVJxGk96l+O8vo9VZql4tYMJA0T3BUsZgQba9VbPWzyq2G7VPYq3lhoHvwplM8/3DP59uXW2qXPViclWUKFIRxr3fQ9acIcK8MIp0O3lWkqMenjLm1aFDihOszH4w7RgXU6KE6VfcKgsfu7I8eJ1oMkspUJNj09m43M/7JmZuKTMGdCZoYKMvkozjgyKRrtjjpMUWL4wAImitlZEelhhYmxF3LtEfzZlechOKqcVrwbr1y9gImKsAf7cAg+HEMVrqEGARDowwM8wbMjnUfnxXmdlBacac8u/JHz/gMpL5Kl</latexit><latexit sha1_base64="AytbqzLwEZkFt62amjovFeo90SM=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdG7UQg1pYRnBNIFnC7GQ2GTI7O8zMCmHJQ9hYqNhY+Cj2NuLbOLkUmvjDwMf/n8OccyLJmTae9+0UFhaXlleKq+7a+sbmVml7506nmSI0IClPVSPCmnImaGCY4bQhFcVJxGk96l+O8vo9VZql4tYMJA0T3BUsZgQba9VbPWzyq2G7VPYq3lhoHvwplM8/3DP59uXW2qXPViclWUKFIRxr3fQ9acIcK8MIp0O3lWkqMenjLm1aFDihOszH4w7RgXU6KE6VfcKgsfu7I8eJ1oMkspUJNj09m43M/7JmZuKTMGdCZoYKMvkozjgyKRrtjjpMUWL4wAImitlZEelhhYmxF3LtEfzZlechOKqcVrwbr1y9gImKsAf7cAg+HEMVrqEGARDowwM8wbMjnUfnxXmdlBacac8u/JHz/gMpL5Kl</latexit>

D̂
<latexit sha1_base64="h/R/8F5ooWV1Avhfl3tlQnH7jGw=">AAAB7XicbZA9SwNBEIbn4lc8v6KWNotBsAp3NmohBrWwjOCZQHKEvc0mWbK3d+zOCeEI+BdsLFRs/Sn2dv4bNx+FRl9YeHjfGXZmolQKg5735RQWFpeWV4qr7tr6xuZWaXvnziSZZjxgiUx0I6KGS6F4gAIlb6Sa0ziSvB4NLsd5/Z5rIxJ1i8OUhzHtKdEVjKK16q0+xfxq1C6VvYo3EfkL/gzK5x/u2QMA1Nqlz1YnYVnMFTJJjWn6XophTjUKJvnIbWWGp5QNaI83LSoacxPmk3FH5MA6HdJNtH0KycT92ZHT2JhhHNnKmGLfzGdj87+smWH3JMyFSjPkik0/6maSYELGu5OO0JyhHFqgTAs7K2F9qilDeyHXHsGfX/kvBEeV04p345WrFzBVEfZgHw7Bh2OowjXUIAAGA3iEZ3hxUufJeXXepqUFZ9azC7/kvH8DORSRMQ==</latexit><latexit sha1_base64="AytbqzLwEZkFt62amjovFeo90SM=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdG7UQg1pYRnBNIFnC7GQ2GTI7O8zMCmHJQ9hYqNhY+Cj2NuLbOLkUmvjDwMf/n8OccyLJmTae9+0UFhaXlleKq+7a+sbmVml7506nmSI0IClPVSPCmnImaGCY4bQhFcVJxGk96l+O8vo9VZql4tYMJA0T3BUsZgQba9VbPWzyq2G7VPYq3lhoHvwplM8/3DP59uXW2qXPViclWUKFIRxr3fQ9acIcK8MIp0O3lWkqMenjLm1aFDihOszH4w7RgXU6KE6VfcKgsfu7I8eJ1oMkspUJNj09m43M/7JmZuKTMGdCZoYKMvkozjgyKRrtjjpMUWL4wAImitlZEelhhYmxF3LtEfzZlechOKqcVrwbr1y9gImKsAf7cAg+HEMVrqEGARDowwM8wbMjnUfnxXmdlBacac8u/JHz/gMpL5Kl</latexit><latexit sha1_base64="AytbqzLwEZkFt62amjovFeo90SM=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdG7UQg1pYRnBNIFnC7GQ2GTI7O8zMCmHJQ9hYqNhY+Cj2NuLbOLkUmvjDwMf/n8OccyLJmTae9+0UFhaXlleKq+7a+sbmVml7506nmSI0IClPVSPCmnImaGCY4bQhFcVJxGk96l+O8vo9VZql4tYMJA0T3BUsZgQba9VbPWzyq2G7VPYq3lhoHvwplM8/3DP59uXW2qXPViclWUKFIRxr3fQ9acIcK8MIp0O3lWkqMenjLm1aFDihOszH4w7RgXU6KE6VfcKgsfu7I8eJ1oMkspUJNj09m43M/7JmZuKTMGdCZoYKMvkozjgyKRrtjjpMUWL4wAImitlZEelhhYmxF3LtEfzZlechOKqcVrwbr1y9gImKsAf7cAg+HEMVrqEGARDowwM8wbMjnUfnxXmdlBacac8u/JHz/gMpL5Kl</latexit>

D = D0 = 0
<latexit sha1_base64="6aR+PAWusVRoaJLb4VjdcDuYTH0=">AAAB8HicbVC7TgJBFL2LL1xfqKXNRGK0IoONWhCJUlhi4goRNmR2mIUJs7ObmVkTsiHxI2ws1Nj6I/Z2/o0DWCh4kntzcs69uY8gEVwbjL+c3MLi0vJKftVdW9/Y3Cps79zqOFWUeTQWsWoGRDPBJfMMN4I1E8VIFAjWCAaXY79xz5Tmsbwxw4T5EelJHnJKjJXuaqiCaoc24U6hiEt4AjRPyj+keP7hVh4AoN4pfLa7MU0jJg0VROtWGSfGz4gynAo2ctupZgmhA9JjLUsliZj2s8nGI3RglS4KY2VDGjRRf3dkJNJ6GAW2MiKmr2e9sfif10pNeOpnXCapYZJOB4WpQCZG4/NRlytGjRhaQqjidldE+0QRauyTXPuE8uzJ88Q7Lp2V8DUuVi9gijzswT4cQRlOoApXUAcPKEh4hGd4cbTz5Lw6b9PSnPPTswt/4Lx/AytTkFM=</latexit><latexit sha1_base64="PTlpQdNCY55//UGJHe4wZUj6LZw=">AAAB8HicbVDLSsNAFL2prxpfVZduBovoqiRu1EWxaBcuKxhbbEOZTCft0MkkzEyEEvoXblyoiDt/xL0b8W+cPhbaeuBeDufcy30ECWdKO863lVtYXFpeya/aa+sbm1uF7Z1bFaeSUI/EPJaNACvKmaCeZprTRiIpjgJO60H/cuTX76lULBY3epBQP8JdwUJGsDbSXRWVUfXQJKddKDolZww0T9wpKZ5/2OXk7cuutQufrU5M0ogKTThWquk6ifYzLDUjnA7tVqpogkkfd2nTUIEjqvxsvPEQHRilg8JYmhAajdXfHRmOlBpEgamMsO6pWW8k/uc1Ux2e+hkTSaqpIJNBYcqRjtHofNRhkhLNB4ZgIpnZFZEelpho8yTbPMGdPXmeeMels5Jz7RQrFzBBHvZgH47AhROowBXUwAMCAh7gCZ4tZT1aL9brpDRnTXt24Q+s9x8bbpHH</latexit><latexit sha1_base64="PTlpQdNCY55//UGJHe4wZUj6LZw=">AAAB8HicbVDLSsNAFL2prxpfVZduBovoqiRu1EWxaBcuKxhbbEOZTCft0MkkzEyEEvoXblyoiDt/xL0b8W+cPhbaeuBeDufcy30ECWdKO863lVtYXFpeya/aa+sbm1uF7Z1bFaeSUI/EPJaNACvKmaCeZprTRiIpjgJO60H/cuTX76lULBY3epBQP8JdwUJGsDbSXRWVUfXQJKddKDolZww0T9wpKZ5/2OXk7cuutQufrU5M0ogKTThWquk6ifYzLDUjnA7tVqpogkkfd2nTUIEjqvxsvPEQHRilg8JYmhAajdXfHRmOlBpEgamMsO6pWW8k/uc1Ux2e+hkTSaqpIJNBYcqRjtHofNRhkhLNB4ZgIpnZFZEelpho8yTbPMGdPXmeeMels5Jz7RQrFzBBHvZgH47AhROowBXUwAMCAh7gCZ4tZT1aL9brpDRnTXt24Q+s9x8bbpHH</latexit>

(1� x)✓
<latexit sha1_base64="LasEufI1vR4ImVsdgy04tTItKos=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69hBahIpbEi3orevFYwdhCEspmu2mXbjZhdyKW0p/hxYMWr/4bb/4btx8HrT4YeLw3w8y8KBNco+N8WYWV1bX1jeJmaWt7Z3evvH/woNNcUebRVKSqHRHNBJfMQ46CtTPFSBIJ1ooGN1O/9ciU5qm8x2HGwoT0JI85JWgkv+aePZ0E2GdIOuWqU3dmsP8Sd0GqjUpwOgGAZqf8GXRTmidMIhVEa991MgxHRCGngo1LQa5ZRuiA9JhvqCQJ0+FodvLYPjZK145TZUqiPVN/ToxIovUwiUxnQrCvl72p+J/n5xhfhiMusxyZpPNFcS5sTO3p/3aXK0ZRDA0hVHFzq037RBGKJqWSCcFdfvkv8c7rV3XnzoRxDXMU4QgqUAMXLqABt9AEDyik8Ayv8Gah9WJNrPd5a8FazBzCL1gf3595kdk=</latexit><latexit sha1_base64="2oWrYuconxb6iIUw3LR+RT7DUEk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LC1CRSyJF/VW9OKxgrGFJJTNdtMu3WzC7kQMpf9CLx5UvPpvvPXfuP04aOuDgcd7M8zMC1PBNdj22CqsrK6tbxQ3S1vbO7t75f2DB51kijKXJiJR7ZBoJrhkLnAQrJ0qRuJQsFY4uJn4rUemNE/kPeQpC2LSkzzilICRvJpz9nTiQ58B6ZSrdt2eAi8TZ06qjYp/+jxu5M1O+dvvJjSLmQQqiNaeY6cQDIkCTgUblfxMs5TQAekxz1BJYqaD4fTkET42ShdHiTIlAU/V3xNDEmudx6HpjAn09aI3Ef/zvAyiy2DIZZoBk3S2KMoEhgRP/sddrhgFkRtCqOLmVkz7RBEKJqWSCcFZfHmZuOf1q7p9Z8K4RjMU0RGqoBpy0AVqoFvURC6iKEEv6A29W2C9Wh/W56y1YM1nDtEfWF8/p12TXw==</latexit><latexit sha1_base64="2oWrYuconxb6iIUw3LR+RT7DUEk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LC1CRSyJF/VW9OKxgrGFJJTNdtMu3WzC7kQMpf9CLx5UvPpvvPXfuP04aOuDgcd7M8zMC1PBNdj22CqsrK6tbxQ3S1vbO7t75f2DB51kijKXJiJR7ZBoJrhkLnAQrJ0qRuJQsFY4uJn4rUemNE/kPeQpC2LSkzzilICRvJpz9nTiQ58B6ZSrdt2eAi8TZ06qjYp/+jxu5M1O+dvvJjSLmQQqiNaeY6cQDIkCTgUblfxMs5TQAekxz1BJYqaD4fTkET42ShdHiTIlAU/V3xNDEmudx6HpjAn09aI3Ef/zvAyiy2DIZZoBk3S2KMoEhgRP/sddrhgFkRtCqOLmVkz7RBEKJqWSCcFZfHmZuOf1q7p9Z8K4RjMU0RGqoBpy0AVqoFvURC6iKEEv6A29W2C9Wh/W56y1YM1nDtEfWF8/p12TXw==</latexit>

x✓
<latexit sha1_base64="JzaBCwHHblLDE2XE1sVxUE4JvJk=">AAAB7XicbZA9SwNBEIbn/IznV9TSZjEIVuHORi3EoI1lBM8EkiPsbTbJkr29Y3dODEfAv2BjoWLrT7G389+4+Sg08YWFh/edYWcmSqUw6HnfzsLi0vLKamHNXd/Y3Nou7uzemSTTjAcskYmuR9RwKRQPUKDk9VRzGkeS16L+1Siv3XNtRKJucZDyMKZdJTqCUbRW7aGJPY60VSx5ZW8sMg/+FEoXn+75IwBUW8WvZjthWcwVMkmNafheimFONQom+dBtZoanlPVplzcsKhpzE+bjcYfk0Dpt0km0fQrJ2P3dkdPYmEEc2cqYYs/MZiPzv6yRYec0zIVKM+SKTT7qZJJgQka7k7bQnKEcWKBMCzsrYT2qKUN7IdcewZ9deR6C4/JZ2bvxSpVLmKgA+3AAR+DDCVTgGqoQAIM+PMELvDqp8+y8Oe+T0gVn2rMHf+R8/ABZa5FG</latexit><latexit sha1_base64="eikMs9dTeVzYXeIeL6OG+9sjg5s=">AAAB7XicbZC7TsMwFIadcivhVmBksaiQmKqEBRgQFSyMRSK0UhtVjuu0Vh3Hsk8QVdSHYGEAxMLAo7CzIN4G9zJAyy9Z+vT/58jnnEgJbsDzvp3CwuLS8kpx1V1b39jcKm3v3Jo005QFNBWpbkTEMMElC4CDYA2lGUkiwepR/3KU1++YNjyVNzBQLExIV/KYUwLWqt+3oMeAtEtlr+KNhefBn0L5/MM9U29fbq1d+mx1UpolTAIVxJim7ykIc6KBU8GGbiszTBHaJ13WtChJwkyYj8cd4gPrdHCcavsk4LH7uyMniTGDJLKVCYGemc1G5n9ZM4P4JMy5VBkwSScfxZnAkOLR7rjDNaMgBhYI1dzOimmPaELBXsi1R/BnV56H4KhyWvGuvXL1Ak1URHtoHx0iHx2jKrpCNRQgivroAT2hZ0c5j86L8zopLTjTnl30R877D0mGkro=</latexit><latexit sha1_base64="eikMs9dTeVzYXeIeL6OG+9sjg5s=">AAAB7XicbZC7TsMwFIadcivhVmBksaiQmKqEBRgQFSyMRSK0UhtVjuu0Vh3Hsk8QVdSHYGEAxMLAo7CzIN4G9zJAyy9Z+vT/58jnnEgJbsDzvp3CwuLS8kpx1V1b39jcKm3v3Jo005QFNBWpbkTEMMElC4CDYA2lGUkiwepR/3KU1++YNjyVNzBQLExIV/KYUwLWqt+3oMeAtEtlr+KNhefBn0L5/MM9U29fbq1d+mx1UpolTAIVxJim7ykIc6KBU8GGbiszTBHaJ13WtChJwkyYj8cd4gPrdHCcavsk4LH7uyMniTGDJLKVCYGemc1G5n9ZM4P4JMy5VBkwSScfxZnAkOLR7rjDNaMgBhYI1dzOimmPaELBXsi1R/BnV56H4KhyWvGuvXL1Ak1URHtoHx0iHx2jKrpCNRQgivroAT2hZ0c5j86L8zopLTjTnl30R877D0mGkro=</latexit>

used in rings or large bending segments to bring 
the periodic dispersion of the FODO cells to zero

D̂ =
L✓

sin2 µ
2

✓
1 +

1

2
sin

µ

2

◆

<latexit sha1_base64="MQK9YMQQ4OIxw2Dupt+hDeW/iXw="></latexit><latexit sha1_base64="/748+uzAYQXbX6RBMWYOkKDyjoE="></latexit><latexit sha1_base64="/748+uzAYQXbX6RBMWYOkKDyjoE="></latexit>

What value of x will  
bring D, D’ both to zero?

Let periodic dispersion be:                                  and~D0 =

✓
D0

D0
0

◆

<latexit sha1_base64="ggeGyatdrwT6ydc/yHoKfgY7/9U=">AAACHXicbVA9SwNBEJ2LXzF+RS1tFkW0ChdB1EIQTWEZwZhALpx7m0lc3Ns7dvfEcOSX2PhHLGwsVCxsxB9i714SxK8Hyz7em2FmXhALro3rvju5sfGJyan8dGFmdm5+obi4dKajRDGssUhEqhFQjYJLrBluBDZihTQMBNaDy6PMr1+h0jySp6YXYyukXck7nFFjJb+47V0hSyt93yX7xAuwy2Uah9Qoft0nFat6HqlsZD/K9pfjF9fckjsA+UvKI7J2sP5xdw4AVb/46rUjloQoDRNU62bZjU0rpcpwJrBf8BKNMWWXtItNSyUNUbfSwXl9sm6VNulEyj5pyED93pHSUOteGNhKu9+F/u1l4n9eMzGd3VbKZZwYlGw4qJMIYiKSZUXaXCEzomcJZYrbXQm7oIoyYxMt2BDKv0/+S2pbpb2Se2LDOIQh8rACq7AJZdiBAziGKtSAwQ3cwyM8ObfOg/PsvAxLc86oZxl+wHn7BFEeo9g=</latexit><latexit sha1_base64="NSehCSbzKTwgofrttU6hTqMsXvE="></latexit><latexit sha1_base64="NSehCSbzKTwgofrttU6hTqMsXvE="></latexit>

Then, using 3x3 matrix approach: ✓
~D0

1

◆
=

0

@
a b e
c d f
0 0 1

1

A
✓
~D0

1

◆
=

✓
M0 (I �M0) ~D0

0 1

◆✓
~D0

1

◆

<latexit sha1_base64="ebzyl1ZGopY73c2ErCGVAQntVNw="></latexit><latexit sha1_base64="yQ4nd25tsF/rJiPbIE8LH+McUzc="></latexit><latexit sha1_base64="yQ4nd25tsF/rJiPbIE8LH+McUzc="></latexit>

M0 =

✓
cosµ+ ↵ sinµ � sinµ

�� sinµ cosµ� ↵ sinµ

◆

<latexit sha1_base64="hvO+Yf28QUhtt4AkPdQTg9bxdxY="></latexit><latexit sha1_base64="MnFn2TgouDtbZdutIv1geBFKn0M="></latexit><latexit sha1_base64="MnFn2TgouDtbZdutIv1geBFKn0M="></latexit>
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✓
<latexit sha1_base64="DyS48pH8cQ3ropK+glE1Z4lRIEo=">AAAB7HicbZBNS8NAEIYn9avGr6pHL8EieCqJF/UgFr14rGDaQhvKZrtp1242YXcilFDwJ3jxoOLVv+Ldm//G7cdBW19YeHjfGXZmwlRwja77bRWWlldW14rr9sbm1vZOaXevrpNMUebTRCSqGRLNBJfMR46CNVPFSBwK1ggH1+O88cCU5om8w2HKgpj0JI84JWisehv7DEmnVHYr7kTOIngzKF9+2hePAFDrlL7a3YRmMZNIBdG65bkpBjlRyKlgI7udaZYSOiA91jIoScx0kE+mHTlHxuk6UaLMk+hM3N8dOYm1HsahqYwJ9vV8Njb/y1oZRmdBzmWaIZN0+lGUCQcTZ7y60+WKURRDA4QqbmZ1aJ8oQtEcyDZH8OZXXgT/pHJecW/dcvUKpirCARzCMXhwClW4gRr4QOEenuAFXq3EerberPdpacGa9ezDH1kfP3w3kMQ=</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit>

(1� x)✓
<latexit sha1_base64="LasEufI1vR4ImVsdgy04tTItKos=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69hBahIpbEi3orevFYwdhCEspmu2mXbjZhdyKW0p/hxYMWr/4bb/4btx8HrT4YeLw3w8y8KBNco+N8WYWV1bX1jeJmaWt7Z3evvH/woNNcUebRVKSqHRHNBJfMQ46CtTPFSBIJ1ooGN1O/9ciU5qm8x2HGwoT0JI85JWgkv+aePZ0E2GdIOuWqU3dmsP8Sd0GqjUpwOgGAZqf8GXRTmidMIhVEa991MgxHRCGngo1LQa5ZRuiA9JhvqCQJ0+FodvLYPjZK145TZUqiPVN/ToxIovUwiUxnQrCvl72p+J/n5xhfhiMusxyZpPNFcS5sTO3p/3aXK0ZRDA0hVHFzq037RBGKJqWSCcFdfvkv8c7rV3XnzoRxDXMU4QgqUAMXLqABt9AEDyik8Ayv8Gah9WJNrPd5a8FazBzCL1gf3595kdk=</latexit><latexit sha1_base64="2oWrYuconxb6iIUw3LR+RT7DUEk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LC1CRSyJF/VW9OKxgrGFJJTNdtMu3WzC7kQMpf9CLx5UvPpvvPXfuP04aOuDgcd7M8zMC1PBNdj22CqsrK6tbxQ3S1vbO7t75f2DB51kijKXJiJR7ZBoJrhkLnAQrJ0qRuJQsFY4uJn4rUemNE/kPeQpC2LSkzzilICRvJpz9nTiQ58B6ZSrdt2eAi8TZ06qjYp/+jxu5M1O+dvvJjSLmQQqiNaeY6cQDIkCTgUblfxMs5TQAekxz1BJYqaD4fTkET42ShdHiTIlAU/V3xNDEmudx6HpjAn09aI3Ef/zvAyiy2DIZZoBk3S2KMoEhgRP/sddrhgFkRtCqOLmVkz7RBEKJqWSCcFZfHmZuOf1q7p9Z8K4RjMU0RGqoBpy0AVqoFvURC6iKEEv6A29W2C9Wh/W56y1YM1nDtEfWF8/p12TXw==</latexit><latexit sha1_base64="2oWrYuconxb6iIUw3LR+RT7DUEk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LC1CRSyJF/VW9OKxgrGFJJTNdtMu3WzC7kQMpf9CLx5UvPpvvPXfuP04aOuDgcd7M8zMC1PBNdj22CqsrK6tbxQ3S1vbO7t75f2DB51kijKXJiJR7ZBoJrhkLnAQrJ0qRuJQsFY4uJn4rUemNE/kPeQpC2LSkzzilICRvJpz9nTiQ58B6ZSrdt2eAi8TZ06qjYp/+jxu5M1O+dvvJjSLmQQqiNaeY6cQDIkCTgUblfxMs5TQAekxz1BJYqaD4fTkET42ShdHiTIlAU/V3xNDEmudx6HpjAn09aI3Ef/zvAyiy2DIZZoBk3S2KMoEhgRP/sddrhgFkRtCqOLmVkz7RBEKJqWSCcFZfHmZuOf1q7p9Z8K4RjMU0RGqoBpy0AVqoFvURC6iKEEv6A29W2C9Wh/W56y1YM1nDtEfWF8/p12TXw==</latexit>

(1� x)✓
<latexit sha1_base64="LasEufI1vR4ImVsdgy04tTItKos=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69hBahIpbEi3orevFYwdhCEspmu2mXbjZhdyKW0p/hxYMWr/4bb/4btx8HrT4YeLw3w8y8KBNco+N8WYWV1bX1jeJmaWt7Z3evvH/woNNcUebRVKSqHRHNBJfMQ46CtTPFSBIJ1ooGN1O/9ciU5qm8x2HGwoT0JI85JWgkv+aePZ0E2GdIOuWqU3dmsP8Sd0GqjUpwOgGAZqf8GXRTmidMIhVEa991MgxHRCGngo1LQa5ZRuiA9JhvqCQJ0+FodvLYPjZK145TZUqiPVN/ToxIovUwiUxnQrCvl72p+J/n5xhfhiMusxyZpPNFcS5sTO3p/3aXK0ZRDA0hVHFzq037RBGKJqWSCcFdfvkv8c7rV3XnzoRxDXMU4QgqUAMXLqABt9AEDyik8Ayv8Gah9WJNrPd5a8FazBzCL1gf3595kdk=</latexit><latexit sha1_base64="2oWrYuconxb6iIUw3LR+RT7DUEk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LC1CRSyJF/VW9OKxgrGFJJTNdtMu3WzC7kQMpf9CLx5UvPpvvPXfuP04aOuDgcd7M8zMC1PBNdj22CqsrK6tbxQ3S1vbO7t75f2DB51kijKXJiJR7ZBoJrhkLnAQrJ0qRuJQsFY4uJn4rUemNE/kPeQpC2LSkzzilICRvJpz9nTiQ58B6ZSrdt2eAi8TZ06qjYp/+jxu5M1O+dvvJjSLmQQqiNaeY6cQDIkCTgUblfxMs5TQAekxz1BJYqaD4fTkET42ShdHiTIlAU/V3xNDEmudx6HpjAn09aI3Ef/zvAyiy2DIZZoBk3S2KMoEhgRP/sddrhgFkRtCqOLmVkz7RBEKJqWSCcFZfHmZuOf1q7p9Z8K4RjMU0RGqoBpy0AVqoFvURC6iKEEv6A29W2C9Wh/W56y1YM1nDtEfWF8/p12TXw==</latexit><latexit sha1_base64="2oWrYuconxb6iIUw3LR+RT7DUEk=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LC1CRSyJF/VW9OKxgrGFJJTNdtMu3WzC7kQMpf9CLx5UvPpvvPXfuP04aOuDgcd7M8zMC1PBNdj22CqsrK6tbxQ3S1vbO7t75f2DB51kijKXJiJR7ZBoJrhkLnAQrJ0qRuJQsFY4uJn4rUemNE/kPeQpC2LSkzzilICRvJpz9nTiQ58B6ZSrdt2eAi8TZ06qjYp/+jxu5M1O+dvvJjSLmQQqiNaeY6cQDIkCTgUblfxMs5TQAekxz1BJYqaD4fTkET42ShdHiTIlAU/V3xNDEmudx6HpjAn09aI3Ef/zvAyiy2DIZZoBk3S2KMoEhgRP/sddrhgFkRtCqOLmVkz7RBEKJqWSCcFZfHmZuOf1q7p9Z8K4RjMU0RGqoBpy0AVqoFvURC6iKEEv6A29W2C9Wh/W56y1YM1nDtEfWF8/p12TXw==</latexit>

x✓
<latexit sha1_base64="JzaBCwHHblLDE2XE1sVxUE4JvJk=">AAAB7XicbZA9SwNBEIbn/IznV9TSZjEIVuHORi3EoI1lBM8EkiPsbTbJkr29Y3dODEfAv2BjoWLrT7G389+4+Sg08YWFh/edYWcmSqUw6HnfzsLi0vLKamHNXd/Y3Nou7uzemSTTjAcskYmuR9RwKRQPUKDk9VRzGkeS16L+1Siv3XNtRKJucZDyMKZdJTqCUbRW7aGJPY60VSx5ZW8sMg/+FEoXn+75IwBUW8WvZjthWcwVMkmNafheimFONQom+dBtZoanlPVplzcsKhpzE+bjcYfk0Dpt0km0fQrJ2P3dkdPYmEEc2cqYYs/MZiPzv6yRYec0zIVKM+SKTT7qZJJgQka7k7bQnKEcWKBMCzsrYT2qKUN7IdcewZ9deR6C4/JZ2bvxSpVLmKgA+3AAR+DDCVTgGqoQAIM+PMELvDqp8+y8Oe+T0gVn2rMHf+R8/ABZa5FG</latexit><latexit sha1_base64="eikMs9dTeVzYXeIeL6OG+9sjg5s=">AAAB7XicbZC7TsMwFIadcivhVmBksaiQmKqEBRgQFSyMRSK0UhtVjuu0Vh3Hsk8QVdSHYGEAxMLAo7CzIN4G9zJAyy9Z+vT/58jnnEgJbsDzvp3CwuLS8kpx1V1b39jcKm3v3Jo005QFNBWpbkTEMMElC4CDYA2lGUkiwepR/3KU1++YNjyVNzBQLExIV/KYUwLWqt+3oMeAtEtlr+KNhefBn0L5/MM9U29fbq1d+mx1UpolTAIVxJim7ykIc6KBU8GGbiszTBHaJ13WtChJwkyYj8cd4gPrdHCcavsk4LH7uyMniTGDJLKVCYGemc1G5n9ZM4P4JMy5VBkwSScfxZnAkOLR7rjDNaMgBhYI1dzOimmPaELBXsi1R/BnV56H4KhyWvGuvXL1Ak1URHtoHx0iHx2jKrpCNRQgivroAT2hZ0c5j86L8zopLTjTnl30R877D0mGkro=</latexit><latexit sha1_base64="eikMs9dTeVzYXeIeL6OG+9sjg5s=">AAAB7XicbZC7TsMwFIadcivhVmBksaiQmKqEBRgQFSyMRSK0UhtVjuu0Vh3Hsk8QVdSHYGEAxMLAo7CzIN4G9zJAyy9Z+vT/58jnnEgJbsDzvp3CwuLS8kpx1V1b39jcKm3v3Jo005QFNBWpbkTEMMElC4CDYA2lGUkiwepR/3KU1++YNjyVNzBQLExIV/KYUwLWqt+3oMeAtEtlr+KNhefBn0L5/MM9U29fbq1d+mx1UpolTAIVxJim7ykIc6KBU8GGbiszTBHaJ13WtChJwkyYj8cd4gPrdHCcavsk4LH7uyMniTGDJLKVCYGemc1G5n9ZM4P4JMy5VBkwSScfxZnAkOLR7rjDNaMgBhYI1dzOimmPaELBXsi1R/BnV56H4KhyWvGuvXL1Ak1URHtoHx0iHx2jKrpCNRQgivroAT2hZ0c5j86L8zopLTjTnl30R877D0mGkro=</latexit>

x✓
<latexit sha1_base64="JzaBCwHHblLDE2XE1sVxUE4JvJk=">AAAB7XicbZA9SwNBEIbn/IznV9TSZjEIVuHORi3EoI1lBM8EkiPsbTbJkr29Y3dODEfAv2BjoWLrT7G389+4+Sg08YWFh/edYWcmSqUw6HnfzsLi0vLKamHNXd/Y3Nou7uzemSTTjAcskYmuR9RwKRQPUKDk9VRzGkeS16L+1Siv3XNtRKJucZDyMKZdJTqCUbRW7aGJPY60VSx5ZW8sMg/+FEoXn+75IwBUW8WvZjthWcwVMkmNafheimFONQom+dBtZoanlPVplzcsKhpzE+bjcYfk0Dpt0km0fQrJ2P3dkdPYmEEc2cqYYs/MZiPzv6yRYec0zIVKM+SKTT7qZJJgQka7k7bQnKEcWKBMCzsrYT2qKUN7IdcewZ9deR6C4/JZ2bvxSpVLmKgA+3AAR+DDCVTgGqoQAIM+PMELvDqp8+y8Oe+T0gVn2rMHf+R8/ABZa5FG</latexit><latexit sha1_base64="eikMs9dTeVzYXeIeL6OG+9sjg5s=">AAAB7XicbZC7TsMwFIadcivhVmBksaiQmKqEBRgQFSyMRSK0UhtVjuu0Vh3Hsk8QVdSHYGEAxMLAo7CzIN4G9zJAyy9Z+vT/58jnnEgJbsDzvp3CwuLS8kpx1V1b39jcKm3v3Jo005QFNBWpbkTEMMElC4CDYA2lGUkiwepR/3KU1++YNjyVNzBQLExIV/KYUwLWqt+3oMeAtEtlr+KNhefBn0L5/MM9U29fbq1d+mx1UpolTAIVxJim7ykIc6KBU8GGbiszTBHaJ13WtChJwkyYj8cd4gPrdHCcavsk4LH7uyMniTGDJLKVCYGemc1G5n9ZM4P4JMy5VBkwSScfxZnAkOLR7rjDNaMgBhYI1dzOimmPaELBXsi1R/BnV56H4KhyWvGuvXL1Ak1URHtoHx0iHx2jKrpCNRQgivroAT2hZ0c5j86L8zopLTjTnl30R877D0mGkro=</latexit><latexit sha1_base64="eikMs9dTeVzYXeIeL6OG+9sjg5s=">AAAB7XicbZC7TsMwFIadcivhVmBksaiQmKqEBRgQFSyMRSK0UhtVjuu0Vh3Hsk8QVdSHYGEAxMLAo7CzIN4G9zJAyy9Z+vT/58jnnEgJbsDzvp3CwuLS8kpx1V1b39jcKm3v3Jo005QFNBWpbkTEMMElC4CDYA2lGUkiwepR/3KU1++YNjyVNzBQLExIV/KYUwLWqt+3oMeAtEtlr+KNhefBn0L5/MM9U29fbq1d+mx1UpolTAIVxJim7ykIc6KBU8GGbiszTBHaJ13WtChJwkyYj8cd4gPrdHCcavsk4LH7uyMniTGDJLKVCYGemc1G5n9ZM4P4JMy5VBkwSScfxZnAkOLR7rjDNaMgBhYI1dzOimmPaELBXsi1R/BnV56H4KhyWvGuvXL1Ak1URHtoHx0iHx2jKrpCNRQgivroAT2hZ0c5j86L8zopLTjTnl30R877D0mGkro=</latexit>✓

<latexit sha1_base64="DyS48pH8cQ3ropK+glE1Z4lRIEo=">AAAB7HicbZBNS8NAEIYn9avGr6pHL8EieCqJF/UgFr14rGDaQhvKZrtp1242YXcilFDwJ3jxoOLVv+Ldm//G7cdBW19YeHjfGXZmwlRwja77bRWWlldW14rr9sbm1vZOaXevrpNMUebTRCSqGRLNBJfMR46CNVPFSBwK1ggH1+O88cCU5om8w2HKgpj0JI84JWisehv7DEmnVHYr7kTOIngzKF9+2hePAFDrlL7a3YRmMZNIBdG65bkpBjlRyKlgI7udaZYSOiA91jIoScx0kE+mHTlHxuk6UaLMk+hM3N8dOYm1HsahqYwJ9vV8Njb/y1oZRmdBzmWaIZN0+lGUCQcTZ7y60+WKURRDA4QqbmZ1aJ8oQtEcyDZH8OZXXgT/pHJecW/dcvUKpirCARzCMXhwClW4gRr4QOEenuAFXq3EerberPdpacGa9ezDH1kfP3w3kMQ=</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit>

✓
<latexit sha1_base64="DyS48pH8cQ3ropK+glE1Z4lRIEo=">AAAB7HicbZBNS8NAEIYn9avGr6pHL8EieCqJF/UgFr14rGDaQhvKZrtp1242YXcilFDwJ3jxoOLVv+Ldm//G7cdBW19YeHjfGXZmwlRwja77bRWWlldW14rr9sbm1vZOaXevrpNMUebTRCSqGRLNBJfMR46CNVPFSBwK1ggH1+O88cCU5om8w2HKgpj0JI84JWisehv7DEmnVHYr7kTOIngzKF9+2hePAFDrlL7a3YRmMZNIBdG65bkpBjlRyKlgI7udaZYSOiA91jIoScx0kE+mHTlHxuk6UaLMk+hM3N8dOYm1HsahqYwJ9vV8Njb/y1oZRmdBzmWaIZN0+lGUCQcTZ7y60+WKURRDA4QqbmZ1aJ8oQtEcyDZH8OZXXgT/pHJecW/dcvUKpirCARzCMXhwClW4gRr4QOEenuAFXq3EerberPdpacGa9ezDH1kfP3w3kMQ=</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit>

✓
<latexit sha1_base64="DyS48pH8cQ3ropK+glE1Z4lRIEo=">AAAB7HicbZBNS8NAEIYn9avGr6pHL8EieCqJF/UgFr14rGDaQhvKZrtp1242YXcilFDwJ3jxoOLVv+Ldm//G7cdBW19YeHjfGXZmwlRwja77bRWWlldW14rr9sbm1vZOaXevrpNMUebTRCSqGRLNBJfMR46CNVPFSBwK1ggH1+O88cCU5om8w2HKgpj0JI84JWisehv7DEmnVHYr7kTOIngzKF9+2hePAFDrlL7a3YRmMZNIBdG65bkpBjlRyKlgI7udaZYSOiA91jIoScx0kE+mHTlHxuk6UaLMk+hM3N8dOYm1HsahqYwJ9vV8Njb/y1oZRmdBzmWaIZN0+lGUCQcTZ7y60+WKURRDA4QqbmZ1aJ8oQtEcyDZH8OZXXgT/pHJecW/dcvUKpirCARzCMXhwClW4gRr4QOEenuAFXq3EerberPdpacGa9ezDH1kfP3w3kMQ=</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit><latexit sha1_base64="8Q0+ixzvzmCOdmq7I7KWVf4rDTA=">AAAB7HicbZDNSgMxFIUz9a+Of1WXboJFcFVm3KgLsejGZQWnLbRDyaSZNjaTDMkdoQx9BzcuVFwJvop7N+LbmLYutPVA4OOce8m9N0oFN+B5X05hYXFpeaW46q6tb2xulbZ36kZlmrKAKqF0MyKGCS5ZABwEa6aakSQSrBENLsd5445pw5W8gWHKwoT0JI85JWCtehv6DEinVPYq3kR4HvwfKJ+/u2fp66db65Q+2l1Fs4RJoIIY0/K9FMKcaOBUsJHbzgxLCR2QHmtZlCRhJswn047wgXW6OFbaPgl44v7uyElizDCJbGVCoG9ms7H5X9bKID4Jcy7TDJik04/iTGBQeLw67nLNKIihBUI1t7Ni2ieaULAHcu0R/NmV5yE4qpxWvGuvXL1AUxXRHtpHh8hHx6iKrlANBYiiW3SPHtGTo5wH59l5mZYWnJ+eXfRHzts3bFKSOA==</latexit>

D(s)
<latexit sha1_base64="r58ZjLSzqTY74/33UWmZfp+l4Dk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tlgQhIoQ7G7ULamEZwTOB5Ah7m71kye7esbsnhCN/wcZCxcbCX2Tnv3EvSaGJDwYe780wMy9MONPGdb+dwsrq2vpGcbO0tb2zu1feP3jQcaoI9UnMY9UOsaacSeobZjhtJ4piEXLaCkfXud96pEqzWN6bcUIDgQeSRYxgk0s3NX3SK1fdujsFWibenFQble7pBwA0e+Wvbj8mqaDSEI617nhuYoIMK8MIp5NSN9U0wWSEB7RjqcSC6iCb3jpBx1bpoyhWtqRBU/X3RIaF1mMR2k6BzVAvern4n9dJTXQRZEwmqaGSzBZFKUcmRvnjqM8UJYaPLcFEMXsrIkOsMDE2npINwVt8eZn4Z/XLuntnw7iCGYpwBBWogQfn0IBbaIIPBIbwBC/w6gjn2Xlz3metBWc+cwh/4Hz+AK4AjwI=</latexit><latexit sha1_base64="rPg2yMbFZ07KE30/yuoyUIfn+Ao=">AAAB6nicbVBNSwMxEJ31s9avqkcvoUWoCGXrRb0V9eCxgmsL7VKyabYNTbJLkhWWpX/Bi4KKV3+Rt/4bs20P2vpg4PHeDDPzgpgzbVx34qysrq1vbBa2its7u3v7pYPDRx0lilCPRDxS7QBrypmknmGG03asKBYBp61gdJP7rSeqNIvkg0lj6gs8kCxkBJtcuq3q016p4tbcKdAyqc9JpVHunr1OGmmzV/ru9iOSCCoN4VjrTt2NjZ9hZRjhdFzsJprGmIzwgHYslVhQ7WfTW8foxCp9FEbKljRoqv6eyLDQOhWB7RTYDPWil4v/eZ3EhJd+xmScGCrJbFGYcGQilD+O+kxRYnhqCSaK2VsRGWKFibHxFG0I9cWXl4l3Xruqufc2jGuYoQDHUIYq1OECGnAHTfCAwBCe4Q3eHeG8OB/O56x1xZnPHMEfOF8/teSQiA==</latexit><latexit sha1_base64="rPg2yMbFZ07KE30/yuoyUIfn+Ao=">AAAB6nicbVBNSwMxEJ31s9avqkcvoUWoCGXrRb0V9eCxgmsL7VKyabYNTbJLkhWWpX/Bi4KKV3+Rt/4bs20P2vpg4PHeDDPzgpgzbVx34qysrq1vbBa2its7u3v7pYPDRx0lilCPRDxS7QBrypmknmGG03asKBYBp61gdJP7rSeqNIvkg0lj6gs8kCxkBJtcuq3q016p4tbcKdAyqc9JpVHunr1OGmmzV/ru9iOSCCoN4VjrTt2NjZ9hZRjhdFzsJprGmIzwgHYslVhQ7WfTW8foxCp9FEbKljRoqv6eyLDQOhWB7RTYDPWil4v/eZ3EhJd+xmScGCrJbFGYcGQilD+O+kxRYnhqCSaK2VsRGWKFibHxFG0I9cWXl4l3Xruqufc2jGuYoQDHUIYq1OECGnAHTfCAwBCe4Q3eHeG8OB/O56x1xZnPHMEfOF8/teSQiA==</latexit>

D̂
<latexit sha1_base64="h/R/8F5ooWV1Avhfl3tlQnH7jGw=">AAAB7XicbZA9SwNBEIbn4lc8v6KWNotBsAp3NmohBrWwjOCZQHKEvc0mWbK3d+zOCeEI+BdsLFRs/Sn2dv4bNx+FRl9YeHjfGXZmolQKg5735RQWFpeWV4qr7tr6xuZWaXvnziSZZjxgiUx0I6KGS6F4gAIlb6Sa0ziSvB4NLsd5/Z5rIxJ1i8OUhzHtKdEVjKK16q0+xfxq1C6VvYo3EfkL/gzK5x/u2QMA1Nqlz1YnYVnMFTJJjWn6XophTjUKJvnIbWWGp5QNaI83LSoacxPmk3FH5MA6HdJNtH0KycT92ZHT2JhhHNnKmGLfzGdj87+smWH3JMyFSjPkik0/6maSYELGu5OO0JyhHFqgTAs7K2F9qilDeyHXHsGfX/kvBEeV04p345WrFzBVEfZgHw7Bh2OowjXUIAAGA3iEZ3hxUufJeXXepqUFZ9azC7/kvH8DORSRMQ==</latexit><latexit sha1_base64="AytbqzLwEZkFt62amjovFeo90SM=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdG7UQg1pYRnBNIFnC7GQ2GTI7O8zMCmHJQ9hYqNhY+Cj2NuLbOLkUmvjDwMf/n8OccyLJmTae9+0UFhaXlleKq+7a+sbmVml7506nmSI0IClPVSPCmnImaGCY4bQhFcVJxGk96l+O8vo9VZql4tYMJA0T3BUsZgQba9VbPWzyq2G7VPYq3lhoHvwplM8/3DP59uXW2qXPViclWUKFIRxr3fQ9acIcK8MIp0O3lWkqMenjLm1aFDihOszH4w7RgXU6KE6VfcKgsfu7I8eJ1oMkspUJNj09m43M/7JmZuKTMGdCZoYKMvkozjgyKRrtjjpMUWL4wAImitlZEelhhYmxF3LtEfzZlechOKqcVrwbr1y9gImKsAf7cAg+HEMVrqEGARDowwM8wbMjnUfnxXmdlBacac8u/JHz/gMpL5Kl</latexit><latexit sha1_base64="AytbqzLwEZkFt62amjovFeo90SM=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdG7UQg1pYRnBNIFnC7GQ2GTI7O8zMCmHJQ9hYqNhY+Cj2NuLbOLkUmvjDwMf/n8OccyLJmTae9+0UFhaXlleKq+7a+sbmVml7506nmSI0IClPVSPCmnImaGCY4bQhFcVJxGk96l+O8vo9VZql4tYMJA0T3BUsZgQba9VbPWzyq2G7VPYq3lhoHvwplM8/3DP59uXW2qXPViclWUKFIRxr3fQ9acIcK8MIp0O3lWkqMenjLm1aFDihOszH4w7RgXU6KE6VfcKgsfu7I8eJ1oMkspUJNj09m43M/7JmZuKTMGdCZoYKMvkozjgyKRrtjjpMUWL4wAImitlZEelhhYmxF3LtEfzZlechOKqcVrwbr1y9gImKsAf7cAg+HEMVrqEGARDowwM8wbMjnUfnxXmdlBacac8u/JHz/gMpL5Kl</latexit>

D̂
<latexit sha1_base64="h/R/8F5ooWV1Avhfl3tlQnH7jGw=">AAAB7XicbZA9SwNBEIbn4lc8v6KWNotBsAp3NmohBrWwjOCZQHKEvc0mWbK3d+zOCeEI+BdsLFRs/Sn2dv4bNx+FRl9YeHjfGXZmolQKg5735RQWFpeWV4qr7tr6xuZWaXvnziSZZjxgiUx0I6KGS6F4gAIlb6Sa0ziSvB4NLsd5/Z5rIxJ1i8OUhzHtKdEVjKK16q0+xfxq1C6VvYo3EfkL/gzK5x/u2QMA1Nqlz1YnYVnMFTJJjWn6XophTjUKJvnIbWWGp5QNaI83LSoacxPmk3FH5MA6HdJNtH0KycT92ZHT2JhhHNnKmGLfzGdj87+smWH3JMyFSjPkik0/6maSYELGu5OO0JyhHFqgTAs7K2F9qilDeyHXHsGfX/kvBEeV04p345WrFzBVEfZgHw7Bh2OowjXUIAAGA3iEZ3hxUufJeXXepqUFZ9azC7/kvH8DORSRMQ==</latexit><latexit sha1_base64="AytbqzLwEZkFt62amjovFeo90SM=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdG7UQg1pYRnBNIFnC7GQ2GTI7O8zMCmHJQ9hYqNhY+Cj2NuLbOLkUmvjDwMf/n8OccyLJmTae9+0UFhaXlleKq+7a+sbmVml7506nmSI0IClPVSPCmnImaGCY4bQhFcVJxGk96l+O8vo9VZql4tYMJA0T3BUsZgQba9VbPWzyq2G7VPYq3lhoHvwplM8/3DP59uXW2qXPViclWUKFIRxr3fQ9acIcK8MIp0O3lWkqMenjLm1aFDihOszH4w7RgXU6KE6VfcKgsfu7I8eJ1oMkspUJNj09m43M/7JmZuKTMGdCZoYKMvkozjgyKRrtjjpMUWL4wAImitlZEelhhYmxF3LtEfzZlechOKqcVrwbr1y9gImKsAf7cAg+HEMVrqEGARDowwM8wbMjnUfnxXmdlBacac8u/JHz/gMpL5Kl</latexit><latexit sha1_base64="AytbqzLwEZkFt62amjovFeo90SM=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIVdG7UQg1pYRnBNIFnC7GQ2GTI7O8zMCmHJQ9hYqNhY+Cj2NuLbOLkUmvjDwMf/n8OccyLJmTae9+0UFhaXlleKq+7a+sbmVml7506nmSI0IClPVSPCmnImaGCY4bQhFcVJxGk96l+O8vo9VZql4tYMJA0T3BUsZgQba9VbPWzyq2G7VPYq3lhoHvwplM8/3DP59uXW2qXPViclWUKFIRxr3fQ9acIcK8MIp0O3lWkqMenjLm1aFDihOszH4w7RgXU6KE6VfcKgsfu7I8eJ1oMkspUJNj09m43M/7JmZuKTMGdCZoYKMvkozjgyKRrtjjpMUWL4wAImitlZEelhhYmxF3LtEfzZlechOKqcVrwbr1y9gImKsAf7cAg+HEMVrqEGARDowwM8wbMjnUfnxXmdlBacac8u/JHz/gMpL5Kl</latexit>

D = D0 = 0
<latexit sha1_base64="6aR+PAWusVRoaJLb4VjdcDuYTH0=">AAAB8HicbVC7TgJBFL2LL1xfqKXNRGK0IoONWhCJUlhi4goRNmR2mIUJs7ObmVkTsiHxI2ws1Nj6I/Z2/o0DWCh4kntzcs69uY8gEVwbjL+c3MLi0vJKftVdW9/Y3Cps79zqOFWUeTQWsWoGRDPBJfMMN4I1E8VIFAjWCAaXY79xz5Tmsbwxw4T5EelJHnJKjJXuaqiCaoc24U6hiEt4AjRPyj+keP7hVh4AoN4pfLa7MU0jJg0VROtWGSfGz4gynAo2ctupZgmhA9JjLUsliZj2s8nGI3RglS4KY2VDGjRRf3dkJNJ6GAW2MiKmr2e9sfif10pNeOpnXCapYZJOB4WpQCZG4/NRlytGjRhaQqjidldE+0QRauyTXPuE8uzJ88Q7Lp2V8DUuVi9gijzswT4cQRlOoApXUAcPKEh4hGd4cbTz5Lw6b9PSnPPTswt/4Lx/AytTkFM=</latexit><latexit sha1_base64="PTlpQdNCY55//UGJHe4wZUj6LZw=">AAAB8HicbVDLSsNAFL2prxpfVZduBovoqiRu1EWxaBcuKxhbbEOZTCft0MkkzEyEEvoXblyoiDt/xL0b8W+cPhbaeuBeDufcy30ECWdKO863lVtYXFpeya/aa+sbm1uF7Z1bFaeSUI/EPJaNACvKmaCeZprTRiIpjgJO60H/cuTX76lULBY3epBQP8JdwUJGsDbSXRWVUfXQJKddKDolZww0T9wpKZ5/2OXk7cuutQufrU5M0ogKTThWquk6ifYzLDUjnA7tVqpogkkfd2nTUIEjqvxsvPEQHRilg8JYmhAajdXfHRmOlBpEgamMsO6pWW8k/uc1Ux2e+hkTSaqpIJNBYcqRjtHofNRhkhLNB4ZgIpnZFZEelpho8yTbPMGdPXmeeMels5Jz7RQrFzBBHvZgH47AhROowBXUwAMCAh7gCZ4tZT1aL9brpDRnTXt24Q+s9x8bbpHH</latexit><latexit sha1_base64="PTlpQdNCY55//UGJHe4wZUj6LZw=">AAAB8HicbVDLSsNAFL2prxpfVZduBovoqiRu1EWxaBcuKxhbbEOZTCft0MkkzEyEEvoXblyoiDt/xL0b8W+cPhbaeuBeDufcy30ECWdKO863lVtYXFpeya/aa+sbm1uF7Z1bFaeSUI/EPJaNACvKmaCeZprTRiIpjgJO60H/cuTX76lULBY3epBQP8JdwUJGsDbSXRWVUfXQJKddKDolZww0T9wpKZ5/2OXk7cuutQufrU5M0ogKTThWquk6ifYzLDUjnA7tVqpogkkfd2nTUIEjqvxsvPEQHRilg8JYmhAajdXfHRmOlBpEgamMsO6pWW8k/uc1Ux2e+hkTSaqpIJNBYcqRjtHofNRhkhLNB4ZgIpnZFZEelpho8yTbPMGdPXmeeMels5Jz7RQrFzBBHvZgH47AhROowBXUwAMCAh7gCZ4tZT1aL9brpDRnTXt24Q+s9x8bbpHH</latexit>

So, we transport through a cell with bending 
reduced by factor (1-x) followed by a cell with 
bending reduced by factor x; since D ~ 𝜃, then 
the matrix elements scale accordingly and 
hence…

✓
~0
1

◆
=

✓
M0 x(I �M0) ~D0

0 1

◆✓
M0 (1� x)(I �M0) ~D0

0 1

◆✓
~D0

1

◆

<latexit sha1_base64="day7og0+FsWHd9CYJL3m/zBo4/w="></latexit><latexit sha1_base64="JHi6Wj601XwBkq9c9kxdOd37r8w="></latexit><latexit sha1_base64="JHi6Wj601XwBkq9c9kxdOd37r8w="></latexit>

which, upon simplification, yields ~0 =
⇥
(1� 2x)I + x(M�1

0 +M0)
⇤
M0

~D0
<latexit sha1_base64="Vo4chKpJuE2mxalrXtvAdrvGObs="></latexit><latexit sha1_base64="qSOsh+d/43T7hd6dE+zmw+kV8KY="></latexit><latexit sha1_base64="qSOsh+d/43T7hd6dE+zmw+kV8KY="></latexit>

Noting that M�1
0 +M0 = trace(M0)I = (2 cosµ)I

<latexit sha1_base64="JMiwxWeGdpdy2DUgY3OJly5mYEk=">AAACEnicbZDLSgMxFIbPeK31NurSTbAIrWKZ6UZFhKIbuxAqOLbQ1ppJM21o5kKSEcrQZ9CNr+LGhYpbV+58G9PLQlt/CHz5zzkk53cjzqSyrG9jZnZufmExtZReXlldWzc3Nm9kGAtCHRLyUFRdLClnAXUUU5xWI0Gx73Jacbvng3rlngrJwuBa9SLa8HE7YB4jWGmrae5dNq3b5MDuo32kEZ0iJTChWc25kr5lC3USyrof50pNM2PlraHQNNhjyBQzDyd3AFBuml/1VkhinwaKcCxlzbYi1UiwUIxw2k/XY0kjTLq4TWsaA+xT2UiGO/XRrnZayAuFPoFCQ/f3RIJ9KXu+qzt9rDpysjYw/6vVYuUdNRIWRLGiARk95MUcqRANAkItJihRvKcBE8H0XxHpYB2K0jGmdQj25MrT4BTyx3nrSodxBiOlYBt2IAs2HEIRLqAMDhB4hGd4hTfjyXgx3o2PUeuMMZ7Zgj8yPn8ANO+brA==</latexit><latexit sha1_base64="iMhqoITMv+1JQX9zjiGZlQp/PJI="></latexit><latexit sha1_base64="iMhqoITMv+1JQX9zjiGZlQp/PJI="></latexit>

then our equation 
is satisfied if

x =
1

2(1� cosµ)
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𝜇 x 1-x

60o 1 0

90o 1/2 1/2

initial periodic values
final 
dispersion 

= 0



Dispersion Suppressor Example
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FODO Achromatic Bend Sections
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for 𝜇 = 90o/cell, use 4 cells; 
back-to-back dispersion suppressors —

here, 𝜇 = 90o,  but  
with empty half-cell in middle:

Dx



LHC Straight Sections
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The Superconducting Super Collider
§ The “White Book” (Site-Specific Conceptual Design)
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(~1990…)



Superperiodicity
§ Racetrack vs. multiple superperiods
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from	CDR	(1986)

FNAL:		original	Main	Ring	had	P	=	6;	
												Tevatron:		P	=	1	!



Magnet Arrangement: 2-in-1 / 1-in-1 / H / V

§ Vertical 1-in-1 chosen for the SSC, following extensive 
studies and workshops
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"0 .' .... , 
''c 

SSC-SR-IOIS 

"'., 

Superconducting Super Collider 
""" 

Report of e Workshop on 
Realisti sse Lattices 

/ 



Collider Parameters
§ From the SCDR
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Modularity
§ Length of Standard Half-Cell was in units of bunch spacing (5 m)

• L = 90 m, for example
§ Then, Utility Regions, IRs, etc., each in units of L
§ By adding L at ends of straight section regions could maintain anti-

symmetry of optics 
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Modular
Approach:



Utility Region
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Injection/Collision Regions
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The Diamond Bypass
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Lattice Decisions

§ 1-in-1 assured can operate one ring without the other 
• except:  the IR triplets were “shared” by both 
• desire was to be able to commission one ring if the other was not ready 
• Vertical “-I ” beam lines made IR tuning transparent 

§ IR designs were still being finalized at project end 
•

"27M. Syphers          PHYS 790-D             FALL  2019

450 Y. Nosochkoo et al . I NucL I nst r . andMet h. i n Phys. Res. A346 ( 1994) 448- 460

Pat h Lengt h (m)

Fi g. 1. Ver t i cal vi ew of an I R.

I n Fi g. 1 t he di pol es st r addl e t he beam l i nes, t he
f ocusi ng quadr upol es ar e shown above t he l i nes, and t he
def ocusi ng quadr upol es bel ow. I n each r i ng, t he opt i cs i s
ant i symmet r i c wi t h r espect t o t he I P. Thi s means t hat t he
magnet l ocat i ons have a mi r r or symmet r y about t he I P, but
t he f i el d pol ar i t i es ar e opposi t e f or t he cor r espondi ng
magnet s on t he l ef t and r i ght si des of t he I R. The opt i cs i s
i dent i cal i n bot h r i ngs except t hat cor r espondi ng t op and
bot t omquadr upol es have opposi t e f ocusi ng pr oper t i es and
cor r espondi ng ver t i cal bendi ng di pol es bend t he beams i n
opposi t e di r ect i ons . Each hal f of an I R i s composed of t he
t wo maj or modul es speci f i ed i n t he pr evi ous sect i on. Tak-
i ng i nt o consi der at i on t he di sper si on cancel l at i on pr oper t y,
we can ext end t he number of t he modul es t o t hr ee, whi ch
ar e l ocat ed geomet r i cal l y i n di f f er ent r egi ons . Fi g. 2 shows
t he l ayout ( not t o scal e) of hal f of an I R. The t hr ee
modul es ar e:
- The f i nal f ocus t r i pl et l ocat ed next t o t he I P and

common t o bot h r i ngs .
- The M= - I sect i on pl aced i n t he r egi on wi t h a

ver t i cal separ at i on of 45 cmbet ween t he t op and bot t om
r i ngs .

Fi g. 2. Opt i cal modul es i n hal f of an I R.

- The t uni ng sect i on l ocat ed i n t he r egi on of normal
ver t i cal separ at i on of 90 cm bet ween t he r i ngs i n t he
col l i der .

Bet ween t he f ocusi ng modul es t her e ar e ver t i cal di pol es
pl aced i n t wo st eps, whi ch br i ng t hebeams i nt o col l i si on at
t he I P.

3. Opt i cal modul es

3. 1 . Fi nal f ocus t r i pl et

Ther e ar e f our quadr upol es i n t he t r i pl et , whi ch f orma
F3-D2-D2- Fl opt i cal st r uct ur e f or a beamappr oachi ng t he
I P and a Dl - F2- F2-D3 st r uct ur e f or a beaml eavi ng t he I P.
Thi s combi nat i on i s cal l ed a t r i pl et because t he t wo cent r al
quadr upol es ar e essent i al l y one l ong quadr upol e spl i t i nt o
t wo f or conveni ence of f abr i cat i on of t hese magnet s . The
separ at i on of t he quadr upol es i n t he t r i pl et i s ver y smal l
compar ed t o t hei r f ocal l engt h . Thi s ar r angement pr eser ves
t he r oundness of t he beams bet t er t han a f ocusi ng doubl et
woul d, and pr ovi des a l ower 6peak val ue as wel l . These
quadr upol es and adj acent spl i t t i ng di pol es BVl c ar e com-
mon t o bot h r i ngs. The pr ot on beams, t her ef or e, shar e t he
same beampi pe i nsi de t hese magnet s and, because of t he
opposi ng beamdi r ect i ons, t hey exper i ence opposi t e mag-
net i c st r engt hs i n each t r i pl et magnet . Wi t h t hi s const r ai nt ,
t he onl y way t o have an i dent i cal l at t i ce f or t he I R i n bot h
r i ngs i s t o r equi r e opt i cal ant i symmet r y of t he whol e
I nt er act i on Regi on. The t r i pl et quadr upol e pol ar i t i es shown
i n Fi g. 1 cor r espond t o t he beamgoi ng f r omt he t op l ef t
si de t o t he bot t omr i ght . Opposi t e pol ar i t i es ar e i mpl i ed f or
t he second beam.
The l umi nosi t y at t he col l i si on poi nt depends on t he

number of pr ot ons per bunch NB , t he bunch spaci ng SB,
t he beamemi t t ance E( unnormal i zed) , and t he val ue of ( 3
at t he I P. For head- on col l i si ons of equal r ound beams, t he
expr essi on f or t he l umi nosi t y i s

NBc

4 ,7TO*ESB

To achi eve a hi gh l umi nosi t y at col l i si on, t he beam
cr oss sect i on must t her ef or e be squeezed t o a ver y smal l
si ze at t he I P. Thi s r equi r es qui t e st r ong ( i . e . , l ong) t r i pl et
quadr upol es. The smal l beamsi ze at t he I P l eads t o a ver y
l ar ge di ver gence of t he beam t hr oughout t he r egi on r e-
ser ved f or t he det ect or s. The beamsi ze t her ef or e qui ckl y
i ncr eases wi t h t he di st ance f r om t he I P and r eaches an
ext r emel y l ar ge val ue i n t he t r i pl et . For i nst ance, i n our
sol ut i on wi t h / 3 * =0. 5 mand L* =20. 5 m, t he Opeak m
t he t r i pl et at col l i si on i s about 30 t i mes l ar ger t han t hat i n
t he ar cs, wher e L* denot es t he di st ance f r om t he I P t o t he
f i r st of t he f i nal f ocus quadr upol es . I n t ur n, t he beam
di ver gence i n t he t r i pl et becomes ver y smal l . As a r esul t
t he beambecomes much mor e sensi t i ve t o t he f i el d er r or s

Nucl ear I nst r ument s and Met hods i n Physi cs Resear ch A346 ( 1994) 448- 460
Nor t h-Hol l and

Pr i nci pl es of i nt er act i on r egi on desi gn i n hadr on col l i der s
and t hei r appl i cat i on t o t he SSC
Y. Nosochkov *, T. Sen, E. Cour ant 1, A. Gar r en, D. M. Ri t son Z, R. St i eni ng, M. J . Sypher s
Super conduct i ng Super Col l i der Labor at or y +, 2550 Beckl eymeade Avenue, Dal l as, TX75237, USA

(Recei ved 31 Januar y 1994)

The hi gh l umi nosi t y i nt er act i on r egi ons ( I Rs) ar e an i mpor t ant par t of t he l at t i ce i n col l i di ng beammachi nes . The per f ormance of t he
col l i der may depend si gni f i cant l y on t he par t i cul ar desi gn of t he I Rs . I n t hi s paper we di scuss t he gener al pr i nci pl es of I Rdesi gn and appl y
t hese pr i nci pl es t o t he desi gn of t he Super conduct i ng Super Col l i der i nt er act i on r egi ons .

1. I nt r oduct i on

The r equi r ement of hi gher l umi nosi t i es i n col l i di ng
beam exper i ment s has l ed t o t he need f or speci al l y de-
si gned sect i ons i n t he l at t i ce of accel er at or s, cal l ed i nt er ac-
t i on r egi ons ( I Rs) . Wi t hi n an I R, t he t wo beams ar e
br ought t o col l i si on at an i nt er act i on poi nt UP) . The l ayout
of t he I R must sat i sf y t he speci f i c r equi r ement s i mposed
by t he exper i ment al det ect or on t he beampar amet er s at t he
I P. The par t i cul ar desi gn of t he I Rmay var y dependi ng on
t he t ype of machi ne ( ci r cul ar or l i near , pp, pp, e+e- , et c . ) ,
t he beam ener gy, t he space avai l abl e f or an I R, et c .
However , t he most di st i nct i ve r equi r ement f or an I R opt i cs
i s t hat i t has t o pr ovi de a beamsi ze at t he I P subst ant i al l y
di f f er ent ( ei t her l ower or hi gher ) f r om t hat i n t he r est of
t he machi ne. Many of t he common f eat ur es and pr obl ems
i n t he desi gn of an I Rf ol l ow f r omt hi s si ngl e r equi r ement .
These f eat ur es and r equi r ement s ar e summar i zed bel ow;
- A st r ong f i nal f ocus quadr upol e syst em ( usual l y

t r i pl et or doubl et ) has t o be pl aced on ei t her si de of t he
i nt er act i on poi nt t o pr ovi de a desi r ed beamsi ze at t he I P.

- The f i nal f ocus quadr upol es have t o be common t o
bot h beams i f t he beams ar e t o cr oss at a smal l or zer o
angl e at t he I P, and t he val ue of t he ampl i t ude f unct i on
t her e, / 3* , i s l ow.

* Cor r espondi ng aut hor , t el . +1 415 926 3553, f ax +1 415 926
4999, e-mai l : yur i @uni xhub. sl ac . st anf or d. edu .

+ Oper at ed by t he Uni ver si t i es Resear ch Associ at i on I nc . , f or t he
US Depar t ment of Ener gy, under cont r act DE-AC35-
89ER40486.
Permanent addr ess : Br ookhaven Nat i onal Labor at or y, Upt on,
NY11973, USA.
Permanent addr ess : St anf or d Li near Accel er at or Cent er , St an-
f or d, CA94309, USA.

0168- 9002/ 94/ $07. 00 C1994 - El sevi er Sci ence B. V. Al l r i ght s r eser ved
SSDI 0168- 9002( 94) 00441- 9

NUCLEAR
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&METHODS
I N PHYSI CS
RESEARCH

Sect i onA

- The / 3- f unct i on at t ai ns a ver y hi gh val ue Ppeak i n t he
f i nal f ocus quadr upol es.
- The f i nal f ocus quadr upol es must have a bor e l ar ge

enough t o ensur e a suf f i ci ent r egi on of good f i el d qual i t y
f or t he l ar ger beami n t hese quadr upol es . The or bi t di s-
pl acement due t o t he cr ossi ng angl e pl aces even t i ght er
t ol er ances on t he f i el d qual i t y .
- Amuch l ower Ppeak, and t hus a di f f er ent opt i cal

conf i gur at i on, i s r equi r ed at t he i nj ect i on ener gy wher e t he
beamemi t t ance i s l ar ger .

- The t r ansi t i on f r om i nj ect i on t o col l i si on opt i cs,
cal l ed t he ß- squeeze, i s accompl i shed by changi ng t he
gr adi ent s of a set of t uni ng quadr upol es.

- Lar ge var i at i ons of t he 0- f unct i on, ot her t han i n t he
f i nal f ocus quadr upol es, shoul d be avoi ded.

- I n pp- col l i der s t he beams ar e br ought i nt o col l i si on
by use of a set of di pol e magnet s . Acommon di pol e wi t h
l ar ge bor e i s r equi r ed on ei t her si de of t he I P t o separ at e
t he beams.
- The di sper si on must be suppr essed at t he I P f or t wo

r easons: ( 1) t o mi ni mi ze t he t r ansver se beamsi ze and t hus
maxi mi ze t he l umi nosi t y, and ( 2) t o avoi d exci t i ng syn-
chr obet at r on r esonances t hat woul d r educe t he beaml i f e-
t i me [ 1] .
- I n al l opt i cal conf i gur at i ons t he I Rmust be mat ched

t o t he adj acent sect i ons i n or der t o avoi d per t ur bat i on of
t he l at t i ce f unct i ons i n t he r est of t he machi ne.
- Due t o t he hi gh Apeak, t he beami s ver y sensi t i ve t o

any er r or i n t he f i nal f ocus r egi on. Thi s may r equi r e
speci al cor r ect i ons f or t hese quadr upol es, namel y nonl i near
chr omat i ci t y cor r ect i on, cr ossi ng angl e cor r ect i on, and cor -
r ect i on of mul t i pol e f i el d er r or s i n t hese quadr upol es. The
I R opt i cs shoul d be desi gned t o f aci l i t at e t hese cor r ect i ons .
Once t he ß* at t he I P has been chosen, i t i s desi r abl e t o
have t he bunch l engt h o, , smal l er t han ß* , t o avoi d t he



Dispersion Suppressor
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keep L✓ = 1
2 for 90� dispersion

suppression by making
L = 3Lo/4 and ✓ = 2✓o/3

Required	second	length	of	dipole	magnet	

Later,	this	magnet	was	also	used	at	
power	feed	locations	to	create	extra	
space	
				(every	six	cells	throughout	an	arc)	

5,	15-m	dipoles

4,	13-m	dipoles

✓d = 2✓0/3 = ✓0 ⇥ 4/5⇥ 5/6

2L 3L



The “10F” Lattice

§ “holes”, and the role of modularity in the final layout
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i.e.,	Version	10,	sub-version	F	(1993)

• “free space” created in arcs
‣ “missing” dipoles in cells



Modularity and “free space”
§ Modularity and “free space” became very useful when finalizing the exact 

locations of shafts, utilities and service buildings
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5/24/00 VLHC/MT Wkshp  --  MJS

Highway

Railroad trackHalf-cell locations

Ideal access point

??

Final acquired property


